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To Verena and Jean 



PREFACE 

This book grew out of a course of the same title which each of us taught 
for severa.1 years in the Harvard astronomy department. We felt a need for 
a book on the subject of radiative processes emphasizing the physics rather 
than simply giving a collection of formulas. 

The range of material within the scope of the title is immense; to cover a 
reasonable portion of it has required us to go only deeply enough into each 
area to give the student a feeling for the basic results. It is perhaps 
inevitable in a broad survey such as this that inadequate coverage is given 
to certain subjects. In these cases the references at the end of each chapter 
can be consulted for further information. 

The material contained in the book is about right for a one-term course 
for seniors or first-year graduate students of astronomy, astrophysics, and 
related physics courses. It may also serve as a reference for workers in the 
field. The book is designed for those with a reasonably good physics 
background, including introductory quantum mechanics, intermediate 
electroma.gnetic theory, special relativity, and some statistical mechanics. 
To make the book more self-contained we have included brief reviews of 
most of the prerequisite material. For readers whose preparation is less 
than ideal this gives an  opportunity to bolster their background by study- 
ing the material again in the context of a definite physical application. 



A very important and integral part of the book is the set of problems at 
the end of each chapter and their solutions at the end of the book. Besides 
their usual role in affording self-tests of understanding, the problems and 
solutions present important results that are used in the main text and also 
contain most of the astrophysical applications. 

We owe a debt of gratitude to our teaching assistants over the years, 
Robert Moore, Robert Leach, and Wayne Roberge, and to students whose 
penetrating questions helped shape this book. We thank Ethan Vishniac 
for his help in preparing the index. We also want to thank Joan Verity for 
her excellence and flexibility in typing the manuscript. 

GEORGE B. RYBICKI 
ALAN P. LIGHTMAN 

Cambridge, Massachusetts 
Mqy 1979 
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RADIATIVE PROCESSES 
IN ASTROPHYSICS 



FUNDAMENTALS OF 
RADIATIVE TRANSFER 

1.1 THE ELECTROMAGNETIC SPECTRUM; 
ELEMENTARY PROPERTIES OF RADIATION 

Electromagnetic radiation can be decomposed into a spectrum of con- 
stituent components by a prism, grating, or other devices, as was dis- 
covered quite early (Newton, 1672, with visible light). The spectrum 
corresponds to waves of various wavelengths and frequencies, related by 
Xv=c,  where v is the frequency of the wave, h is its wavelength, and 
c - 3 . 0 0 ~  10" cm s-I is the free space velocity of light. (For waves not 
traveling in a vacuum, c is replaced by the appropriate velocity of the wave 
in the medium.) We can divide the spectrum up into various regions, as is 
done in Figure 1.1. For convenience we have given the energy E = hv and 
temperature T= E / k  associated with each wavelength. Here h is Planck's 
constant = 6.625 X 

erg K-I. This chart will prove to be quite useful in converting units or in 
getting a quick view of the relevant magnitude of quantities in a given 
portion of the spectrum. The boundaries between different regions are 
somewhat arbitrary, but conform to accepted usage. 

erg s, and k is Boltzmann's constant = 1.38 X 
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1.2 RADIATIVE FLUX 

Macroscopic Description of the Propagation of Radiation 

When the scale of a system greatly exceeds the wavelength of radiation 
(e.g., light shining through a keyhole), we can consider radiation to travel 
in straight lines (called rays) in free space or homogeneous media-from 
this fact a substantial theory (transfer theory) can be erected. The detailed 
justification of this assumption is considered at the end of Chapter 2. One 
of the most primitive concepts is that of energy flux: consider an element 
of area dA exposed to radiation for a time dt. The amount of energy 
passing through the element should be proportional to dA dz, and we write 
it as F d 4  dt. The energy flux F is usually measured in erg s- cm-2. Note 
that F can depend on the orientation of the element. 

Flux from an Isotropic Source-the Inverse Square L a w  

A source of radiation is called isotropic if it emits energy equally in all 
directions. An example would be a spherically symmetric, isolated star. If 
we put imaginary spherical surfaces S ,  and S at radii r l  and r, respectively, 
about the source, we know by conservation of energy that the total energy 
passing through S ,  must be the same as that passing through S .  (We 
assume no energy losses or gains between $, and S.)  Thus 
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or 

If we regard the sphere S, as fixed, then 

constant 
F =  

r2 * 

This is merely a statement of conservation of energy. 

1.3 THE SPECIFIC INTENSITY AND ITS MOMENTS 

Definition of Specific Intensity or Brightness 

The flux is a measure of the energy carried by all rays passing through a 
given area. A considerably more detailed description of radiation is to give 
the energy carried along by individual rays. The first point to realize, 
however, is that a single ray carries essentially no energy, so that we need 
to consider the energy carried by sets of rays, which differ infinitesimally 
from the given ray. The appropriate definition is the following: Construct 
an area dA normal to the direction of the given ray and consider all rays 
passing through dA whose direction is within a solid angle di2 of the given 
ray (see Fig. 1.2). The energy crossing dA in time dt and in frequency 
range dv is then defined by the relation 

dE= I,,& dtdQdv,  (1 4 
where I,  is the specific intensity or brightness. The specific intensity has the 

Figure 1.2 Geometry for nonnally incident mys. 
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dimensions 

Z,(v,fl) =energy (time)-' (area)- ' (solid angle)-' (frequency)-' 

=ergs s- '  cm-2 ster-' Hz-'. 

Note that 1, depends on location in space, on direction, and on frequency. 

Net Flux and Momentum Flux 

Suppose now that we have a radiation field (rays in all directions) and 
construct a small element of area dA at some arbitrary orientation n (see 
Fig. 1.3). Then the differential amount of flux from the solid angle dS1 is 
(reduced by the lowered effective area cos8dA) 

dF,(erg s-'  cmP2 Hz-')=Z,cosBdfl. (1.3a) 

The net flux in the direction n, F,(n) is obtained by integrating dF over all 
solid angles: 

F,= IZvcos8d8. ( I  .3b) 

Note that if Z, is an isotropic radiation field (not a function of angle), then 
the net flux is zero, since 1 cos B d 0  = 0. That is, there is just as much energy 
crossing d4 in the n direction as the -n direction. 

To get the flux of momentum normal to d4 (momentum per unit time 
per unit area=pressure), remember that the momentum of a photon is 
E/c.  Then the momentum flux along the ray at angle B is dF,/c. To get 

Normal 

F i p m  1.3 Geometry for oblqueb incident mys. 



~ p c i j i c  Intensity and Its Moments 5 

the component of momentum flux normal to dA, we multiply by another 
factor of cos0. Integrating, we then obtain 

1 
pv(dynes cmP2 Hz-’)= cJZpcos20di2. 

Note that F, and p, are moments (multiplications by powers of cos0 and 
integration over dS2) of the intensity I,. Of course, we can always integrate 
over frequency to obtain the total (integrated) flux and the like. 

F(erg s- l  cm-’)=JF,dv (1 Sa) 

p(dynes cm-’)= Jp,dv ( I  Sb) 

Radiative Energy Density 

The specific energy density u, is defined as the energy per unit volume per 
unit frequency range. To determine this it is convenient to consider first 
the energy density per unit solid angle u,(S2) by dE = u,(Q)dVdQdv where 
dV is a volume element. Consider a cylinder about a ray of length ct (Fig. 
1.4). Since the volume of the cylinder is dAc dt, 

dE = u,(L!)dAcdtdQdv. 

Radiation travels at velocity c, so that in time dt all the radiation in the 
cylinder will pass out of it: 

dE = I,& dodtdv. 

Figure 1.4 Electmmagnetic energy in a cylinder. 



Equating the above two expressions yields 

1, u,,(Q) = - . 
C 

Integrating over all solid angles we have 

1 
U, = I uv(s2) dQ = - c I,, d 0 ,  

or 

477 
U, = - J,, 

C 

where we have defined the mean intensiry J,: 

The total radiation density (erg ~ r n - ~ )  is simply obtained by integrating u, 
over all frequencies 

4s 
u = J u,, dv = - I J,  dv. 

C (1.9) 

Radiation Pressure in an Enclosure Containing 
an Isotropic Radiation Field 

Consider a reflecting enclosure containing an isotropic radiation field. 
Each photon transfers twice its normal component of momentum on 
reflection. Thus we have the relation 

p , =  f / I v c o s 2 6 d Q .  

This agrees with our previous formula, Eq. (1.4), since here we integrate 
only over 2s steradians. Now, by isotropy, Z, = J,  so 

p = 5 J,, dv scos2  6' d Q. 

The angular integration yields 

I p = s u .  (1.10) 
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The radiation pressure of an isotropic radiation field is one-third the 
energy density. This result will be useful in discussing the thermodynamics 
of blackbody radiation. 

Constancy of Specific Intensity Along Rays in Free Space 

Consider any ray L and any two points along the ray. Construct areas dA, 
and dA, normal to the ray at these points. We now make use of the fact 
that energy is conserved. Consider the energy camed by that set of rays 
passing through both dA, and dA, (see Fig. 1.5). This can be expressed in 
two ways: 

dE, = I,,, a%, dt dQ,  dv, = dE2 = Ip2 dA2 dt dQ2dv2. 

Here dS1, is the solid angle subtended by dA2 at dA, and so forth. Since 
d & , = d A 2 / R 2 ,  di2,=dA,/R2 and du,=dv,, we have 

4,  = 

Thus the intensity is constant along a ray: 

I,, =constant. (1.11) 

Another way of stating the above result is by the differential relation 

dr, - =o, ds 
(1.12) 

where dr is a differential element of length along the ray. 

h f  of the Inverse Square Law for a Uniformly Bright Spbere 

To show that there is no conflict between the constancy of specific 
intensity and the inverse square law, let us calculate the flux at an arbitrary 

Figun? 1.5 Constancy of intensity along rays 
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Figurn Z.6 Flux fmm a Imifomdy bright sphere. 

distance from a sphere of uniform brightness B (that is, all rays leaving the 
sphere have the same brightness). Such a sphere is clearly an isotropic 
source. At P, the specific intensity is B if the ray intersects the sphere and 
zero otherwise (see Fig. 1.6). Then, 

where e,=sin-’R/r is the angle at which a ray from P is tangent to the 
sphere. It follows that 

F=aB( I -cos28,)=aBsin28, 

or 

F=nB( 4) 2 

(1.13) 

Thus the specific intensity is constant, but the solid angle subtended by the 
given object decreases in such a way that the inverse square law is 
recovered. 

A useful result is obtained by setting r =  R: 

F= nB. (1.14) 

That is, the flux at a surface of uniform brightness B is simply nB. 

1.4 RADIATIVE TRANSFER 

If a ray passes through matter, energy may be added or subtracted from it 
by emission or absorption, and the specific intensity will not in general 
remain constant. “Scattering” of photons into and out of the beam can 
also affect the intensity, and is treated later in $1.7 and 1.8. 



Emission 

The spontaneous emission coefficient j is defined as the energy emitted per 
unit time per unit solid angle and per unit volume: 

dE = j dV d 0  dt 

A monochromatic emission coefficient can be similarly defined so that 

dE = j ,  dV d 0  dt dv, (1.15) 

where j ,  has units of erg cmP3 s-'  ster-' Hz-I. 
In general, the emission coefficient depends on the direction into which 

emission takes place. For an isotropic emitter, or for a distribution of 
randomly oriented emitters, we can write 

(1.16) 

where P, is the radiated power per unit volume per unit frequency. 
Sometimes the spontaneous emission is defined by the (angle integrated) 
emissiuity c,,, defined as the energy emitted spontaneously per unit 
frequency per unit time per unit mass, with units of erg gm-' s-' Hz-'. If 
the emission is isotropic, then 

d0 
4n 

dE =: EJI dV dt dv - , (1.17) 

where p is the mass density of the emitting medium and the last factor 
takes into account the fraction of energy radiated into d 0 .  Comparing the 
above two expressions for dE, we have the relation between c,, and j , :  

% P 
4n j , =  -, (1.18) 

holding for isotropic emission. In going a distance dr, a beam of cross 
section dA travels through a volume dV= dA ds. Thus the intensity added 
to the beam by spontaneous emission is: 

dI, = j ,  dr. (1.19) 

Absorption 

We define the ubsotption coefficient, aJcm- ') by the following equation, 
representing the loss of intensity in a beam as it travels a distance dv (by 
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convention, a, positive for energy taken out of beam): 

dI, = - CU, I, &. (1.20) 

This phenomenological law can be understood in terms of a microscopic 
model in which particles with density n (number per unit volume) each 
present an effective absorbing area, or cross section, of magnitude o,(cm2). 
These absorbers are assumed to be distributed at random. Let us consider 
the effect of these absorbers on radiation through dA within solid angle dfl 
(see Fig. 1.7). The number of absorbers in the element equals n d A  &. The 
total absorbing area presented by absorbers equals no, dA ds. The energy 
absorbed out of the beam is 

- dl, dA dfl dt dv = I,( nu, dA dr) dCl dt dv; 

dI,= - na,I,&, 
thus 

which is precisely the above phenomenological law (1.20), where 

q, = nu,. 

Often a, is written as 

4. = P% 

(1.21) 

(1 -22) 

where p is the mass density and K,(cm2 g-') is called the mass absorption 
coefficient; ~y is also sometimes called the opacity coefficient. 

dA dO 

( a )  

Figure I.  7a Ray passing t h u g h  a medium of absorbers. 

d A  

(bi 

Figure 1.76 Cross sectional view of 7a 



There are some conditions of validity for this microscopic picture: The 
most important are that (1) the linear scale of the cross section must be 
small in comparison to the mean interparticle distance d. Thus u,“*<<d- 
n - ’ I 3 ,  from which follows a,d<<l and (2) the absorbers are independent 
and randomly distributed. Fortunately, these conditions are almost always 
met for astrophysical problems. 

As is shown in $1.6, we consider “absorption” to include both “true 
absorption” and stimulated emission, because both are proportional to the 
intensity of the incoming beam (unldce spontaneous emission). Thus the 
net absorption may be positive or negative, depending on whether “true 
absorption” or stimulated emission dominates. Although this combination 
may seem artificial, it will prove convenient and obviate the need for a 
quantum mechanical addition to our classical formulas later on. 

The Radiative Transfer Equation 

We can now incorporate the effects of emission and absorption into a 
single equation giving the variation of specific intensity along a ray. From 
the above expressions for emission and absorption, we have the combined 
expression 

dr, i- 
dr 

(1.23) 

The transfer equation provides a useful formalism within which to solve 
for the intensity in an emitting and absorbing medium. It incorporates 
most of the macroscopic aspects of radiation into one equation, relating 
them to two coefficients a, andj,. A primary task in later chapters of this 
book is to find forms for these coefficients corresponding to particular 
physical processes. 

Once a, and j ,  are known it is relatively easy to solve the transfer 
equation for the specific intensity. When scattering is present, solution of 
the radiative transfer equation is more difficult, because emission into dC2 
depends on I, in solid angles da‘, integrated over the latter (scattering 
from dL?’ into dC2). The transfer equation then becomes an integrodifferen- 
tial equation, which generally must be solved partly by numerical tech- 
niques. (See 4 1.7 and 1 .&) 

A formal solution to the complete radiative transfer equation will be 
given shortly. Here, we can give solutions to two simple limiting cases: 

l-Emission Only: a,, = 0. In this case, we have 

dl, . _ -  
- J v >  
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which has the solution 

(1.24) 

The increase in brightness is equal to the emission coefficient integraled along 
the line of sight. 

2-Absorption Only: j ,  = 0. In this case, we have 

which has the solution 

(1 -25) 

The brightness decreases along the r q  by the exponential of the absorption 
coefficient integrated along the line of sight. 

Optical Depth and Source Function 

The transfer equation takes a particularly simple form if, instead of s, we 
use another variable 7, called the optical depth, defined by 

dr” = a, a3, 

or 

(1.26) 

The optical depth defined above is measured along the path of a traveling 
ray; occasionally, rv is measured backward along the ray and a minus sign 
appears in Eq. (1.26). In plane-parallel media, a standard optical depth is 
sometimes used to measure distance normal to the surface, so that dF is 
replaced by dz and ~ , = 7 , ( z ) .  We shall distinguish between these two 
definitions, where appropriate. The point so is arbitrary; it sets the zero 
point for the optical depth scale. 

A medium is said to be optically thick or opaque when ry, integrated 
along a typical path through the medium, satisfies r, > 1. When r, < 1, the 
medium is said to be optically thin or transparent. Essentially, an optically 
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thin medium is one in which the typical photon of frequency Y can traverse 
the medium without being absorbed, whereas an optically thick medium is 
one in which the average photon of frequency v cannot traverse the entire 
medium without being absorbed. 

The transfer equation can now be written, after dividing by q, 

- - I,  + s,,, dl, 
d7, 
-- ( 1.27) 

where the source function S, is defined as the ratio of the emission 
coefficient to the absorption coefficient: 

( 1.28) 

The source function S, is often a simpler physical quantity than the 
emission coefficient. Also, the optical depth scale reveals more clearly the 
important intervals along a ray as far as radiation is concerned. For these 
reasons the variables r,, and S,, are often used instead of a, and j,. 

We can now formally solve the equation of radiative transfer, by 
regarding all quantities as functions of the optical depth r,, instead of s. 
Multiply the equation by the integrating factor e‘w and define the quantities 
9 =I,e‘-, S =S,eTv. Then the equation becomes 

with the solution 

Rewriting the solution in terms of I,, and S,, we have the formal solution of 
the transfer equation : 

Since T,, is just the dimensionless e-folding factor for absorption, the above 
equation is easily interpreted as the sum of two terms: the initial intensity 
diminished by absorption plus the integrated source diminished by absorp- 
tion. As an example consider a constant source function S,,. Then Eq. (1.29) 
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gives the solution 

Z,(r,)=Z,,(O)e-‘.+S,,(1 -e-‘*) 

= S , + e - ‘ ~ ( ~ , ( O ) - S , , ) .  (1.30) 

As r,,+co, Eq. (1.30) shows that I,,+S,,. We remind the reader that when 
scattering is present, S,, contains a contribution from I,,, so that it is not 
possible to specify S,, a priori. This case is treated in detail in 4 1.7 and I .8. 

We conclude this section with a result of use later, which provides a 
simple physical interpretation of the source function and the transfer 
equation. From the transfer equation we see that if Z,, >S,  then dI,,/dr, < O  
and Z,, tends to decrease along the ray. If Z,<S,, then I,, tends to increase 
along the ray. Thus the source function is the quantity that the specific 
intensity tries to approach, and does approach if given sufficient optical 
depth. In this respect the transfer equation describes a “relaxation” pro- 
cess. 

Mean Free Path 

A useful concept, which describes absorption in an equivalent way, is that 
of the mean free path of radiation (or photons). This is defined as the 
average distance a photon can travel through an absorbing material 
without being absorbed. It may be easily related to the absorption 
coefficient of a homogeneous material. From the exponential absorption 
law (1.25), the probability of a photon traveling at least an optical depth r,, 
is simply epr”. The mean optical depth traveled is thus equal to unity: 

m 

( r, ) E r, e -‘v dr, = 1. 

The mean physical distance traveled in a homogeneous medium is defined 
as the mean free path I, and is determined by (7,) = awl, = 1 or 

(1.31) 

Thus the mean free path 1, is simply the reciprocal of the absorption 
coefficient for homogenous material. 

We can define a local mean path at a point in an inhomogeneous 
material as the mean free path that would result if the photon traveled 
through a large homogenous region of the same properties. Thus at any 
point we have l,, = 1 /a,,. 



Radiation Force 

If a medium absorbs radiation, then the radiation exerts a force on the 
medium, because radiation carries momentum. We can first define a 
radiation frux vector 

F, = JZundQ, (1.32) 

where n is a unit vector along the direction of the ray. Remember that a 
photon has momentum E / c ,  so that the vector momentum per unit area 
per unit time per unit path length absorbed by the medium is 

q F ,  dv. 
%=-J 1 

C 
( 1.33) 

Since dAds=dV, 5 is the force per unit volume imparted onto the 
medium by the radiation field. We note that the force per unit mass of 
material is given by f = % / p  or 

f =  - K,F,dv. (1.34) 
C 's 

Equations (1.33) and (1.34) assume that the absorption coefficient is 
isotropic. They also assume that no momentum is imparted by the emis- 
sion of radiation, as is true for isotropic emission. 

1.5 THERMAL RADIATION 

Thermal radiation is radiation emitted by matter in thermal equilibrium. 

Blackbody Radiation 

To investigate thermal radiation, it is necessary to consider first of all 
blackbody radiation, radiation which is itself in thermal equilibrium. 

To obtain such radiation we keep an enclosure at temperature T and do 
not let radiation in or out until equilibrium has been achieved. If we are 
careful, we can open a small hole in the side of the container and measure 
the radiation inside without disturbing equilibrium. Now, using some 
general thermodynamic arguments plus the fact that photons are massless, 
we can derive several important properties of blackbody radiation. 

Since photons are massless, they can be created and destroyed in 
arbitrary numbers by the walls of the container (for practical purposes, 
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Figurn 1.8 Two containers at tempraturn T, separated by afilter. 

there is negligible self-interaction between photons). Thus there is no 
conservation law of photon number (unlike particle number for baryons), 
and we expect that the number of photons will adjust itself in equilibrium 
at temperature T. 

An important property of 1, is that it is independent of the properties of 
the enclosure and depends only on the temperature. To prove this, con- 
sider joining the container to another container of arbitrary shape and 
placing a filter between the two, which passes a single frequency Y but no 
others (Fig. 1.8). If 1, #I:, energy will flow spontaneously between the two 
enclosures. Since these are at the same temperature, this violates the 
second law of thermodynamics. Therefore, we have the relations 

Z, =universal function of T and v =BY( T). (1.35) 

I,, thus must be independent of the shape of the container. A corollary is 
that it is also isotropic; 1, +1,(Q). The function B,,( T) is called the Planck 
function. Its form is discussed presently. 

Kirchhoff‘s Law for Thermal Emission 

Now consider an element of some thermally emitting material at tempera- 
ture T,  so that its emission depends solely on its temperature and internal 
properties. Put this into the opening of a blackbody enclosure at the same 
temperature T (Fig. 1.9). Let the source function of the material be S,,. If S, 
> B,, then I, > B,, and if S ,  < B,,, then I,, < B,, by the discussion after Eq. 
(1.30). But the presence of the material cannot alter the radiation, since the 
new configuration is also a blackbody enclosure at temperature T. Thus we 
have the relations 

s, = B”( TI, (1.36) 

j,, = %B,(T) .  (1.37) 
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Fipm 1.9 Thermal emitter plnced in the opening of a blackbody enchum. 

Relation (1.37), called Kirchhoff s law, is an expression between 4. and j,, 
and the temperature of the matter T. The transfer equation for thermal 
radiation is, then, [cf. Eq. (1.23)], 

dI” - = - gr, + cu,B,( T ) ,  
ds 

or 

-= -  dru I,  + B,( T ) .  
d., 

(1.38) 

Since S, = B,, throughout a blackbody enclosure, we have that I,, = B,, 
throughout. Blackbody radiation is homogeneous and isotropic, so that 
p = j u .  

At this point it is well to draw the distinction between blackbody 
radiation, where I ,  = B,, and thermal radiation, where S,, = B,. Thermal 
radiation becomes blackbody radiation only for optically thick media. 

I 

Thermodynamics of Blackbody Radiation 

Blackbody radiation, ltke any system in the thermodynamic equilibrium, 
can be treated by thermodynamic methods. Let us make a blackbody 
enclosure with a piston, so that work may be done on or extracted from 
the radiation (Fig. 1.10). Now by the first law of thermodynamics, we have 

dQ= dU+pdV,  (1.39) 

where Q is heat and U is total energy. By the second law of thermody- 
namics, 
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&ure 1.10 Bhckbody enclosure with a piston on one side. 

where S 3 entropy. But U =  uV, and p = u / 3 ,  and u depends only on T 
since u = (47r/c)jJv dv and J,  = B,( T ) .  Thus we have 

V du U 1 u  
T dT T 3 T  
V du 4u - -dT+-dV 
T dT 3T 

dS=--dT+-dV+--dV,  

- _  

Since dS is a perfect differential, 

V du 4u 
v T dT 

Thus we obtain 

( 1.40) 

so that 

du 4u du - dT 
dT T ’  U 

logu=4logT+loga, 

where loga is a constant of integration. Thus we obtain the Stefan- 
BoItzmann law 

-=- - - 4 7  

u( T )  = aT4. (1.41) 

This may be related to the Planck function, since I , = J ,  for isotropic 
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radiation [cf. Eqs. (1.7)], 

477 477 
u = - 1 B,( T )  dv = - B( T ) ,  

C C 

where the integrated Planck function is defined by 

ac 
B( T )  = 1 B,( T ) d v  = T4. (1.42) 

The emergent flux from an isotropically emitting surface (such as a 
blackbody) is Q X brightness [see Eq. (1.14)], so that 

F =  J F , d v =  r I B , d v =  TB( T ) .  

This leads to another form of the Stefan-Boltzmann law, 

F= aT4, ( 1.43) 

where 

(1.44b) 
40 

a= - =7.56x erg cmP3 degP4. 
C 

The constants a and u cannot be determined by macroscopic thermody- 
namic arguments, but they are derived below. It is easily shown (Problem 
1.6) that the entropy of blackbody radiation, S, is given by 

S=:aT3V,  ( 1.45) 

so that the law of adiabatic expansion for blackbody radiation is 

TV'I3  =constant, or ( 1.46a) 

p ~ ~ / ~  =constant. ( 1.46b) 

Equations (1.46) are the familiar adiabatic laws p V y  = constant, with 
y =4/3. 
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The Planck Spectrum 

We now give a derivation of the Planck function. This derivation falls into 
two main parts: first, we derive the density of photon states in a blackbody 
enclosure; second the average energy per photon state is evaluated. 

Consider a photon of frequency v propagating in direction n inside a 
box. The wave vector of the photon is k=(2a/X)n=(2av/c)n.  If each 
dimension of the box L,, 4 and L, is much longer than a wavelength, then 
the photon can be represented by some sort of standing wave in the box. 
The number of nodes in the wave in each direction x,y ,z  is, for example, 
n,=kxL,/2a, since there is one node for each integral number of wave- 
lengths in given orthogonal directions. Now, the wave can be said to have 
changed states in a distinguishable manner when the number of nodes in a 
given direction changes by one or more. If nj>> 1, we can thus write the 
number of node changes in a wave number interval as, for example, 

Lx Akx Anx= ~. 
2a 

Thus the number of states in the three-dimensional wave vector element 
Akx Aky L\kzsd3k is 

L, 4. L, d ’k 
A N  = Anx Any Anz = 

. 

Now, using the fact that L x 4 L ,  = I/ (the volume of the container) and 
using the fact that photons have two independent polarizations (two states 
per wave vector k), we can see that the number of states per unit volume 
per unit three-dimensional wave number is 2 / ( 2 ~ ) ~ .  

Now, since 

(21r)~v’dvdQ 

c3 
d 3k = k2 dk d Q = 9 

we find the density of states (the number of states per solid angle per 
volume per frequency) to be 

2v2 
P, = 7 

C 
( 1.47) 

Next we ask what is the average energy of each state. We know from 
quantum theory that each photon of frequency v has energy hv, so we 



focus on a single frequency v and ask what is the average energy of the 
state having frequency v. Each state may contain n photons of energy hv, 
where n=O, 1,2 ,.... Thus the energy may be En=nhv. According to 
statistical mechanics, the probability of a state of energy Efl is proportional 
to e-PEn where P = ( k T ) - ’  and k=Boltzmann’s constant= 1.38X erg 
deg- I .  Therefore, the average energy is: 

m 

n - 0  

By the formula for the sum of a geometric series, 

Thus we have the result: 

(1.48) 

Since hv is the energy of one photon of frequency v, Eq. (1.48) says that the 
average number of photons of frequency v, nv, the “occupation number”, is 

nu= [ exp ( 3 - 1 ] - ‘ *  - ( 1.49) 

Equation (1.48) is the standard expression for Bose-Einstein statistics with 
a limitless number of particles (chemical potential=O). The energy per 
solid angle per volume per frequency is the product of E a n d  the density of 
states, Eq. (1.47). However, this can also be written in terms of up(&?), 
introduced in $1.3. Thus we have: 

dVdvd&?, hv 
u,( &?) dV dv d &? = - ( ?2) exp(hv/kT) - 1 

2hv3/2 
exp(hv/kT)- 1 ’ 

( 1 S O )  

Equation (1.6) gives the relation between u,(Q) and I,; here we have I,  = B, 
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Figrrre 1.11 Spctrutn of btackbody mdiation at Wrious tempemtams (taken 
from Kmus, J. D. 1% Radio Astronomy, McCmw-Hill Book Cavy) 

so that 

2hv3/c2 
B'(T)= exp(hv/kT)- 1 ' 

(1.51) 

Equation (1.51) expresses the Planck law. 

unit frequency we have 
If we express the Planck law per unit wavelength interval instead of per 

2hc2/~5 
exp(hc/AkT)- 1 * 

(1.52) 



A plot of B, and B, versus v and h for a range of values of T (I  KG T G 
lO*K) is given in Fig. 1.1 1. 

Properties of the Planck Law 

The form of B,,(T) just derived [Eq. (1.51)] is one of the most important 
results for radiation processes. We now give a number of properties and 
consequences of this law: 

a-hv<kT: Tbe Rayleigb-Jeans Law. In this case the exponential can 
be expanded 

so that for hv< kT, we have the Rayleigh-Jeans law: 

2v2 
I,,"( T ) =  ~2 kT. (1.53) 

Notice that this result does not contain Planck's constant. It was originally 
derived by assuming that E= kT, the classical equipartition value for the 
energy of an electromagnetic wave. 

The Rayleigh-Jeans law applies at low frequencies (in the radio region it 
almost always applies). It shows up as the straight-line part of the logB, - 
logv plot in Fig. 1.11. 

Note that if Eq. (1.53) applied to all frequencies, the total amount of 
energy a jv'dv would diverge. This is known as the ultraviolet catastrophe. 
For hvBkT, the discrete quantum nature of photons must be taken into 
account . 

b-hv>> kT: Wien Law. In this limit the term unity in the denominator 
can be dropped in comparison with exp(hv/kT), so we have the Wien law: 

IUw( T) = __ 2hv3 exp( s). 
C 2  

(1.54) 

This form was first proposed by Wien on the basis of rather ad hoc 
arguments. The brightness of a blackbody decreases very rapidly with 
frequency once the maximum is reached. Note the steep portions of the 
curves in Fig. 1 .I 1 associated with the Wien law. 
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c-Monotonicity with Temperature. Of two blackbody curves, the one 
with higher temperature lies entirely above the other. To prove this we note 

(1.55) 
aB,( T )  - 2h2v4 exp(hv/kT) -_- 

aT c2kT2 [ exp(hv/kT) - 11' 

is positive. At any frequency the effect of increasing temperature is to 
increase B,(T). Also note B,+O as T-0 and B,+m as T-00. 

d-Wien Displacement Law. The frequency u,,, at which the peak of 
B,(T) occurs can be found by solving 

Letting x =hv,,,/ kT, this is equivalent to solving x = 3( 1 - e - x ) ,  which has 
the approximate root x = 2.82, so that 

hv,, = 2.82 kT, (1.56a) 

or 

( 1.56b) 
"ma, 

T 
- = 5.88 X 10" Hz deg-l. 

Thus the peak frequency of the blackbody law shifts linearly with tempera- 
ture; this is known as the Wien displacement law. 

Similarly, a wavelength A,,, at which the maximum of BA( T )  occurs can 
be found by solving 

Letting y = hc/(A,,,kT), this is equivalent to solving y = 5( 1 - e-Y), which 
has the approximate root y =4.97, so that 

A,,, T = 0.290 cm deg. (1.57) 

This is also known as the Wien displacement law. 
Equations (1.56) and (1.57) are very reasonable. By dimensional analy- 

sis, one could have argued that the blackbody radiation spectrum should 
peak at energy -kT, since k T  is the only quantity with dimensions of 
energy one can form from k, T,h,c .  



One should be careful to note that the peaks of B,, and B,, do not occur 
at the same places in wavelength or frequency; that is, h,,v,,#c. As an 
example, if T =  7300 K the peak of B, is at X = .7 microns (red), while the 
peak of Bh is at X = .4 microns (blue). The Wien displacement law gves a 
convenient way of characterizing the frequency range for which the 
Rayleigh-Jeans law is valid, namely, v<<umax. Similarly for the Wien law 
Y >> vmm. 

e-Relation of Radiation Constants to Fundamental Constants. By put- 
ting in the explicit form for B J T )  into equation (1.42) we can obtain 
expressions for a and (I in terms of fundamental constants: 

m x3dx Som B,( T )dv  = ( 2 h / ~ ~ ) ( k T / h ) ~ J  - e x - 1 ’  

The integral can be found in standard integral tables and has a value 
T ~ /  15. Therefore, we have the results 

T 4 ,  
2T4k4 i m B v (  T)du = ~ 

15c2h3 
( 1 .%a) 

(1.58b) 

Characteristic Temperatures Related to PIanck Spectrum 

a-Brightness Temperature. One way of characterizing brightness 
(specific intensity) at a certain frequency is to give the temperature of the 
blackbody having the same brightness at that frequency. That is, for any 
value I,, we define Tb(v) by the relation 

4 = B”( Tb). (1.59) 

Tb is called the brightness temperature. This way of specifying brightness 
has the advantage of being closely connected with the physical properties 
of the emitter, and has the simple unit (K) instead of (erg cm-2 S - ’  Hz-’ 
ster-’). Th~s procedure is used especially in radio astronomy, where the 
Rayleigh-Jeans law is usually applicable, so that 

2u2 
I ,=  - k Ttl 

C 2  
(1.60a) 
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or 

for hv<<kT. 
The transfer equation for 

form in terms of brightness 
Eq. ( l . W ,  

Tnurfer 

C2 
Tb= - 

2v2k ” 
(1.60b) 

thermal emission takes a particularly simple 
temperature in the Rayleigh-Jeans limit [cf. 

-- dTb - - Tb + T, 
d7” 

where T is the temperature of the material. When 

(1.61) 

T is constant we have 

Tb= Tb(0)e-‘v+ T(l  -e-‘*), hv<<kT. (1.62) 

If the optical depth is large, the brightness temperature of the radiation 
approaches the temperature of the material. We note that the uniqueness 
of the definition of brightness temperature relies on the monotonicity 
property of Planck‘s law. We also note that, in general, the brightness 
temperature is a function of P .  Only if the source is blackbody is the 
brightness temperature the same at all frequencies. 

In the Wien region of the Planck law the concept of brightness tempera- 
ture is not so useful because of the rapid decrease of B, with v, and 
because it is not possible to formulate a transfer equation linear in the 
brightness temperature. 

b-Color Temperature. Often a spectrum is measured to have a shape 
more or less of blackbody form, but not necessarily of the proper absolute 
value. For example, by measuring F, from an unresolved source we cannot 
find Z,, unless we know the distance to the source and its physical size. By 
fitting the data to a blackbody curve without regard to vertical scale, a 
color temperature T, is obtained. Often the “fitting” procedure is nothing 
more than estimating the peak of the spectrum and applying Wien’s 
displacement law to find a temperature. 

The color temperature T, will correctly give the temperature of a 
blackbody source of unknown absolute scale. Also, T, will give the 
temperature of a thermal emitter that is optically thin, providmg that the 
optical thickness is fairly constant for frequencies near the peak. In this 
case the brightness temperature will be less than the temperature of the 
emitter, since the blackbody spectrum gives the maximum attainable 
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intensity of a thermal emitter at temperature T, by general thermodynamic 
arguments. (See Problem 1.8). 

c-Effective Temperature. The effective temperature of a source T,,, is 
derived from the total amount of flux, integrated over all frequencies, 
radiated at the source. We obtain T,,, by equating the actual flux F to the 
flux of a blackbody at  temperature T,,,: 

cos 81p du dQ EoT:,. (1.63) 

Note that both T,,, and Tb depend on the magnitude of the source 
intensity, but T, depends only on the shape of the observed spectrum. 

1.6 THE EINSTEIN COEFFICIENTS 

Definition of Coefficients 

Kirchhoff's law, j ,  = qB,, relating emission to absorption €or a thermal 
emitter, clearly must imply some relationship between emission and ab- 
sorption at a microscopic level. This relationship was first discovered by 
Einstein in a beautifully simple analysis of the interaction of radiation with 
an atomic system. He considered the simple case of two discrete energy 
levels: the first of energy E with statistical weight g , ,  the second of energy 
E + h v ,  with statistical weight g, (see Fig. 1.12). The system makes a 
transition from 1 to 2 by absorption of a photon of energy hv,. Similarly, a 
transition from 2 to 1 occurs when a photon is emitted. Einstein identified 
three processes: 

1-Spontaneous Emission: This occurs when the system is in level 2 
and drops to level 1 by emitting a photon, and it occurs even in the 
absence of a radiation field. We define the Einstein A-coefficient by 

A , ,  =transition probability per unit time 

(1.64) for spontaneous emission (sec- I ) .  

2-Absorption: This occurs in the presence of photons of energy hv,. 
The system makes a transition from level 1 to level 2 by absorbing a 
photon. Since there is no self-interaction of the radiation field, we expect 
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Level 2 ,  g2 
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Fislup 1.12a Emission and absorption from a two h l  atom 
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“U 

Figuw 1.1 2b Line profile for 12a 

that the probability per unit time for this process will be proportional to 
the density of photons (or to the mean intensity) at frequency vo. To be 
precise, we must recognize that the energy difference between the two 
levels is not infinitely sharp but is described by a lineprofile function Nu), 
which is sharply peaked at v = yo and which is conveniently taken to be 
normalized: 

Sgrn+(v)dv= 1. ( 1.65) 

This line profile function describes the relative effectiveness of frequencies 
in the neighborhood of vo for causing transitions. The physical mechanisms 
that determine +(v) are discussed later in Chapter 10. 

These arguments lead us to write 

B,,J= transition probability per unit time for absorption, (1.66) 

where 

(1.67) 

The proportionality constant B,, is the Einstein B-coefficient. 



3-Stimulated Emission: Einstein found that to derive Planck's law 
and caused another process was required that was proportional to 

emission of a photon. As before, we define: 

B2 , j=  transition probability per unit time 

for stimulated emission. (1.68) 

B,, is another Einstein B-coefjcient. 
Note that when J,  changes slowly over the width Av of the line, +(v) 

behaves like a &function, and the probabilities per unit time for absorp- 
tion and stimulated emission become simply BI2JV, and B2,JVo, respectively. 
In some discussions of the Einstein coefficients, including Einstein's origi- 
nal one, this assumption is made implicitly. Also be aware that the energy 
density u, is often used instead of J ,  to define the Einstein B-coefficients, 
which leads to definitions differing by c/4a, [cf. Eq. (1.7)]. 

Relations between Einstein Coefficients 

In thermodynamic equilibrium we have that the number of transitions 
per unit time per unit volume out of state 1 = the number of transitions 
per unit time per unit volume into state 1. If we let n, and n2 be the 
number densities of atoms in levels 1 and 2, respectively, this reduces to 

~ I , B , ~ J =  n2A2, + n2B2,5. (1.69) 

Now, solving for j from Eq. (1.69): 

In thermodynamic equilibrium the ratio of n ,  to n2 is 

= -exp(hvo/kT), g, (1.70) 
g2 

so that 

But in thermodynamic equilibrium we also know J ,  = B, [cf. Eq. (1.51)], 
and the fact that B, varies slowly on the scale of Av implies that y= B,. 



30 F d m e n t a l s  of Radiative Trmfer 

For the expression in Eq. (1.71) to equal the Planck function for all 
temperatures we must have the following Einstein relations: 

2hv3 
A , , =  - BZ,* 

C Z  

These connect atomic properties A, , ,  B,,, and 
the temperature T [unltke Kmhhoff's Law, 
must hold whether or not the atoms are in 
Equations (1.72) are examples of what are 

( 1.72a) 

( 1.72b) 

B , ,  and have no  reference to 
Eq. (1.37)]. Thus Eq. (1.72) 
thermodynamic equilibrium. 
generally known as detailed 

balance relations that connect any microscopic process and its inverse 
process, here absorption and emission. These Einstein relations are the 
extensions of Kirchhoff's law to include the nonthermal emission that 
occurs when the matter is not thermodynamic equilibrium. If we can 
determine any one of the coefficients A,,, B,,, or BI2 these relations allow 
us to determine the other two; this will be of considerable value to us later 
on. 

Einstein was led to include the process of stimulated emission by the 
fact that without it he could not get Planck's law, but only Wien's law, 
which was known to be incorrect. Why does one obtain the Wien law 
when stimulated emission is neglected? Remember that the Wien law is the 
expression of the Planck spectrum when hv>>kT [cf. Eq. (1.54)]. But when 
hv>>kT, level 2 is very sparsely populated relative to level 1, n,<<n,. Then, 
stimulated emission is unimportant compared to absorption, since these 
are proportional to n, and n,, respectively [cf. Eq. (1.69)) See Problem 1.7. 

A property of stimulated emission that is not clear from the preceding 
discussion is that it takes place into precisely the same direction and 
frequency (in fact, into the same photon state). The emitted photon is 
precisely coherent with the photon that stimulated the emission. 

Absorption and Emission Coefficients in Terms of 
Einstein Coefficients 

To obtain the emission coefficientj, we must make some assumption about 
the frequency distribution of the emitted radiation during a spontaneous 
transition from level 2 to level 1. The simplest assumption is that this 
emission is distributed in accordance with the same line profile 
function +(v) that describes absorption. (This assumption is very often 
a good one in astrophysics). The amount of energy emitted in volume 
d V ,  solid angle dQ, frequency range dv, and time dt is, by definition, 
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j ,dVdQdvdt.  Since each atom contributes an energy hv, distributed over 
4m solid angle for each transition, this may also be expressed as 
(hvo/4m)+(v)n2A2,dVdS2dvdt, so that the emission coefficient is 

(1.73) 

To obtain the absorption coefficient we first note from Eqs. (1.66) and 
(1.67) that the total energy absorbed in time dt and volume dV is 

dVdt hv,n I B12(4m)- ‘J dQJdv+( u ) l , .  

Therefore, the energy absorbed out of a beam in frequency range du solid 
angle dS2 time dt and volume dV is 

hu 
dV dt dS2 du -2 n ,  B 12+( v) I , .  

4 n  

Taking the volume element to be that of Fig. 1.4, so that dV=dA&, and 
noting Eqs. (1.2) and (1.20), we have the absorption coefficient (uncor- 
rected for stimulated emission): 

(1.74) 

What about the stimulated emission? At first sight one might be tempted 
to add this as a contribution to the emission coefficient; but notice that it 
is proportional to the intensity and only affects the photons along the 
given beam, in close analogy to the process of absorption. Thus it is much 
more convenient to treat stimulated emission as negative absorption and 
include its effect through the absorption coefficient. In operational terms 
these two processes always occur together and cannot be disentangled by 
experiments based on Eq. (1.20). By reasoning entirely analogous to that 
leading to Eq. (1.74) we can find the contribution of stimulated emission to 
the absorption coefficient. The result for the absorption coefficient, cor- 
rected for stimulated emission. is 

(1.75) 

It is this quantity that will always be meant when we speak simply of the 
absorption coefficient. The form given in Eq. (1.74) will be called the 
absorption coefficient uncorrected for stimulated emission. 



32 Fundamentais of Radktiw Transfer 

It is now possible to write the transfer equation in terms of the Einstein 
coefficients : 

The source function can be obtained by dividing Eq. (1.73) by Eq. (1.75): 

(1.77) 

Using the Einstein relations, (1.72), the absorption coefficient and source 
function can be written 

q,=-(--l) 2hv3 g2nl - - I  . 

cz  g1n2 
(1.79) 

Equation (1.79) is a generalized Grchhoff‘s law. Three interesting cases of 
these equations can be identified. 

1-Thermal Emission (LTE): If the matter is in thermal equilibrium 
with itself (but not necessarily with the radiation) we have 

The matter is said to be in local thermodynamic equilibrium (LTE).  In this 
case, 

(1.80) 

S, = Bu( T ) .  (1 .81)  

This thermal value for the source function is, of course, just a statement of 
Kirchhoff‘s law. A new result is the correction factor 1 - exp( - h v / k T )  in 
the absorption coefficient, which is due to stimulated emission. 

2-Nonthermal Emission: This term covers all other cases in which 

- n1 z -eexp( gl 
n2 gz e). hv 
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For a plasma, for example, this would occur if the radiating particles did 
not have a Maxwellian velocity distribution or if the atomic populations 
did not obey the Maxwell-Boltzmann distribution law. The term can also 
be applied to cases in which scattering is present. 

3-Inverted Populations; Masers: For a system in thermal equilibrium 
we have 

so that 

(1.82) 

Even when the material is out of thermal equilibrium, this relation is 
usually satisfied. In that case we say that there are normal populations. 
However, it is possible to put enough atoms in the upper state so that we 
have inverted populations: 

(1.83) 

In this case the absorption coefficient is negatiue: q < O ,  as can be seen 
from Eq. (1.78). Rather than decrease along a ray, the intensity actually 
increases. Such a system is said to be a m e r  (microwave amplification by 
stimulated emission of radiation: also laser for light.. .). 

The amplification involved here can be very large. A negative optical 
depth of - 100, for example, leads to an amplification by a factor of le3, 
[cf. equation (1.25)]. The detailed understanding of masers is a specialized 
field and is not dealt with here. Maser action in molecular lines has been 
observed in many astrophysical sources. 

1.7 SCA'ITERING EFFECTS; RANDOM WALKS 

Pure Scattering 

For pure thermal emission the amount of radiation emitted by an element 
of material is not dependent on the radiation field incident on it-the 
source function is always B,(T) and depends only on the local tempera- 
ture. Such an element would emit the same whether it was isolated in free 
space or imbedded deeply within a star where the ambient radiation field 
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was substantial. This characteristic of thermal radiation makes it particu- 
larly easy to treat. 

However, another common emission process is scattering, whch depends 
completely on the amount of radiation falling on the element. Perhaps the 
most important mechanism of this type is electron scattering, which is 
treated in detail in Chapter 7. For the present discussion we assume 
isotropic scattering, which means that the scattered radiation is emitted 
equally into equal solid angles, so that the emission coefficient is indepen- 
dent of direction. We also assume that the total amount of radiation 
emitted per unit frequency range is just equal to the total amount absorbed 
in that same frequency range. This is called coherent scattering; other terms 
are elastic or monochromatic scattering. Scattering from nonrelativistic 
electrons is very nearly coherent (note, however, that repeated scatterings 
can build up substantial effects; see Chapter 7): 

The emission coefficient for coherent, isotropic scattering can be found 
simply by equating the power absorbed per unit volume and frequency 
ranges to the corresponding power emitted. This yields 

jv = 0, J, ,  ( 1.84) 

where a, is the absorption coefficient of the scattering process, also called 
the scattering coefficient. Dividing by the scattering coefficient, we find that 
the source function for scattering is simply equal to the mean intensity 
within the emitting material: 

S v = J , =  - I,dQ. 
4n ‘ s  

The transfer equation for pure scattering is therefore 

(1.85) 

( I  3 6 )  

This equation cannot simply be solved by the formal solution (1.29), 
since the source function is not known a priori and depends on the 
solution I,  at all directions through a given point. It is now an integro- 
differential equation, which poses a difficult mathematical problem. An 
approximate method of treating scattering problems, the Eddington ap- 
proximation, is discussed in !j 1.8. 

A particularly useful way of looking at scattering, which leads to 
important order-of-magnitude estimates, is by means of random walks. It is 
possible to .view the processes of absorption, emission, and propagation in 
probabilistic terms for a single photon rather than the average behavior of 
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large numbers of photons, as we have been doing so far. For example, the 
exponential decay of a beam of photons has the interpretation that the 
probability of a photon traveling an optical depth before absorption is 
just e-". Similarly, when radiation is scattered isotropically we can say 
that a single photon has equal probabilities of scattering into equal solid 
angles. In this way we can speak of a typical or sample path of a photon, 
and the measured intensities can be interpreted as statistical averages over 
photons moving in such paths. 

Now consider a photon emitted in an infinite, homogeneous scattering 
region. It travels a displacement rl before being scattered, then travels in a 
new direction over a displacement r2 before being scattered, and so on. 
The net displacement of the photon after N free paths is 

R = r , + r , + r , + . . .  +rN. (1.87) 

We would like to find a rough estimate of the distance IRI traveled by a 
typical photon. Simple averaging of Eq. (1.87) over all sample paths will 
not work, because the average displacement, being a vector, must be zero. 
Therefore, we first square Eq. (1.87) and then average. This yields the 
mean square displacement traveled by the photon: 

l?-(R2)=(<) +(6)+  * *  * (I$) 

+2(r,-r2) +2(r,.r3) + - * . 

+ . - .  . (1.88) 

Each term involving the square of a displacement averages to the mean 
square of the free path of a photon, which is denoted f 2 .  To within a factor 
of order unity, I is simply the mean free path of a photon. The cross terms 
in Eq. (1.88) involve averaging the cosine of the angle between the 
directions before and after scattering, and this vanishes for isotropic 
scattering. (It also vanishes for any scattering with front-back symmetry, as 
in Thomson or Rayleigh scattering.) Therefore, 

I?= NI2,  

I. = m 1. (1.89) 

The quantity 1. is the root mean square net displacement of the photon, 
and it increases as the square root of the number of scatterings. 

This result can be used to estimate the mean number of scatterings in a 
finite medium. Suppose a photon is generated somewhere within the 
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medium; then the photon will scatter until it escapes completely. For 
regions of large optical depth the number of scatterings required to do this 
is roughly determined by setting I.-L, the typical size of the medium. 
From Eq. (1.89) we find N = L 2 / I 2 .  Since I is of the order of the mean free 
path, L/1 is approximately the optical thickness of the medium 7.  There- 
fore, we have 

N = T ~ ,  (7>>1). ( 1.90a) 

For regons of small optical thickness the mean number of scatterings is 
small, of order 1 - e-‘=:?; that is, 

N=r, (~<<1). (1.90b) 

For most order-of-magnitude estimates it is sufficient to use N ~ 7 ~ + 7  or 
N=rnax(.r,T2) for any optical thickness. 

Combined Scattering and Absorption 

The emission and absorption of radiation may be governed by more than 
one process. As an example, let us treat the case of material with an 
absorption coefficient 4. describing thermal emission and a scattering 
coefficient u, describing coherent isotropic scattering. The transfer equa- 
tion then has two terms on the right-hand side: 

%(I” - B”) - %(I” - J”)  
d l ,  -= -  
ds 

= - (a, + U”)(  I” - S”). (1.91) 

The source function is [cf. (1.28)], 

(1.92) 

and is an average of the two separate source functions, weighted by their 
respective absorption coefficients. 

The net absorption coefficient is a,, +a,, whch can be used to define the 
optical depth by drv = (4. + a,)&. This net absorption coefficient is often 
called the extinction coefficient to distinguish it from the “true” absorption 
coefficient a”. 

If a matter element is deep inside a medium at some constant tempera- 
ture, we expect that the radiation field will be near to its thermodynamic 
value J,  = B,(T). It follows from Eq. (1.92) that S, = B,(T) also, as it must in 
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thermal equilibrium. On the other hand, if the element is isolated in free 
space, where J,=O, then the source function is only a fraction of the 
Planck function: S, = a , B , / ( q ,  +up).  In general, the source function will 
not be known a priori but must be calculated as part of a self-consistent 
solution of the entire radiation field. (See 51.8.) 

The random walk arguments can be extended to the case of combined 
scattering and absorption. The free path of a photon is now determined by 
the total extinction coefficient q,+u,,; the mean free path of a photon 
before scattering or absorption is 

I” = (a,  + a,) - I .  (1.93) 

During the random walk the probability that a free path will end with a 
true absorption event is 

the corresponding probability for scattering being 

( 1.94a) 

( 1.94b) 

The quantity 1 - c,, is called the single-scattering albedo. The source func- 
tion (1.92) can be written 

s,= (1 -+).I, + QB,.  (1.95) 

Let us consider first an infinite homogeneous medium. A random walk 
starts with the thermal emission of a photon (creation) and ends, possibly 
after a number of scatterings, with a true absorption (destruction). Since 
the walk can be terminated with probability E at the end of each free path, 
the mean number of free paths is N = E - ’ .  From Eq. (1.89) we then have 

1 I.=-. 
G 

Using Eqs. (1.93) and (1.94a) we have 

(1.96) 

( I  .97) 
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The length 1. represents a measure of the net displacement between the 
points of creation and destruction of a typical photon; it is variously called 
the diffusion length, thermalization length, or effective mean path. Note also 
that 1. is generally frequency dependent. 

The behavior of a finite medium also can be discussed in terms of 
random walks. This behavior depends strongly on whether its size L is 
larger or smaller than the effective free path 1.. It is convenient to make 
this distinction in terms of the ratio r.= L / f . ,  called the effective optical 
thickness of the medium. Using Eq. (1.97) we have the result 

( 1.98) 

where the absorption and scattering optical thickness are defined by 

ro = a,L; rs= a,L. (1.99) 

When the effective free path is large compared with the size of the 
medium we have 

r*  << 1, (1.100) 

and the medium is said to be effectively thin or translucent. Most photons 
will then escape by random walking out of the medium before being 
destroyed by a true absorption. The monochromatic luminosity will just be 
equal to the total radiation created by thermal emission in the medium: 

(1.101) 

where C, is the emitted power per unit frequency and V is the volume of 
the medium. 

When the effective free path is small compared with the size of the 
medium we have 

r*  >> 1, ( 1.102) 

and the mehum is said to be effectively thick. Most photons thermally 
emitted at depths larger than the effective path length will be destroyed by 
absorption before they get out. Therefore the physical conditions at large, 
effective depths approach the conditions for the radiation to come into 
thermal equilibrium with the matter, and we expect Z,-+B, and S,+B,. 
Because of this property the effective path length f, is sometimes called the 
thermafization length, since it describes the distance over whch thermal 
equilibrium of the radiation is established. 



The monochromatic luminosity of an effectively thick medium can be 
estimated to within factors of order unity by considering the effective 
emitting volume to be the surface area of the medium times the effective 
path length. This is because it is only those photons emitted within an 
effective path length of the boundary that have a reasonable chance of 
escaping before being absorbed. Thus we have 

C,=41~(u,B,Al ,=4n~ B,A, ( ~ * > > 1 )  (1.103) 

using Eqs. (1.94a) and (1.97). In the limiting case of no scattering, c,,+l, we 
know that the emission will be that of a blackbody, where C, =nB,A ,  
which suggests that the factor 47r in Eq. (1.103) should be replaced by 7r; 
however, the form of the exact equation actually depends on c, and on 
geometry in a more complex way, and the equation should be taken only 
as an estimate. (For a more complete treatment see Problem 1.10). 

1.8 RADIATIVE DIFFUSION 

The Rosseland Approximation 

We have used random walk arguments to show that S, approaches B, at 
large effective optical depths in a homogeneous medium. Real media are 
seldom homogeneous, but often, as in the interiors of stars, there is a high 
degree of local homogeneity. In such cases it is possible to derive a simple 
expression for the energy flux, relating it to the local temperature gradient. 
This result, first derived by Rosseland, is called the Rosseland approxima- 
tion. 

First let us assume that the material properties (temperature, absorption 
coefficient, etc.) depend only on depth in the medium. This is called the 
plane-parallel assumption. Then, by symmetry, the intensity can depend 
only on a single angle 8, which measures the direction of the ray with 
respect to the direction normal to the planes of constant properties. (See 
Fig. 1.13.) 

It  is convenient to use p=cost? as the variable rather than 8 itself. We 
note that 

dz dz &=-- -- case p 

Therefore we have the transfer equation 

(1.104a) 
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Figurn 1.13 Geomety for phne-pamUei media 

Let us rewrite this as 

( 1.104b) 

Now we use the fact that when the point in question is deep in the 
material the intensity changes rather slowly on the scale of a mean free 
path. Therefore the derivative term above is small and we write as a 
“zeroth” approximation, 

( 1.105) 

Since this is independent of the angle p, the zeroth-order mean intensity is 
given by J,’’)=Sy”). From Eq. (1.92) this implies I,”)=S,”)=B,, as we 
expect from the random walk arguments. We now get a better, “first” 
approximation by using the value I,’’’= B, in the derivative term: 

(1.106) 

This is justified, because the derivative term is already small, and any 
approximation there is not so critical. Note that the angular dependence of 
the intensity to this order of approximation is linear in p=cos8. 

Let us now compute the flux F J z )  using the above form for the 
intensity : 

(1.107) 



The angle-independent part of I,”’ (i-e., B,) does not contribute to the flux. 
Thus we have the result 

(1.108) 

using the chain rule for differentiation. This is the result for the monochro- 
matic flux. 

To obtain the total flux we integrate over all frequencies: 

F( z )  = lorn F,(t)dv 

=---  4n j a( a, + a,) - I dv. 
3 a2 

This can be put into a more convenient form using the result: 

which follows from Eqs. (1.42) and (1.43). Here u is the Stefan- 
Boltzmann constant, not to be confused with 0,. We then define the 
Rosseland mean absorption coefficient aR by the relation: 

Then we have 

16uT3 aT 
F(2)= - - - 

3aR a2 

( 1 . 1  10) 

( 1 . 1  11) 

This relation is called the Rosseland approximation for the energy flux. This 
equation is often called the equation o j  radiative diffusion [although this 
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term is also used for equations such as (1.1 19) below]. It shows that 
radiative energy transport deep in a star is of the same nature as a heat 
conduction, with an “effective heat conductivity” = 16aT3/3a,. It also 
shows that the energy flux depends on only one property of the absorption 
coefficient, namely, its Rosseland mean. This mean involves a weighted 
average of (a, + up)-’ so that frequencies at which the extinction 
coefficient is small (the transparent regions) tend to dominate the averag- 
ing process. The weighting function aB,/aT [see Eq. (1.55)] has a general 
shape similar to that of the Planck function, but it now peaks at values of 
hu/kT of order 3.8 instead of 2.8. 

Although we have assumed a plane-parallel medium to prove the Rosse- 
land formula, the result is quite general: the vector flux is in the direction 
opposite to the temperature gradient and has the magnitude given above. 
The only necessary assumption is that all quantities change slowly on the 
scale of any radiation mean free path. 

The Eddington Approximation; Two-Stream Approximation 

The basic idea behind the Rosseland approximation was that the intensi- 
ties approach the Planck function at large effective depths in the medium. 
In the Eddington approximation, to be considered here, it is only assumed 
that the intensities approach isotropy, and not necessarily their thermal 
values. Because thermal emission and scattering are isotropic, one expects 
isotropy of the intensities to occur at depths of order of an ordinary mean 
free path; thus the region of applicability of the Eddington approximation 
is potentially much larger than the Rosseland approximation, the latter 
requiring depths of the order of the effective free path. With the use of 
appropriate boundary conditions (here introduced through the two-stream 
approximation) one can obtain solutions to scattering problems of reason- 
able accuracy at all depths. 

The assumption of near isotropy is introduced by considering that the 
intensity is a power series in p, with terms only up to linear: 

J ” ( 7 , P )  = a,(.) + k ( 7 ) P .  (1.1 12) 

We now suppress the frequency variable Y for convenience in the follow- 
ing. Let us take the first three moments of this intensity: 

J+J_ rdp=a ,  (1.113a) 
+ 1  

I 

+ 1  b 
I 3 

HE+/- p I d p = - - ,  (1.113b) 

(1.1 13c) 



J is the mean intensity, and H and K are proportional to the flux and 
radiation pressure, respectively. Therefore, we have the result, known as 
the Eddington approximation : 

K = ; J .  (1.1 14) 

Note the equivalence of this result to Eq. (1.10). The difference is that we 
have shown Eq. (1.1 14) to be valid even for slightly nonisotropic fields, 
containing terms linear in cos8. Now defining the normal optical depth 

dT( z )  = - ("y + o,)dz, (1.1 15) 

we can write Eq. (1.104) as 

a I  
p - = I - s .  

a7 
( 1.1 16) 

The source function is given by Eq. (1.92) or (1.95) and is isotropic 
(independent of p). If we multiply Eq. (1.1 16) by $ and integrate over 1-1 
from - 1 to + 1 we obtain 

(1.1 17) 

Similarly, multiplying by an extra factor p before integrating, we obtain 

(1.118) 

using the Eddington approximation (1.1 14). These la& two equations can 
be combined to yield 

Use of Eq. (1.95) then gives a single second-order equation for J :  

(1.1 19a) 

(1.1 19b) 

This equation is also sometimes called the radiative diffusion equation. 
Given the temperature structure of the medium, that is, B(r) ,  one can solve 
this equation for J and thus also determine S from Eq. (1.95). Then the 
problem is essentially solved, because the full intensity field 1 ( ~ , p )  can be 
found by formal solution of Eq. (1.1 16). 
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An interesting form of Eq. (1.1 19b) can be derived in the case when z 
does not depend on depth. Let us define the new optical depth scale 

[cf. Eq. (1.98)) The transfer equation is then 

(1.121) 

This equation can be used to demonstrate the properties of T* as an 
effective optical depth (see Problem 1.10). 

To solve Eq. (l.l19b), boundary conditions must be provided. This can 
be done in several ways, but here we use the two-stream approximation: It 
is assumed that the entire radiation field can be represented by radiation 
traveling at just two angles, p =  t l / f i  . Let us denote the outward and 
inward intensities by Z+( r )=Z( r ,  + l/*) and Z- ( r )=Z( r ,  - l / f % ) .  In 
terms of Z + and Z - the moments J, H, and K have the representations 

(1.122a) 
1 

J =  3 ( I  + + I -), 

H =  - ( I +  - I - ) ,  
2 v 3  

1 
6 

K =  -(Z+ + I  
- 1 ) = 7 J .  

(1.122b) 

(1.122c) 

This last equation is simply the Eddington approximation; in fact, the 
choice of the angles p= 2 l /* is really motivated by the requirement 
that this relation be valid. 

We now solve Eqs. (1.122a) and (1.122b) for I +  and Z-, using Eq. 
(1.118): 

(1.123a) 

(1.123b) 

These equations can provide the necessary boundary conditions for the 
differential Eq. (1.1 19b). For example, suppose the medium extends from 
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7-0 to r=70, and there is no incident radiation. Then I - ( O ) = O  and 
I+(rO)=O, so that the boundary conditions are 

r=O, a J - ~  at 
\/5 a7 

r=ro. 

(1.124a) 

(1.124b) 

These two conditions are sufficient to Ldtermine tsAe solution of the 
second-order differential Eq. (1. I 19b). 

Different methods for obtaining boundary conditions have been pro- 
posed; they all give equations of the form (1.124), but with constants 
slightly different than 1/\ /5 . For our purposes, it is not worth discussing 
these alternatives in detail. Examples of the use of the Eddington ap- 
proximation to solve problems involving scattering are given in Problem 
1.10. 

PROBLEMS 

1.1-A “pinhole camera” consists of a small circular hole of diameter d, a 
distance L from the “film-plane” (see Fig. 1.14). Show that the flux F, at 
the film plane depends on the brightness field I,(@,+) by 

w 
Figurn 1.14 Geometry for a pinlrde camem. 
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where the “focal ratio” is f= L / d .  This is a simple, if crude, method for 
measuring Z,,. 

1.2-Photoionization is a process in which a photon is absorbed by an 
atom (or molecule) and an electron is ejected. An energy at least equal to 
the ionization potential is required. Let this energy be hv, and let a, be the 
cross section for photoionization. Show that the number of photoioniza- 
tions per unit volume and per unit time is 

%J, 4ma lo __ dv = cna low dv, hv 

where na = number density of atoms. 

13-X-Ray photons are produced in a cloud of radius R at the uniform 
rate r (photons per unit volume per unit time). The cloud is a distance d 
away. Neglect absorption of these photons (optically thin medium). A 
detector at earth has an angular acceptance beam of half-angle A 9  and it 
has an effective area of AA. 

a. Assume that the source is completely resolved. What is the observed 
intensity (photons per unit time per unit area per steradian) toward the 
center of the cloud. 

b. Assume that the source is completely unresolved. What is the observed 
average intensity when the source is in the beam of the detector? 

1.4 

a. 

b. 

C. 

Show that the condition that an optically thin cloud of material can be 
ejected by radiation pressure from a nearby luminous object is that the 
mass to luminosity ratio ( M / L )  for the object be less than ~ / (4nGc) ,  
where G = gravitational constant, c = speed of light, K = mass 
absorption coefficient of the cloud material (assumed independent of 
frequency). 

Calculate the terminal velocity 0 attained by such a cloud under 
radiation and gravitational forces alone, if it starts from rest a distance 
R from the object. Show that 

A minimum value for K may be estimated for pure hydrogen as that 
due to Thomson scattering off free electrons, when the hydrogen is 



completely ionized. The Thomson cross section is a,=6.65 X 
cm'. The mass scattering coefficient is therefore >a,/rn,, where mH 
= mass of hydrogen atom. Show that the maximum luminosity that a 
central mass M can have and still not spontaneously eject hydrogen by 
radiation pressure is 

LED, = 4mGMcmH/a, 

= 1.25x 103'erg s - '  ( M / M , ) ,  

where 

M ,  3 mass of sun = 2 x 1033g. 

This is called the Eddington limit. 

1.5-A supernova remnant has an angular diameter 8 = 4.3 arc minutes 
erg cm-* s - '  Hz-'. Assume and a flux at 100 MHz of F,,= 1 . 6 ~  

that the emission is thermal. 

What is the brightness temperature Tb? What energy regime of the 
blackbody curve does this correspond to? 

The emitting region is actually more compact than indicated by the 
observed angular diameter. What effect does this have on the value of 

At what frequency will this object's radiation be maximum, if the 
emission is blackbody? 

What can you say about the temperature of the material from the 
above results? 

Tb? 

1.6-Prove that the entropy of blackbody radiation S is related to 
temperature T and volume V by 

4 
3 

S = - aT3V. 

1.7 

a. Show that if stimulated emission is neglected, leaving only two Ein- 
stein coefficients, an appropriate relation between the coefficients will 
be consistent with thermal equilibrium between the atom and a radia- 
tion field of a Wien spectrum, but not of a Planck spectrum. 
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Figuw 1.15 Detection of mys from a spherical emitting cloud of mdiw R. 

b. Rederive the relation between the Einstein coefficients by imagining 
the atom to be in thermal equilibrium with a neutrino field (spin 1/2) 
rather than a photon field (spin 1). 

Hint: Neutrinos are Fenni-Dirac particles and obey the exclusion 
principle. In addition, their equilibrium intensity is given by 

2hv31C2 
I ,  = 

exp(hv/kT) + 1 * 

1.8-A certain gas emits thermally at the rate P(v) (power per unit 
volume and frequency range). A spherical cloud of this gas has radius R, 
temperature T and is a distance d from earth (d>>R). 

a. 

b. 

C. 

d. 

e. 

Assume that the cloud is optically thin. What is the brightness of the 
cloud as measured on earth? Give your answer as a function of the 
distance b away from the cloud center, assuming the cloud may be 
viewed along parallel rays as shown in Fig. 1.15. 

What is the effective temperature of the cloud? 

What is the flux F, measured at earth coming from the entire cloud? 

How do the measured brightness temperatures compare with the 
cloud’s temperature? 

Answer parts (a)-(d) for an optically thick cloud. 

1.9-A spherical, opaque object emits as a blackbody at temperature T,. 
Surrounding this central object is a spherical shell of material, thermally 
emitting at a temperature T, (T,<T,). This shell absorbs in a narrow 
spectral line; that is, its absorption coefficient becomes large at the 
frequency v,, and is negligibly small at other frequencies, such as v,: 



1 1 7 )  

Figurn I S &  Bhckbcniy emitter at temperatwe T, surrom&d by an absorbing 
shell at tempmtuw T,, viewed along wys A and B. 

“ 1 )  

Figurn I.16b Absorption coeficient of the material h the shell 

qo>q, (see Fig. 1.16). The object is observed at frequencies v0 and v, and 
along two rays A and B shown above. Assume that the Planck function 
does not vary appreciably from vo to v,. 

a. At which frequency will the observed brightness be larger when 

b. Answer the preceding questions if T, > T,. 

observed along ray A ?  Along ray B? 

1.10-Consider a semi-infinite half space in whch both scattering (a )  
and absorption and emission (q) occur. Idealize the medium as homoge- 
neous and isothermal, so that the coefficients u and 4 do not vary with 
depth. Further assume the scattering is isotropic (which is a good ap- 
proximation to the forward-backward symmetric Thomson differential 
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cross section). 

a. Using the radiative diffusion equation with two-stream boundary con- 
ditions, find expressions for the mean intensity J,(T) in the medium 
and the emergent flux F,(O). 

b. Show that J,(T) approaches the blackbody intensity at an effective 
optical depth of order T* = d m .  
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2 
BASIC THEORY OF 
RADIATION FIELDS 

2.1 REVIEW OF MAXWELL’S EQUATIONS 

We open our study of electromagnetic phenomena by a review of the 
theory applied to nonrelativistic particles. Gaussian units are used 
throughout. 

The operational definitions of the electric field E(r,t) and the magnetic 
field B(r,t) are made through observations on a particle of charge q at 
point r with velocity v, and by means of the formula for the Lorentz force: 

F = q  ( c  E t I x B ) .  (2.1) 

The rate of work done by the fields on a particle is 

v . F = p . E ,  (2.2a) 

because v*(v x B) = 0. Since F = mdv/dt for nonrelativistic particles, we 
have 

d 
qv*E= -(:mv’). dt (2.2b) 
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These results may be generalized to total force on a volume element 
containing many charges. The force per unit volume is 

(2.3) 
1 

f = p E +  - jxB,  
C 

where 

1 
Iim - 2 qi, 

’= AV+O A V  

j =  lim - 2 qjvj, 
1 

Av-0 A V  , i  

(2.4a) 

(2.4b) 

and A V  is the volume element. p and j are charge and current densities, 
respectively. In Eqs. (2.3) and (2.4) A V must be chosen much smaller than 
characteristic scales but much larger than the volume containing a single 
particle. 

The rate of work done by the field per unit volume is then 

1 - 2 qjvi*E = j *E. 
A V  

From Eq. (2.2b) this is also the rate of change of mechanical energy per 
unit volume due to the fields: 

Maxwell’s equations relate E, B, p, and j. In Gaussian units, they are 

V *D = 4np V * B = O  

Here the fields D and H can often be related to E and B by the linear 
relations 

D=&, (2.7a) 

B = pH, (2.7b) 

where c and p are the dielectric constant and magnetic permeability of the 
medium, respectively. In the absence of dielectric or permeable media, 
€ = p = l .  
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An immediate consequence of Maxwell’s equation is comeroation of 
charge: Taking V *  of the V x H equation gives 

aP 
at 

V * j +  - =O.  

This expresses conservation of charge for a volume element. 
We now give definitions of energy density and energy flux of the 

electromagnetic field. Consider the work done per unit volume on a 
particle distribution, [cf. Eq. (2.6)]: 

c(VxH)*E-E*- , 
aD at 1 

where we have used Maxwell’s equations. Now, use the vector identity: 

Em( V x H) = H*( V x E) - V *(E x H), 

and again use Maxwell’s equations to write Eq. (2.9) in the form 

(2. IOa) 
4n 

Now, if c and p are independent of time, then the above relation may be 
written as [cf. Eq. (2.7)] 

(2.1 Ob) 
i a  

Equation (2.10b) is Poynting’s theorem in differential form and can be 
interpreted as saying that the rate of change of mechanical energy per unit 
volume plus the rate of change of field energy per unit volume equals 
minus the divergence of the field energy flux. Accordingly, we set the 
electromagnetic field energy per unit volume equal to 

and the electromagnetic flux vector, or Poynting vector, equal to 

(2.1 1) 

(2.12) 
C 

S= -EX H. 

The above can also be understood by integrating over a volume element 

477 
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and using the divergence theorem: 

or 

(2.13) 

That is, the rate of change of total (mechanical plus field) energy within 
the volume V is equal to the net inward flow of energy through the 
bounding surface Z. 

Although Uficld is called a field energy, it has contributions from the 
matter, because c and p are both macroscopic properties of matter. We are, 
in effect, putting the energy of the bound charges into the field. If we had 
treated all charges (free and bound) as part of the mechanical system, then 
we would use only the microscopic fields E and B. Then j would be 
replaced by the sum of the conduction current and induced molecular 
currents and S - + ( c / 4 n ) E x B .  When both matter and fields are present, 
the allocation of energy into matter and field energies is somewhat arbi- 
trary. What is not arbitrary is that the total energy is conserved. 

If we now consider either the microscopic energy flux in the field or the 
field in vacuum, and use Eq. (1.6) and the fact that p =  E / c  for photons, 
then we can write the momentum per unit volume in the field, g as 

1 
4mc 

g = - E x  B. (2.14) 

The angular momentum camed by the field is given by e, the angular 
momentum density: 

E = r x g ,  (2.15) 

where r is the radius vector from the point about which the angular 
momentum is computed. We do not derive these results in general; 
however, this identification of momentum and angular momentum for 
electromagnetic radiation is verified in Problem 2.3. 

Returning to the conservation of energy now, we can let the surface 2 
approach infinity, and the question arises as to the limit of 
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In electrostatics and magnetostatics we recall that both E and B decrease 
like r-' as r-m. This implies that S decreases like r - 4  in static problems. 
Thus the above integral goes to zero, since the surface area increases only 
as r z .  However, for time-varying fields we find that E and B may decrease 
only as r - ' .  Therefore, the integral can contribute a finite amount to the 
rate of change of energy of the system. This finite energy flowing outward 
(or inward) at large distances is called radiation. Those parts of E and B 
that decrease as r - '  at large distances are said to constitute the radiation 
field. 

2.2 PLANE ELECTROMAGNETIC WAVES 

Maxwell's equations in vacuum become [cf. Eqs. (2.6)] 

V.E=O V*B=O 
(2.16) 

A basic feature of these equations is the existence of traveling wave 
solutions that carry energy. Talung the curl of the third equation and 
combining it with the fourth, we obtain 

1 a2E 

c2 at2 
V x ( V x E ) = -  - ---. 

If we now use the vector identity 

v x ( v x E) = V( v -E) - V ~ E  

(in Cartesian components) and the first equation, we obtain the vector 
wave equation for E: 

(2.17) 

An identical equation holds for B, since Eq. (2.16) is invariant under E+B, 
B+ - E. 

Let us now consider solutions of the form 

(2.18a) 

(2.18b) 
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where i, and 8, are unit vectors, E,  and B, are complex constants, and 
k = kn and w are the “wave vector” and frequency, respectively. Clearly, 
such solutions represent waves traveling in the n direction, since surfaces 
of constant phase advance with time in the n direction. By superposing 
such solutions propagating in all directions and with all frequencies, we 
can construct the most general solution to the source-free Maxwell’s 
equations. Substitution into Maxwell’s equations yields: 

i k  9, E,  = 0 ik*b,B,= 0 

iw iw 
i k x I , E , =  ,$B, i k x $ B , =  - - - I1Ew 

C 

(2.19) 

The top two equations tell us that both I ,  and I ,  are transverse (perpendic- 
ular) to the direction of propagation k .  With this information, the cross 
products in the bottom two equations can be done, and we see that a, and 
I ,  are perpendicular to each other. The vectors a,, i,, and k form a 
right-hand triad of mutually perpendicular vectors. The values of Eo and 
B, are related by 

so that 

and 

(2.20a) 02- 2 2 - - c  k .  

Taking k and w positive, as implied by the above discussion, we have 

o=ck. (2.20b) 

This in turn implies 

E,= B,. (2.21) 

The waves propagate with a phase velocity that can be found from 
up,, = o/k, so that 

Vph = c. (2.22) 



The waves, as expected, travel at the speed of light. (In a vacuum the 
group velocity, u,rdw/ak,  equals c also.) 

We can now compute the energy flux and energy density of these waves. 
Since E and B both vary sinusoidally in time, the Poynting vector and the 
energy density actually fluctuate; however, we take a time aueruge, since 
this ic ir. most cases what is measured. 

Now, it can easily be shown (Problem 2.1) that if A ( t )  and B(t) are two 
complex quantities with the same sinusoidal time dependence, that is, 

A ( t )  = @eiw' B( t )  = ae'"', 
then the time average of the product of their real parts is 

(ReA(t).ReB(t)) =; Re(@% * ) = f  Re(@*%). (2.23) 

We have used * to denote complex conjugation. Thus the time-averaged 
Poynting vector [cf. Eq. (2.12)] satisfies 

C 
(S) = -Re(E,B,*). 

877 

Since E,= B,, 

(2.24a) 

(2.24b) 

Similarly, the time-averaged energy density is [cf. Eq. (2.1 l)] 

(2.25a) 
1 

1677 
( U ) =  -Re(E,E,*+B,B,*), 

or, with E,= B,, 

(2.25b) 

Therefore, the velocity of energy flow is ( S ) / (  U )  = c also. 
The above results have all been for propagation in a vacuum. Similar 

results hold, at least formally, if we use a dielectric constant and permea- 
bility that are constants. However, in practice these quantities usually 
depend on frequency, so a more careful approach is required. Some effects 
of refraction and dispersion are treated in Chapter 8. 
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2.3 THE RADIATION SPECTRUM 

The spectrum of radiation depends on the time uariafion of the electric 
field (we can ignore the magnetic field, since it mimics the electric field). A 
consequence is that one cannot give a meaning to the spectrum of 
radiation at a precise instant of time, knowing only the electric field at one 
point. Instead, one must talk about the spectrum of a train of waves, or of 
the radiation at a point during a sufficiently long time interval At .  If we 
have such a time record of the radiation field of length At,  we still can only 
define the spectrum to within a frequency resolution Aw where 

AwAt > 1.  (2.26) 

This uncertainty relation is not necessarily quantum in nature (although it 
can be proved from the energy-time uncertainty relation), but is a property 
of any wave theory of light. 

Let us assume, for mathematical simplicity, that the radiation is in the 
form of a finite pulse. (In practice, we only require that E(r) vanishes 
sufficiently rapidly for t+? 00.) Also, let us treat only one of the two 
independent components of the transverse electric field, say E(r) = ii*E(t). 
With these assumptions we may express E( t )  in terms of a Fourier integral 
(Fourier transform): 

The inverse of this is 

E( 1 )  = I ,??(o)e -iO'dw. 
-a3 

(2.27) 

(2.28) 

The function k ( w )  is complex; however, since E( t )  is real we can write 

so that the negative frequencies can be eliminated. 
Contained in $(a) is all the information about the frequency behavior of 

E(t ) .  To convert this into frequency information about the energy we write 
the energy per unit time per unit area in terms of the Poynting vector: 

dW c 
dtdA 47l 
-- - - E 2 ( f ) .  (2.29) 
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The total energy per unit area in the pulse is 

dW c w - = -J E 2 ( f ) d t .  dA 477 - m  
(2.30) 

But from Parseval’s theorem for Fourier transforms, we know that 

W 

E ’( t ) dt = 2aJ I g( w )  /’dw. (2.31) J- a0 - w  

By the above symmetry property of &w) we have 

I2(w)I2= lk( -w)12, 

so that 
a3 

E ’( t ) dt = 47(,“ 1 &a) (’dw. J- m 

Thus we have the result 

and we may identify the energy per unit area per unit frequency: 

cl Jfb) I* dW 
dA dw 
-= 

(2.32) 

(2.33) 

It should be noted that this is the total energy per area per frequency 
range in the entire pulse; we have not written “per unit time.” In fact, to 
write both dt and dw would violate the uncertainty relation between w and 
t .  However, if the pulse repeats on an average time scale T, then we may 
formalb write 

(2.34) 

This formula also can be used to define the spectrum of a portion of length 
T of a much longer signal. If a very long signal has more or less the same 
properties over its entire length (property of time stationarity) then we 
expect that the result will be independent of T for large T, and we may 
write 

1 -  
= c lim --(E,(u)(~, 

dW 
dAdwdt ~-,m T 
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where we have written the subscript T on ,!?,(a) to emphasize that this is 
the transform of a portion of the function E ( t )  of length T. In this way we 
can generalize our discussion to include infinitely long waves (such as sine 
waves) using formulas based on finite pulses. 

If the properties of E ( t )  vary with time, then one expects that the 
spectrum as determined by analyzing a portion of length Twill depend on 
just what portion is analyzed. In that case the whole efficacy of the 
concept of local spectrum depends on whether the changes of character of 
E(t )  occur on a time scale long enough that one can still define a length T 
in which a suitable frequency resolution Aw- 1 / T can be obtained. If this 
condition is not met, a local spectrum is not useful, and one must consider 
the spectrum of the entire pulse as the basic entity. 

Let us consider now some typical pulse shapes and their corresponding 
spectra. (See Figs. 2.1, 2.2, and 2.3.) Study of these should give some 

Basic Theory of Radiation Fields 

( ‘ t i  

Figure 2.Ia Ekctric field of a pulse of duration T. 

( b )  

Figure 2.Ib Power spectrum for a. 



F i e r e  2.2a Ekctnc feu of a SinuSoidpI pulse of fwquency wo a d  duration T. 

( b )  

Figure 2.2b Power spectnun for a. 

( 0 )  I 
Figum 2.34 E&ctric&&i of a &nped sksoki  of the form ex-( - t /  vsinwot.  
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I c I i ( w ) l 2  

Figure 2.36 Power spectrum for (1. 

insight into the relationships that are useful in estimating spectra from 
particular processes. Note that the graphs of clE(w)lZ are always symmetric 
about the origin-sometimes we have drawn the curves for both positive 
and negative w for convenience, while in other cases we have only drawn 
them for positive w. Only the values for positive w need concern us. 

Some general rules can be seen in these simple examples: First, the time 
extent of the pulse T determines the width of the finest features in the 
spectrum by means of Aw- 1 / T. Second, the existence of a sinusoidal time 
dependence within the pulse shape causes the spectrum to be concentrated 
near w-wo. 

2.4 POLARIZATION AND STOKES PARAMETERS 

Monochromatic Waves 

The monochromatic plane waves described in Eq. (2.18) are linearly 
polarized; that is, the electric vector simply oscillates in the direction I , ,  
which, with the propagation direction, defines the plane of polarization. By 
superposing solutions corresponding to two such oscillations in perpendic- 
ular directions, we can construct the most general state of polarization for 
a wave of given k and w. We need consider only the electric vector E; the 
magnetic vector simply stays perpendicular to and has the same magnitude 
as E. Let us examine the electric vector at an arbitrary point (say, r=O) 
and choose axes x and y with corresponding unit vectors f and f (see Fig. 
2.4). The direction of the wave is out of the page, toward the observer. 
Then the electric vector is the real part of 

E = ( f E ,  + fE2) e --Iw' = Eoe -'@'. (2.35) 
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Figure 2.4 Rotation of x and y efectric field components through angie x to 
coincide with principal axes of the polarization ellipse. 

This generalization of Eq. (2.18) can be characterized as having replaced 
a,E, by the general complex vector Eo. The complex amplitudes E ,  and E2 
can be expressed as 

El = & , elcp),  E2 = E2 el*>. (2.36) 

Taking the real part of E, we find the physical components of the electric 
field along 

Ex=&, C O S ( ~ - + , ) ,  E,=G,cos(at-+J. (2.37) 

These equations describe the tip of the electric field vector in the x-y 
plane. 

We now show that the figure traced out is an ellipse, and hence the 
general wave is said to be elliptically polarized. First of all, note that the 
equations for a general ellipse relative to its principal axes x’ andy’, which 
are tilted at an angle x to the x -  and y-axes (see Fig. 2.4), can be written 

(2.38) 

where - 77/2 < p <77/2. The magnitudes of the principal axes are clearly 
&, lcospI and Go Isinpl, since (E:/&,~osp)~ +(E;/&, sin/3)2 = 1.The 
ellipse will be traced out in a clockwise sense for O<p<a/2 and counter- 
clockwise sense for - 77/2<p<O, as viewed by an observer toward whom 
the wave is propagating. These possibilities are called, respectively, right- 
and left-handed elliptical polarjzation. Other terms are, respectively, negu- 
five and positive heliciw. 

and 9 to be 

E: = &, cos /? cos wt,  E; = - Go sin p sin at, 
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Two degenerate cases of elliptical polarization can occur: When /3= rt 
s / 4  the ellipse becomes a circle, and the wave is said to be circularly 
polarized. When /3 = 0 or ? a/2, the ellipse narrows to a straight line, and 
the wave is said to be linearly polarized. In this latter case the wave is 
neither right-handed nor left-handed. 

Let us now make the connections between the quantities that appear in 
Eq. (2.37) and those defining the principal axes of the ellipse. To do this we 
transform the electric field components in Eq. (2.38) to the x-  and y-axes 
by rotating through the angle x (see Fig. 2.4). This yields 

Ex = &,( cos /3 cos x cos wt + sin p sin x sin wt ) 

Ey = &,(COS @ sin x cos wt - sin /3 cos Xsin wt) 

These are identical with Eq. (2-37) if we take 

&, COS+I=&oCOSpCOSX, (2.39a) 

&, sin+, = &,sinPsinX, (2.39b) 

&, cos+, = &, cos /3 sinx, (2.39~) 

&, sin +, = - F, sinP cos x. (2.39d) 

Given G I ,  +,, &,, @, these equations can be solved for Go, p, and x. A 
convenient way of doing this is by means of the Stokes parameters for 
monochromatic waves, which are defined by the equations: 

I = &; + E; = &; 

Q s &; - &$ = & ; C O S ~ / ? C O S ~ X  

(2.40a) 

(2.40b) 

( 2 . a )  

(2.404 

u =2&, &, cos(+, - +,) = &: cos2/3 sin2x 

v s 2&, G, sin(+, - 4,) = &: sin 2p. 

The alternate forms follow from manipulations of Eqs. (2.39). Thus we 
have 

&,=fi (2.41a) 

(2.41b) 
V 

sin 2p = - 
I 

(2.41~) 
U 

tan2x= -. 
Q 
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Pure elliptical polarization is determined solely by three parameters: &,, 
j3, and x .  Therefore, one expects a relation to exist between the four Stokes 
parameters in this case; in fact, we have 

Z 2 =  Q 2 +  U 2 +  V 2  (2.42) 

for a monochromatic wave (pure elliptical polarization.) 
The meanings of the Stokes parameters are as follows: I is nonnegative 

and is proportional to the total energy flux or intensity of the wave. In 
practice, it is customary to choose a single proportionality factor in all of 
the definitions of (2.40) so that I is precisely the flux or intensity, but we 
shall omit it here. V is the circuzarity parameter that measures the ratio of 
principal axes of the ellipse. The wave has right- or left-handed polariza- 
tion when V is positive or negative, respectively; V=O is the condition for 
linear polarization. There is only one remaining independent parameter, Q 
or U, which measures the orientation of the ellipse relative to the x-axis; 
Q = U = 0 is the condition for circular polarization. 

Quasi-monochromatic Waves 

The monochromatic waves just treated are said to be completely or 100% 
polarized, since the electric vector displays a simple, nonrandom direc- 
tional behavior in time. However, in practice we never see a single 
monochromatic component but rather a superposition of many compo- 
nents, each with its own polarization. An important case of interest occurs 
when the amplitudes and phases of the wave possess a relatively slow time 
variation, so that instead of Eq. (2.36) we have 

To be precise, we assume that over short times, of order l/o, the wave 
looks completely polarized with a definite state of elliptical polarization, 
but over much longer times, At>> I / w ,  characterizing the times over which 
&,, E,, 9, and rp2 change substantially, this state of polarization can 
change completely. Such a wave is no longer monochromatic; by the 
uncertainty relation its frequency spread Aw about the value w can be 
estimated as Aw> 1/At so that Aw<<w. For this reason the wave is called 
quasi-monochromatic. The frequency spread Aw is called the bandwidth of 
the wave, and the time At  is called the coherence time. 

The quantitative characterization of quasi-monochromatic waves de- 
pends on what kind of measurements can be made. In principle, for strong 



66 Basic Theoy of Radiation fie& 

waves the precise time variations of the quantities &,, &,, +,, and +, could 
be measured; this would be the most detailed characterization possible. On 
the other hand, most measurements are not so detailed and usually involve 
some apparatus in which the radiation eventually falls on a detector that 
measures the time-averaged square of the electric field, for example, the 
energy flux (2.24b). Before falling on the detector the radiation may pass 
through a variety of devices that have the effect of forming a linear 
combination of the two independent electric field components with arbi- 
trary weights and phases. For radio waves such devices include dipole 
antennas and electric delay lines; the optical equivalents are found in 
polarizing filters and quarter-wave plates. 

If we suppose that any time delays involved are short compared to the 
coherence time of the wave, then we can show that the outcome of a 
measurement with such a device depends on simple extensions of the 
Stokes parameters previously introduced. 

We first note that the most general linear transformation of field 
components by devices of the type described above can be written 

where A,,, (ij = 1,2), are complex constants describing the measuring 
apparatus. What is measured is the average sum of the squares of the x' 
and y' components of electric field. The average of the square of the x' 
component is 

2([ReE;e- '" ' ]2)  = J A , , J 2 ( E , E ~ )  +A, ,A~ , (E ,E ,* )  

+ A,,A:,(E,E: ) 

+ l~I2l2(E2E:).  (2.45) 

Eq. (2.23) has been used to average over the "fast" variations in the field 
described by the e - - I w c  term. The brackets ( ) on the right-hand side then 
refer only to time averaging of the slowly varying combinations of E , ( t )  
and E2(t).  For example, 

where 0 to T is the time interval over which the measurement is made. The 
average square of they component yields a result analogous to Eq. (2.45) 
with A,, and A,, replacing A , ,  and A,,, respectively. 
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It is clear from the above that the measurement depends on the radia- 
tion field only through the four complex quantities (E,(t)E;C(t)), where i ,  
j -  1, 2. These in turn are equivalent to four real quantities, since ( E , E : )  
and (E,E:)  are real and ( E I E Z )  and ( E , E ? )  are complex conjugates. A 
common and convenient set of four real quantities used to express ( E j 4 ? )  
are the Stokes parameter for quasi-monochromatic waves, 

I = ( E , E : )  + (E,E,*) = (E :  + &;) (2.47a) 

Q ( E l  E:) - (E,E,I)  = (&: - 5:)  (2.47b) 

U 3 ( E l  E ; )  + ( E 2 E : )  = (2F I F, COS(+, - +2)) (2.47~) 

V f (2.47d) 
1 
(( E ,  E ; )  - ( E2 E: ) ) = (2& , G, sin(+, - +,)), 

using Eqs. (2.36). We see that these definitions are generalizations of Eqs. 
(2.40), to which they reduce when G , ,  G,, and +* are time independent. 
The Stokes parameters are the most complete description of the radiation 
field, in the sense that two waves having the same parameters cannot be 
distinguished by any measurements using an apparatus of the type de- 
scribed above. 

Equation (2.42) will not hold for arbitrary quasi-monochromatic waves. 
It is easy to show from the Schwartz inequality, that 

the equality sign holding only when the ratio of E , ( t )  to E,(t)  is a complex 
constant, independent of time. This latter condition implies that the 
electric vector traces out an ellipse of fixed shape and fixed orientation and 
only its overall size changes slowly with time. Such a wave is completely 
equivalent to a pure elliptically polarized (a monochromatic) wave because 
their Stokes parameters are the same. Summarizing, we have from Eqs. 
(2.47) and (2.48) that 

Z 2 > Q 2 +  U 2 +  V 2 ,  (2.49) 

the equality holding for a completely elliptically polarized wave. 
At the other extreme there is the completely unpolarized wave, where the 

phases between E l  and E, maintain no permanent relation and where 
there is no preferred orientation in the x-y plane, so that (G:) = (&$). In 
this case 

Q = U =  V=O, (2.50a) 
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I 
Q 
U 

.v 

or 

Q 2 +  U z +  V 2 = 0 .  (2.50b) 

An important property of the Stokes parameters is that they are additive 
for a superposition of independent waves. By independent we mean that 
there are no permanent phase relations between the various waves, and 
that over the relevant time scales the relative phases can be assumed to be 
randomly and uniformly distributed from 0 to 271. For a superposition of 
different waves, each having its own E,’k) and EJk), k = 1, 2, 3 * , we have 

E ,  = x Efk’,  E2= x El” (2.51) 
k I 

so that 

( E , q )  = 2 x ( E f k ) E $ ’ ) * )  = ( E f k ) E i k ) * ) .  (2.52) 

Because of the random phases only terms with k = I survive the averaging, 
as indicated. It follows that 

k I  k 

I =  x I ‘ k ’  (2.53a) 

Q= 2 Q ( k )  (2.53b) 

U =  2 U‘k’ (2.53~) 

v= x V‘k’, (2.53d) 

proving the additivity. 

be represented as 
By the superposition principle, an arbitrary set of Stokes parameters can 

(2.54) 

The first term on the right represents the Stokes parameters of a com- 
pletely unpolarized wave of intensity I - d m  and the second 
represents the Stokes parameters of a completely (elliptically) polarized 
wave of intensity \/-, since it satisfies Eq. (2.42). Therefore an 
arbitrary wave can be regarded as the independent superposition of a 



completely polarized and a completely unpolarized wave. With this decom- 
position the meaning of the Stokes parameters for a quasi-monochromatic 
wave can be reduced to the meanings previously given for the completely 
polarized part plus that for the unpolarized part. Such a wave is therefore 
said to be partially polarized. The degree of polarization is defined in terms 
of this representation as the ratio of the intensity of the polarized part to 
the total intensity: 

IT=-= IPOI iQ2+ U 2 +  V 2  
I I (2.55) 

This is often given in terms of percentages. 
A special case that appears frequently in applications is partial linear 

polarization, where V=O. Such radiation can be analyzed using a single 
linear polarizing filter (or dipole antenna), which picks out the component 
of the electric field in one direction. The measurement consists of rotating 
the filter until the maximum values of intensity are found. The maximum 
value I,,, will occur when the filter is aligned with the plane of polariza- 
tion (the x’-axis), and the minimum value will occur along in the direction 
perpendicular to it (the y’-axis). The unpolarized intensity only contributes 
one-half of its intensity to any given measurement, since the total is shared 
between any two perpendicular directions. Therefore, the maximum and 
minimum values of intensity are 

I m u  = Iunpol+ I p o I y  (2.56a) 

Imin = L 2 I unpolr (2.56b) 

where Z u n p o l = Z - ~ ~  and Z w l = d w .  From Eq. (2.55) we 
have, finally, 

One should be cautioned that this formula applies only in cases in which 
the polarization is known to be of plane type. It will underestimate the true 
degree of polarization if circular or elliptical polarization is present. 

2.5 ELECTROMAGNETIC POTENTIALS 

Because of the form of Maxwell’s equations, [cf. Eqs. (2.6)], especially the 
“internal equations,” it is found that the E and B fields may be expressed 
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completely in terms of a scalar potential N r ,  t) and a vector potential A(r, t). 
There are several reasons for wanting to do this: One scalar plus one 
vector is simpler than two vectors. Also, the equations determining + and 
A are quite a bit simpler than Maxwell’s equations for E and B. Finally, 
the relativistic formulation of electromagnetic theory is simpler in terms of 
the potentials than in terms of the electric and magnetic fields. 

From Maxwell’s equation V *B = 0 it follows that B may be expressed as 
the curl of some vector field A: 

B = V x A .  (2.58) 

The V xE equation can be written 

V x (E+ $) = O .  (2.59) 

1 
It follows that E+ -aA/at may be expressed as the gradient of some 
scalar field -+: 

C 

E = - V + -  
1 aA -- 

at . (2.60) 

Two of Maxwell’s equations have already been satisfied identically by 
virtue of the definitions of the potentials. The V*E equation can be written 

l a  
c at 

V2++ - -(V*A)= -4np, (2.61) 

where we have used the microscopic form of Maxwell’s equations ( p  = pfree 
+pbound). Equation (2.61) may also be written in the form 

The V x H  equation can be written 

V x ( V x A ) - -  l a  -( - V + - - - ) = - j  1 aA 47r 
at  at 

With the vector identity V x ( V x A ) =  - V2A+V(V*A) this becomes 

(2.62) 

(2.63) 

(2.64) 
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The potentials are not uniquely determined by the conditions imposed 
above. For example, the addition to A of the gradient of an arbitrary scalar 
function tc, will leave B unchanged: 

A - + A + V + ,  B+B. 

The electric field will also be unchanged if at the same time + is changed 
by 

These alterations of A and 9 are called Gauge transformations. Their value 
for our purposes lies in the possibility of choosing potentials in such a way 
to simplify the above equations. Note that since we have one free function, 
we can satisfy one scalar constraint equation. The most important choice 
made is a gauge for which the Lorentz condition is satisfied 

(2.65) 

The gauge corresponding to Eq. (2.65) is called the Lorentz gauge. With 
this gauge Eqs. (2.62) and (2.64) now become the following inhomogeneous 
equations: 

(2.66a) 

(2.66b) 

The solutions to Eqs. (2.66) may be written (see, e.g., Jackson 1975) as 
integrals over the sources: 

A(r,t)= -I-. 1 [ j ] d 3 r ‘  
c lr-r’l 

(2.67a) 

(2.67b) 

Equations (2.67) are the retardedpotentials. The notation [ Q ]  means that Q 
is to be evaluated at the retarded time 

[ Q]=Q(r’,r- --lr-r’l 7 . 
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The retarded time refers to conditions at the point r‘ that existed at a time 
earlier than t by just the time required for light to travel between r and r’. 
The interpretation is that information at point r’ propagates at the speed of 
light, so that the potentials at point r can only be affected by conditions at 
point r’ at such a retarded time. (A similar set of solutions with the 
advanced time t + c -‘lr - r’l are also possible mathematically, but are 
ordinarily excluded on the physical grounds of causality.) 

We now have a rather straightforward way of finding the electric and 
magnetic fields due to a given charge and current density: first, find the 
retarded potentials by means of the above integrals, and then determine E 
and B by their expressions in terms of the potentials. In the next chapter 
we determine the retarded potentials for a point charge in this way. 

2.6 APPLICABILITY OF TRANSFER THEORY AND 
THE GEOMETRICAL OPTICS LIMIT 

Following our discussion of waves, it is now possible to discuss more 
quantitatively the applicability of geometrical optics. In standard discus- 
sions of the propagation, or transfer, of radiation through matter, the 
specific intensity, with its associated concept of rays, is used as a funda- 
mental variable. However, there are certain limitations imposed on transfer 
theory by the wave or quantum nature of light. For example, we defined 
specific intensity by the relation 

dE= I ,dA  dadvdt ,  

where a!A, d 0 ,  dv, and dt were presumed to be infinitesimal. However, dA 
and d Q  cannot both be made arbitrarily small because of the uncertainty 
principle for photons: 

dx dp, & dp, = p2dA d 0  2 h2, 

dA d 0  2 X2. (2.68) 

As soon as the size of dA is of order of the square of the wavelength, the 
direction cannot be defined with any precision and the concept of rays 
breaks down. 

There is another limitation on the sizes of dt and dv because of the 
energy uncertainty principle 

d E d t Z h ,  
dv dt 2 1. (2.69) 
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For these reasons, when the wavelength of light is larger than atomic 
dimensions, as in the optical, we cannot describe the interaction of light on 
the atomic scale in terms of specific intensity. However, we may still 
regard transfer theory as a valid macroscopic theory, provided the absorp- 
tion and emission properties are correctly calculated from electromagnetic 
theory or quantum theory. 

A more precise, classical treatment of the validity of rays is known as 
the eikonal approximation. The essential features of thls approach can be 
seen if we treat a scalar field rather than the vector electromagnetic fields. 
Rays are curves whose tangents at each point lie along the direction of 
propagation of the wave. Clearly, these rays are well defined only if the 
amplitude and direction of the wave is practically constant over a distance 
of a wavelength A. This limit is called the geometrical optics limit. Let the 
wave be represented by a function g(r , t )  of the form 

g(r,  t )  = a(r, t)ei'J@,'), (2.70) 

where a(r,t) is the slowly varying amplitude and $(r,t) is  the rapidly 
varying phase. If a were strictly constant, then the local direction of 
propagation k of the wave (normal to the surfaces of constant phase +), is 
given by 

k =  V+, (2.71a) 

and the local frequency, w, is given by 

(2.7 1 b) 

The exact behavior of a and + is constrained by the waue equation for 
g(r9 tX 

1 

c2 at2 
V2g(r, t )  - - - - - 0, 

or, substituting in Eq. (2.70) for g(r, t), 

V2a---++a V % - - -  +2i  Va-V+----- 
c2 a2a at2 ( c 2  a % )  a t 2  ( c2 a+ at at 

-a(V$)'+- aJ/ 2=0 .  (2.72) 2 at ) 
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The geometrical optics limit can now be made precise. If 

Basic Ikory  of Radiation Fieus 

then the above equation reduces to 

(2.73) 

which is the eikonal equation. If Eqs. (2.71) are substituted for the 
gradients of 4, we obtain 

u2 
(kI2- - =O, 

C2 

which will be recognized [cf. Eq. (2.20a)l as the relationship between wave 
number and frequency of a plane wave. 

PROBLEMS 

2.1-Two oscillating quantities A ( t )  and B( t )  are represented as the real 
parts of the complex quantities &e-'u' and %e-ju'. Show that the time 
average of A B  is given by 

( A l l ) = +  Re(&*%)=+ Re(&%*). 

2.2-In certain cases the process of absorption of radiation can be 
treated by means of the macroscopic Maxwell equations. For example, 
suppose we have a conducting medium, so that the current density j is 
related to the electric field E by Ohm's law: 

j = uE, 

where u is the conductivity (cgs unit = sec-'). Investigate the propagation 



of electromagnetic waves in such a medium and show that: 

a. The wave vector k is complex 

where m is the complex index of refraction, defined by 

m 2 = p  ( I + -  43. 
b. The waves are attenuated as they propagate, corresponding to an 

absorption coefficient 

2w 
a, = - Im( m). 

C 

(Note: In some literature, minus signs appear in these formulas. This is 
because the wave is often taken to be exp( - ik-r + iwt) rather than the 
exp(ik*r - i d )  chosen here.) 

2.3-This problem is meant to deduce the momentum and angular 
momentum properties of radiation and does not necessarily represent any 
real physical system of interest. Consider a charge Q in a viscous medium 
where the viscous force is proportional to velocity: Fvisc= - pv. Suppose a 
circularly polarized wave passes through the medium. The equation of 
motion of the change is 

We assume that the terms on the right dominate the inertial term on the 
left, so that approximately 

Let the frequency of the wave be o and the strength of the electric field be 
E .  

a. Show that to lowest order (neglecting the magnetic force) the charge 
moves on a circle in a plane normal to the direction of propagation of 
the wave with speed Q E / P  and with radius Q E / P w .  
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b. 

C. 

d. 

e. 

f. 

g. 

Basic Theory of Radiation Fields 

Show that the power transmitted to the fluid by the wave is Q 2 E 2 / f l .  

By considering the small magnetic force acting on the particle show 
that the momentum per unit time (force) given to the fluid by the wave 
is in the direction of propagation and has the magnitude Q 2 E 2 / P c .  

Show that the angular momentum per unit time (torque) gven to the 
fluid by the wave is in the direction of propagation and has magnitude 

? Q 2 E 2 / P w ,  where (k) is for (Fit) circular polarization. 

Show that the absorption cross section of the charge is 47rQ2/pc, 

If we now regard the radiation to be composed of circularly polarized 
photons of energy Ey=Ao,  show that these results imply that the 
photon has momentum p =?ik = h / A =  E y / c  and has angular momen- 
tum J = * A  along the direction of propagation. 

Repeat this problem with appropriate modifications for a linearly 
polarized wave. 

2.4-Show that Maxwell’s equations before Maxwell, that is, without the 
“displacement current” term c - ‘aD/at, unacceptably constrained the 
sources of the field and also did not permit the existence of waves. 
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RADIATION FROM 
MOVING CHARGES 

3.1 
CHARGES: THE LIENARD-WECHART POTENTIALS 

RETARDED POTENTIALS OF SINGLE MOVING 

Consider a particle of charge q that moves along a trajectory r=ro(t). Its 
velocity at any time is then u(f)=to(t). The charge and current densities 
are given by 

(3.la) 

(3.lb) 

The 8-function has the property of localizing the charge and current; we 
also obtain the proper total charge and current by integrating over volume: 

Let us calculate the retarded potentials [Eq. (2.67)] due to these charge and 
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current densities. We use the scalar potential as an example: 

using the property of the 8-function. Substitution of Eq. (3.la) for the 
charge density and integration over r‘ yields 

This is now an integral over the single variable 1‘. We now introduce the 
notations 

R(t’)=r-ro( t ’ ) ,  R(r ’ )=  IR(t’)l. (3.3) 

We then have 

A(r,r)= 4 J ~ ( t ’ ) R  - ‘ ( t ’ )a ( r ’ -  r +  R(t’)/c)dr’,  (3.4b) 
C 

where we have performed the identical integrations for A. Equations (3.4) 
are useful forms for the potentials, but they may be simplified still further. 
Note that the argument of the &function vanishes for a value of t’=rrc. 
given by 

~ ( 1 -  t re t )  = R(treJ. (3.5) 

Let us change variables from t’ to t”= t’- t + [ R ( t ‘ ) / c ] ,  which implies that 

dt”=dt‘+ -R(t’)dt’ .  
1 
C 

Since R2(t’)=RZ(t’) ,  it follows that 2R(t’)d( t ’ )= -2R(r’).u(t‘), where R(t’) 
= -u(t‘). We also define the unit vector n by 
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Finally, we obtain 

Now the integration over the &function can be performed by setting r“ =0, 
or equivalently by setting t‘ = trel. This yields 

where we have used the notation 

1 
K( t’) = 1 - - n( t’)*u( t’). 

C 

Then, with the brackets denoting retarded times, we have 

(3.7a) 

(3.7b) 

These are called the LiPnard- Wiechart potentials. These potentials differ 
from those of static electromagnetic theory in two ways: First, there is the 
factor K = 1 - (n*u/c). This factor becomes very important at velocities 
close to that of light, where it tends to concentrate the potentials into a 
narrow cone about the particle velocity. It is related to the beaming effect 
found in the Lorentz transformation of photon direction of propagation. 
(See Chapter 4.) 

The second difference is that the quantities are all to be evaluated at the 
retarded time tre1. We have already discussed the meaning of this. The 
major consequence of retardation is that it makes it possible for a particle 
to radiate. The potentials roughly fall off as 1/r so that differentiation to 
find the fields would give a 1 / r z  decrease if this differentiation acted solely 
on the 1 / r  factor. As we show in the following section retardation allows 
an implicit dependence on position to occur via the definition of retarded 
time, and differentiation with respect to this dependence carries the 1 / r  
behavior of the potentials into the fields themselves. We have seen that this 
allows radiation energy to flow to infinite distances. 
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3.2 THE VELOCITY AND RADIATION FIELDS 

The differentiations of the potentials to obtain the fields are straightfor- 
ward but lengthy, and we omit details (see Jackson, 814.1). The results are 
as follows: If we want the fields at point r at time t we first must determine 
the retarded position and time of the particle rrct and t,,,. At this time the 
particle has velocity u = ro(tr,,) and acceleration U = ro(tret). We introduce 
the notation 

Then the fields are 

B(r, t )  =[ n x E(r, t ) ] .  

Note from Figure 3.1 that at time t the particle is at 
along its path, but only the conditions at the retarded 

.I 

(3.9b) 

some point further 
time determine the 

fields at point r at time t. The magnetic field is always perpendicular to 
both E and n. 

The electric field appears above as composed of two terms: the first, the 
velocity field, falls off as 1 / R 2  and is just the generalization of the 
Coulomb law to moving particles: for u<<c this becomes precisely 
Coulomb’s law. When the particle moves with constant velocity it is only 
this term that contributes to the fields. A remarkable fact in this case is 
that the electric field always points along the line toward the current 
position of the particle. This follows from the fact that the displacement to 

Particle posrtion 

Figure 3.1 
position of the mdiating particle at the mtarded time. 

Geometty for cakulption of the mdiation j2k.i at R fmm the 
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the field point from the retarded point is ncf, where i= t -  tret is the light 
travel time. In the same time the particle undergoes a displacement Ipci. 
The displacement between the field point and the current position is thus 
(n -Ip)ci, which is seen to be the direction of the velocity field in Eq. (3.9a). 

The second term, the acceleration field, falls off as 1/ R, is proportional 
to the particle’s acceleration and is perpendicular to n. This electric field, 
along with the corresponding magnetic field, constitutes the radiation field: 

(3. IOa) 

= [ x Erad]. (3.1 Ob) 

Note that E, B and n form a right-hand triad of mutually perpendicular 
vectors, and that IEradl = lBradI. These properties are consistent with the 
radiation solutions of the source-free Maxwell equations. 

Figure 3.2 demonstrates geometrically how an acceleration can give rise 
to a transverse field that decreases as 1 / R, rather than the 1 / R decrease 
of a nonaccelerated charge. The particle originally moved with constant 
velocity along the x-Exis and stopped at x=O at time t = O .  At t= 1 the 
field outside of a radius c is radial and points to the position where the 
particle would have been had there been no deceleration, since no infor- 
mation of the latter has yet propagated to this distance. On the other hand, 
the field inside radius c is “informed” and is radially directed to the true 
position of the particle. There is only one way these two’ fields can be 

4 n  
Erad(r, t ,  = - [ - x { (n-8) x b } ] .  

K ~ R  

x = o  x = l  

Figure 3.2 Gmphical akmonstmtion of the l / R  accelemtion field Charged 
parti& mouing at uni~orm oelociry in psirive x direction is stopped at x = 0 and 
t -0 .  
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connected that is consistent with Gauss’s law and flux conservation: it is 
graphically illustrated in the figure. It can be seen that a transition zone 
(whose radial thickness is the time interval over which the deceleration 
occurs) propagates outward. In this zone the field is almost transverse and 
is much stronger (closely packed flux lines) than the radial fields outside 
the zone. Further geometrical arguments can be used to show that the field 
intensity in this zone is proportional to I / c t =  1 / R .  If one looks at an 
annular ring centered on and perpendicular to the line of travel, containing 
all the flux lines in the passing wavefront, then the thickness of the ring is 
constant (light travel distance during acceleration time), and the radius of 
the ring varies as R .  Since the total number of flux lines is conserved, the 
strength of the field varies as 1 / R.  

A useful result is obtained by considering the energy per unit frequency 
per unit solid angle corresponding to the radiation field of a single particle 
[cf. Eqs. (3.10a) and (2.33)]: 

2 
-- dW - ’/l[ RE(t)]e”‘drl 
dwdfl 4n2 

/2 - - -- 4z:c 1 J [ n x { (n - p)  x b}  K -’] eiWrdt 

(3.1 la) 

(3.1 lb) 

where the expression in the brackets is evaluated at the retarded time 
f = r -  R(z‘) /c .  Now, changing variables from t to t’ in the integral, 
dt = Kdt‘, and using the expansion R(t’)xIrl -n*r,,, valid for ~ r o ~ < < ~ r ~ ,  we 
have 

2 
-=- dW 42 1 /n  x { (n - p) x 8) K -’ exp [ iw( t’ - n-ro( t ’ ) / c )  ] d f  1 . 
dodo 4aZc I 

(3.12) 

Finally, we may integrate Eq. (3.12) 
involving only p. Using the identity 
(nxp), Eq. (3.12) becomes 

by parts to obtain an expression 
n x { (n - p) x b} K -’ = d/dt’K - ‘N x 
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3.3 RADIATION FROM NONRELATIVISTIC 
SYSTEMS OF PARTICLES 

Using the above formulas we could discuss many radiation processes 
involving moving charges, including particles moving relativistically. How- 
ever, the interpretation of many of these results would be made easier after 
the section on special relativity. Therefore, for the moment, we shall 
specialize the discussion to nonrelativistic particles, that is, the case 

Let us compare the order of magnitude of the two fields Erad and Eve,: 
taking the leading terms we obtain 

‘rad Ru 
‘vet C’ . 
--- (3.14a) 

Now, if we focus on the particular Fourier component of frequency u, or if 
the particle has a characteristic frequency of oscillation u, then u-uv, and 
Eq. (3.14a) becomes 

(3.14b) 

Thus for field points inside the “near zone”, R S A ,  the velocity field is 
stronger than the radiation field by a factor > , c / u ;  whereas for field 
points sufficiently far in the “far zone,” R >X(c/u),  the radiation field 
dominates and increases its domination linearly with R. 

Larmor’s Formula 

When p<< 1 we can simplify equations (3.10) to 

Brad = [ nXErad]. (3.1 5b) 

This is illustrated in Fig. 3.3, which has been drawn in the plane of n and 
i. We note that Erad is also in this plane in the orientation indicated, and 
Brad is into the plane of the diagram. The magnitudes of Erad and Brad are 

(3.16) 
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Figure 3.3 Electric and magnetic radiation fiela confgurations for a slow(y 
mooing particle. The direction of Bd t into the page. 

The Poynting vector is in the direction of n and has the magnitude 

(3.17) 

This corresponds to an outward flow of energy, along the direction n. We 
can put this into the form of an emission coefficient. The energy dW 
emitted per unit time into solid angle d52 about n can be evaluated by 
multiplying the Poynting vector (erg s-’  cm-’) by the area dA = R2dQ 
represented by 52 at the field point: 

(3.18) 

We may obtain the total power emitted into all angles by integrating this 
over solid angles: 

Thus we have Larmor’s formuIa for emission from a single accelerated 
charge q:  

(3.19) 
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There are several points to notice about Eqs. (3.18) and (3.19): 

1. The power emitted is proportional to the square of the charge and the 
square of the acceleration. 

2. We have the characteristic dipole pattern a sin2@: no radiation is 
emitted along the direction of acceleration, and the maximum is 
emitted perpendicular to acceleration. 

3. The instantaneous direction of Erad is determined by u and n. If the 
particle accelerates along a line, the radiation will be 100% linearly 
polarized in the plane of u and n. 

The dipole approximation 

When there are many particles with positions ri, velocities ui, and charges 
qi, i = 1,2.. . N ,  we can find the radiation field at large distances by simply 
adding together the Erad from each particle. However, there is a complica- 
tion here, because the above expressions for the radiation fields refer to 
conditions at retarded times, and these retarded times will differ for each 
particle. Another way of stating the complication is that we must keep 
track of the phase relations between the various pieces of the radiating 
system introduced by retardation. 

There are situations, however, in which it is possible to ignore this 
difficulty. Let the typical size of the system be L, and let the typical time 
scale for changes within the system be T .  If 7 is much longer than the time 
it takes light to travel a distance L, r>>L/c, then the differences in 
retarded time across the source are negligible. We may also characterize T 

as the time scale over which significant changes in the radiation field Erad 
occur, and this in turn determines the typical characteristic frequency of 
the emitted radiation. Calling this frequency u, we write 

1 
Y e - .  

7 

Combining this with the above we obtain 

C 

U 
- >> L, 

or 

A>> L, (3.20) 

that is, the differences in retarded times can be ignored when the sue of 
the system is small compared to a wavelength. 
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We may also characterize r as the time a particle takes to change its 
motion substantially. Letting I be a characteristic scale of the particle’s 
orbit and u be a typical velocity, then r - l / u .  The condition r>>L/c then 
implies u/c<<l /  L. But since I < L, this is simply equivalent to the nonrela- 
tivistic condition 

We may therefore consistently use the nonrelativistic form of the radiation 
fields for these problems. With the above conditions met we can write 

q n x ( n x u , )  E 
i C‘ Ri 

rad (3.21) 

Let R, be the distance from some point in the system to the field point (see 
Fig. 3.4). Since the differences in the actual Ri are negligible as R,+oo, we 
have 

n x ( n x  ii) 
c’R, ’ 

Erad = 

where the dipole moment is 

d =  qiri. 
1 

(3.22a) 

(3.22b) 

The right-hand side of Eqs. (3.22) must still be evaluated at a retarded 
time, but this time can be evaluated using any point within the region, say, 
the point used to define R,. 

K O  

Figure 3.4 Radiation from a medium of sire L. 
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As before, we find 

sin’ 0, dP d2 -=- 
dQ 4nc3 

P=,. 2d2 

3c 

(3.23a) 

(3.23b) 

This is called the dipole approximation and is a generalization of the 
formulas [Eqs. (3.18) and (3.19)] for a single nonrelativistic particle. The 
instantaneous polarization of E lies in the plane of d and n (see Fig. 3.5). 

As an application of the preceding analysis, let us consider the spectrum 
of radiation in the dipole approximation. For simplicity we assume that d 
always lies in a single direction. Then from Eq. (3.22a), we have 

sin 0 
c2R, 

E ( t )  = a( t)- , (3.24) 

where E ( t )  and d(t)  are the magnitudes of E(t) and d(t) ,  respectively. The 

Figure 3.5 Geometry and emission pattern for dipole radiation. 
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Fourier transform of d ( f )  can be defined so that 

d ( t )  = / e-'"'a(w)dw. 
-cc 

Then we have the relations 

1 -  i.(w) = - - w2d(w) sin O. 
c2R, 

(3.25a) 

( 3.25 b) 

For the energy per unit solid angle per frequency range and for the total 
energy per frequency range we have, using Eqs. (2.33), (3.25), and a2 = 
RidQ,  

dW 1 
dwdQ c3 
-- - -w412(o)12sin2~, 

I44 I 2. 
dW 8 r w 4  -=- 
do 3c3 

(3.26a) 

(3.26b) 

These formulas describe an interesting property of dipole radiation, 
namely, that the spectrum of the emitted radiation is related directly to the 
frequencies of oscillation of the dipole moment. This property is not true 
for particles with relativistic velocities. 

The general multiple expansion 

In the above treatment of the dipole approximation we have argued only 
qualitatively. We would like to be slightly more explicit and indicate the 
features of the general case. Since E and B are simply related well outside 
of the source, we may consider the vector potential A to contain all of the 
necessary information. Consider a Fourier analysis of the sources and 
fields [cf. Eq. (2.3)]: 

(3.27a) 

A,(r) = JA(r.z)e'"'dl. (3.27b) 

Then, using the equation analogous to Eq. (3.2) for the vector potential 
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and taking the Fourier transform of this equation, using Eqs. (3.27), we 
obtain 

(3.28) 

where k=w/c. Note that our equations now relate single Fourier compo- 
nents of j and A. 

Let us choose an origin of coordinates inside the source of size L. Then, 
at field points such that r>>L, we have the approximation 

Ir - r'l z r  - nor', (3.29) 

where n points toward the field point r and where r = Irl. Substituting Eq. 
(3.29) into (3.28), we obtain 

(3.30) 

The factor exp( ikr) outside the integral expresses the effect of retardation 
from the source as a whole. The factor exp(-ikn-r') inside the integral 
expresses the relatiue retardation of each element of the source. In our 
slow-motion approximation, kL<< 1. Thus, expanding the exponential in 
the integral: 

(3.31) 

Equation (3.3 1) is clearly an expansion in the small dimensionless parame- 
ter kL =2rL/X. The dipole approximation results from takmg just the first 
term in the expansion (n =O): 

The quadrupole term is the second term in the expansion (n = 1): 

(3.32) 

(3.33) 

Although it is true that the frequencies present in the vector potential 
(and hence in the radiation) are identical to those in the current density, it 
should be pointed out that these frequencies may differ from the frequen- 
cies of particle orbits in the source. For example, in the case of a particle 
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orbiting in a circle with angular frequency oo, the function j,(r) actually 
contains frequencies not only at wo but also at all harmonics 200, 3w0.. . . 
In the dipole approximation only oo contributes, in the quadrupole ap- 
proximation only 20, contributes, and so on (see problem 3.7). 

3.4 THOMSON SCATIERING (ELECTRON SCATTERING) 

An important application of the dipole formula is to the process in which a 
free charge radiates in response to an incident electromagnetic wave. If the 
charge oscillates at nonrelativistic velocities, u<<c, then we may neglect 
magnetic forces, since E = B for an electromagnetic wave. Thus the force 
due to a linearly polarized wave is 

F = ecEosinwot, (3.34) 

where e is the charge and c is the E-field direction. (See Fig. 3.6.) From Eq. 
(3.34), we have 

mr= ecE,sinw,t. 

In terms of the dipole moment, d =  er, we have 

.. e2Eo 
d =  ~ c sin mot, 

m 

c sin wot, 

Figuw 3.6 Scattering of polarized radktion by a charged parti& 



Tliomson Scattering (Electron Scattering) 91 

which describes an oscillating dipole of amplitude 

From our previous results of Eqs. (3.23), we can write the time-averaged 
power as 

(3.35a) 

(3.35b) 

where the time average of sin*w,,t gives a factor t. Note that the incident 
flux is (S } = ( c / 8 a ) E i .  Defining the differential cross section do for 
scattering into dS2 we have 

Therefore, we have the relation 

(3.36) 

(3.37) 

where 

(3.38) 

The quantity ro gives a measure of the ‘‘size’’ of the point charge, 
assuming its rest energy mc2 is purely electromagnetic in origin. For an 
electron ro is called the classical electron radius and has a value ro= 2.82 X 

cm. The total cross section can be found by integrating over solid 
angle, using p = cos 0, 

e2 

me2 . 
r =- 

0-  

This gives the result 

8n 2 

O =  - 7 0 .  
(3.39) 

(Alternatively, one can obtain u from P = ( S  )o.)  
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For an electron u = uT = Thomson cross section =0.665 X cm’. The 
above scattering process is then called Thomson scattering or electron 
scattering. 

Note that the total and differential cross sections above are frequency 
independent, so that the scattering is equally effective at all frequencies. 
However, this is really only valid for sufficiently low frequencies, so that a 
classical description is valid. At high frequencies, where the energy of 
emitted photons hv becomes comparable to or larger than m2, then the 
quantum mechanical cross sections must be used; this occurs for X-rays of 
energies hv20.511 MeV for electron scattering (see Chapter 7). Also, for 
sufficiently intense radiation fields the electron moves relativistically; then 
the dipole approximation ceases to be valid. 

We note that the scattered radiation is linearly polarized in the plane of 
the incident polarization vector E and the direction of scattering n. 

It is easy to get the differential cross section for scattering of unpolarized 
radiation by recognizing that an unpolarized beam can be regarded as the 
independent superposition of two linear-polarized beams with perpendicu- 
lar axes. Let us choose one such beam along E , ,  which is in the plane of the 
incident and scattered directions, and the second along c2, perpendicular to 
this plane. (See Fig. 3.7.) Let 0 be the angle between E ,  and n. Note that 
the angle between c2 and n is 7 / 2 .  We also have introduced the angle 
B = n / 2 - 0 ,  which is the angle between the scattered wave and incident 
wave. Now the differential cross section for unpolarized radiation is the 
average of the cross sections for scattering of linear-polarized radiation 

Figure 3.7 Geotnety for scattering impohtized mdiatim 
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through angles O and n/2.  Thus we have the result 

= t r i (  1 + sin' 0) 

= ;r,2(1 +cosze), (3.40) 

which depends only on the angle between the incident and scattered 
directions, as it should for unpolarized radiation. 

There are several features of electron scattering of unpolarized radiation 
which we now point out: 

1. Forward-backward symmetry: The scattering cross section, Eq. (3.40), 
is symmetric under the reflection f3+ - 0. 

2. Total cross section: The total scattering cross section of unpolarized 
incident radiation is the same as that for polarized incident radiation 
u,,pol=upol=(8n/3)r~. This is because the electron at rest has no net 
direction intrinsically defined. 

3. Polarization of scattered radiation: The two terms in Eq. (3.40) clearly 
refer to intensities in two perpendicular directions in the plane normal 
to n, since they arise from the two perpendicular components of the 
incident wave. Since the polarized intensities in the plane and per- 
pendicular to the plane of scattering are in the ratio cos28: 1, the 
degree of polarization of the scattered wave is [cf. Eq. (2.57)) 

1 - C O S Z 8  

1 +cos2d * 

n= (3.41) 

Since l3 > 0, we have the interesting result that electron scattering of a 
completely unpolarized incident wave produces a scattered wave with 
some degree of polarization, the degree depending on the viewing 
angle with respect to the incident direction. If we look along the 
incident direction ( e = O )  we see no net polarization, since, by symme- 
try, all directions in the plane are equivalent. If we look perpendicular 
to the incident wave (d= a /2 )  we see 100% polarization, since the 
electron's motion is confined to a plane normal to the incident direc- 
tion. 

3.5 RADIATION REACTION 

The energy radiated away by an accelerating charge must come from the 
particle's own energy or from the agency maintaining the particle's energy. 
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We conclude that there must be a force acting on a particle by virtue of 
the radiation it produces. This is called the radiation reaction force. The full 
treatment of this effect from first principles involves the calculation of the 
force on one part of the charge by the fields of another part, including 
retardation within the particle itself. Throughout the calculation the size of 
the particle is kept as nonzero. Afterwards the size can be set to zero, or at 
least to some small value such as ro. Here we derive the main result using 
energy considerations alone. 

We first delineate those regimes in which radiation reaction may be 
considered as a perturbation on the particle’s motion. Let T be the time 
interval over which the kinetic energy of the particle is changed substan- 
tially by the emission of radiation. Then from Eq. (3.19), with a = u, 

mu2 3mc’ 2 

T-- Prod -,z(f)’ 
where m is the mass of the particle, and u its velocity. We estimate u/a-‘p 
as the typical orbital time scale for the particle. Then the condition 
T/t,>>l requires that tP>>7, where, for an electron, 

- 10 - *3s 
2e2 

3mc3 
r s  - (3.42) 

Thus as long as we are considering processes that occur on a time scale 
much longer than r ,  we can treat radiation reaction as a perturbation. It 
should be noticed that T is the time for radiation to cross a distance 
comparable to the classical electron radius, the “size” of the electron: [cf. 
Eq. (3.38)] 

We can infer the formula for the radiation reaction force from elemen- 
tary considerations of energy balance. When the radiation reaction force is 
relatively small, we may sensibly define the force as a term added onto the 
existing external force, such that the energy radiated must be compensated 
for by the work done against the radiation reaction force. Thus we are 
tempted to set 

(3.43) 
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However, one can see that there is no Frad that can instantaneously satisfy 
this equation: Frad cannot depend on u, because this would imply a 
preferred frame relative to which u is measured. But then one side of Eq. 
(3.43) explicitly depends on u whereas the other does not, a contradiction. 
The best we can do is to satisfy this equation in some average sense, the 
remaining energy fluctuations being taken up in the nomadation fields. 
Integrate the above equation over a time interval t ,  to f2 ,  with (fz- t , ) > > ~ .  
Integrating by parts, we obtain: 

- l,f2Fradoudt = - 2e2 Jf2u*udr 
3c3 f ,  

= - 2e2 [ u II - j -? i -udt ] .  
3c3 

(3.44) 

If we assume that the initial and final states are the same (so that the 
nonradiation fields are the same and do not contribute to the energy 
difference) or that u*u(t,)=u*u(t2), the first term on the right-hand side of 
Eq. (3.44) vanishes, leaving 

Thus we take 

2e2u 

3c3 
Frad = - = ~ T U ,  (3.45) 

where Eq. (3.45) now represents the radiation force in some time-averaged, 
approximate sense. 

This formula for the radiation reaction force depends on the derivative 
of acceleration, that is, the third derivative of position. This increases the 
degree of the equation of motion of a particle and can lead to some 
nonphysical behavior if not used properly and consistently. 

For example, the equation of motion for a particle with applied force F 
is 

m ( U - ~ i i ) = F .  

Suppose F=O; then a solution is the obvious 

u=constant, 
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which is also the physically correct solution. However, there is also another 
solution 

u = u 0e‘ /7 ,  

which rapidly becomes exceedingly large (“runaway” solution). We must 
exclude such solutions from consideration. We note that they violate the 
restriction on the motion that it not change on a time scale short compared 
to 7 .  Furthermore, u*u(t,)#u*u(t,). We can thus argue that such solutions 
are spurious, on the mathematical grounds that they violate the assump- 
tions on which the equations were based. 

3.6 RADIATION FROM HARMONICALLY BOUND 
PARTICLES 

Undriven Harmonically Bound Particles 

A particle that is harmonically bound to a center of force (i.e., F = - kr = 
- mu$) will oscillate sinusoidally with frequency w,. Such a system, 
although rarely found in nature, is interesting because it gives the only 
possible classical model of a spectral line. Many of the quantum results are 
stated against the framework of this model (“oscillator strengths,” “classi- 
cal damping widths”). Since there is always a small damping of the 
oscillations by the radiation reaction force, the oscillation will not be 
purely harmonic. We assume that W,TK 1, so that the radiation reaction 
formula is valid. If the oscillations are along the x axis, [cf. Eq. (3.45)] 

- T x + x + ~ ; x = o .  (3.46) 

This is a third-order differential equation with constant coefficients. Since 
the term involving the third derivative is small, a convenient approxima- 
tion is that the motion will be harmonic to first order, with x ( t ) a  cos(oot + 
c+~) .  Therefore, we approximate the damping implied by the third deriva- 
tive by a damping in the first derivative, through 

2.z - w;x. (3.47) 

This approximation preserves an important feature of damping: it is 
expressed as an odd number of time derivatives and is therefore not time 
reversible. Therefore, our equation becomes 

x +a& + w;x = 0. (3.48) 
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This may be solved by assuming x(t) has the form ear,  where a is found 
from 

which has the solution 

when expanded in powers of W ~ T .  Taking as initial conditions for t = O ,  
x(0) = xo, i ( O ) x O ,  we have 

where 

(3.50) 

The Fourier transform of x(t) is, [cf. Eq. (2.27)], 

+ 1 
I ' / ~ - ~ ( W + W ~ )  r / 2 - i ( w - w O )  

1 "  
2 ( w )  = g 1 x( t)e'@'dt = - 

(3.51) 

This becomes large in the vicinity of w = a 0  and w -  -ao. Since we are 
ultimately interested only in positive frequencies, and only in regions in 
which the values become large, let us make the approximations 

The energy radiated per unit frequency is then [cf. Eq. (3.26b)I 

dW e2xi 1 
dm 3c3 (4.1~ (a - ao)2 + (r/212 ' 

(3.52) 

(3.53) 
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dW 
dW 

f 

WO 

Figme 3.8 
damped by mdiation neaction. 

Power spctmm for M tutdnmn, hrmonieally b o u n d  pnrtiele 

Equation (3.53) gives the frequency spectrum typical of a “decaying 
oscillator.” Note that this has a sharp maximum in the neighborhood of 
a= wo, since I’/wo< 1.  This is illustrated in Fig. 3.8, where it is seen that r 
is the full width at half maximum (FWHM). 

Using the definition of I‘ and k=mwi=spring constant, we can write 
Eq. (3.53) in the form 

dW 1 - 1 2 ~  
- =(;kx;) 
dw (w - wo)2  + (r12)~ 

(3.54) 

The first factor gives the initial potential energy of the particle (energy 
stored in spring). The second factor gives the distribution of the radiated 
energy over frequency. The integral over w can be performed easily, if we 
note that the range of integration can be taken as infinite, since the 
function is confined essentially to a small region about wo: 

W dw=-tan-’[  I 2(w-oo) ] = l .  

- w  
7r 

Thus we find that 

(3.55) 

is the total emitted energy, as it should by conservation of energy. 
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The profile of the emitted spectrum, 

~2~ 
(3.56) 

is known as a Lorentr profile. 

constant when expressed in terms of wavelength: 
The classical line breadth Au = r for electronic oscillators is a universal 

A W  
M = 2 7 x 7  

where 

W L  

=2Tm= 1 . 2 ~  10-~,-i, 

1 A'= 10-8 cm. 

(3.57) 

Driven Harmonically Bound Particles 

We have just computed the radiation from the free oscillations of a 
harmonic oscillator. Now, we wish to consider forced oscillations, when the 
forcing is due to an incident beam of radiation. This will give the scattered 
radiation from the incident beam. Let us now write 

mx = - muix + mrx'+ eEocoswt, (3.58) 

where the last term is the force due to a sinusoidally varying incident field. 
Here we have left the radiation reaction term as a thrd derivative. With 
the usual trick of representing x by a complex variable, we have 

x - r X + a 0 x - -  2 - ''0 e i w r  , (3.59) 
m 

where we take the real part of x .  The steady-state solution of this equation 
is 

(3.60a) = Xoe iwr = i (wr + 6 ) 
--Ixole 9 

where 

(3.60b) 
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Note that there is a phase shift in the response of the particle displace- 
ment to the driving force, caused by the odd time derivative damping term. 
For w > wo the particle “leads” the driving force and for w < wo it “lags.” 
Taking the real part of x we see that we have an oscillating dipole of 
charge e and amplitude lxol with frequency o. The time-averaged total 
power radiated is therefore 

e21x012w4 - -- e4Ei w4 

3m2c3 (w’ - wo’) 2 + P- 
3c3 

(3.61) 

Dividing Eq. (3.61) by the time-average Poynting vector (S) =(c/8n)E;, 
we obtain the cross section for scattering as a function of frequency: 

(3.62) 
w4 

u(w)  = UT 

(w’-wo’)2 +(w;T)2 ‘ 

Here uT is the Thomson cross section. Three interesting regmes for w can 
be identified (see Fig. 3.9): 

I--w>>wo. In this case u(w)+o,, the value for free electrons. This is to 
be expected, since at high incident energies the binding becomes negligible. 

O’OT t 
Classical radiation 

1 w,.,l~o ( T W O )  ’ 
Fignro 3.9 Scattering cross section for a dn’wn, hamtonically b o d  pamcle as 
a fiurcrion of the driving froqwmy. Hero oo and (IT am t b  mtuml frequency 
and Thornton cross section, rospectiwly. 
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2-w<<oO. Here we have 

(3.63) 

This case corresponds to the electron responding directly to the incident 
field with no inertial effects, so that kx=eE. (Since w<w0, the electric field 
appears nearly static and produces a nearly static force.) The dipole 
moment is then directly proportional to the incident field and therefore is 
describable in terms of a static polurizubility. In such cases the scattered 
radiation will always go as w4, and the scattering is called Rayleigh 
scattering. It is responsible for the blue color of the sky and the red color of 
the sun at sunrise and sunset, because it favors the scattering of htgher 
frequency (bluer) light. 

3 - w e w O .  This case is dominated by the closeness of w’-wi to zero. 
Thus we write 

w2 - 00’ = (w - wo)(w + wo) 

and leave the factor (w-wo) ,  but in every other appearance of w we set 
o = wo. This leads to the approximation 

using r=&. With the definitions of uT and r ,  this can be written 

In the neighborhood of the resonance the shape of the scattering cross 
section is the same as the emission from the free oscillations of the 
oscillator [cf. Eq. (3.56)]. This can easily be explained, since the free 
oscillations can be excited by a pulse of radiation, E ( t ) a S ( t ) .  The 
spectrum of this pulse is independent of w (white spectrum), so that the 
free oscillations may be regarded as the scattering of a white spectrum, 
yielding emission proportional to the scattering cross section. 

An interesting result obtains from integrating a(w) over w :  

2r2e2 
a(w)dw= - 

mc 
(3.65a) 
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or in terms of frequency I ,  

i m u ( v ) d v =  -. re2  
mc 

(3.65b) 

In evaluating this integral we have apparently neglected a divergence, since 
the cross section actually approaches uT for large w. This may be justified 
as follows: the radiation reaction formula is only valid for m<1, so that 
we must cut off the integral at a a,, such that w,,<<l/~. The contribu- 
tion to the integral from the Thomson limit is less than 

This is negligible in comparison to the value of the integral in Eq. (3.65a), 
since u+,,<u~/T =4ae2/mc.  

In the quantum theory of spectral lines we obtain similar formulas, 
which are conveniently stated in terms of the above classical results as 

(3.66) 

where f,,. is called the oscillator strength or f-value for the transition 
between states n and n' (see Chapter 10). 

PROBLEMS 

3.1-A pulsar is conventionally believed to be a rotating neutron star. 
Such a star is likely to have a strong magnetic field, B,, since it traps lines 
of force during its collapse. If the magnetic axis of the neutron star does 
not line up with the rotation axis, there will be magnetic dipole radiation 
from the time-changing magnetic dipole, m( t ) .  Assume that the mass and 
radius of the neutron star are M and R, respectively; that the angle 
between the magnetic and rotation axes is a; and that the rotational 
angular velocity is w.  

a. Find an expression for the radiated power P in terms of w,  R, B, and 

b. Assuming that the rotational energy of the pulsar is the ultimate source 
of the radiated power, find an expression for the slow-down time scale, 
T ,  of the pulsar. 

a. 



c. For M =  1MO-2X ld3 g, R =  lo6 cm, B,= 10l2 gauss, cx=90°, find P 
and 7 for w =  104 s- l ,  Id s- ' ;  I d  s-' .  (The highest rate, O= 10" s-l, is 
believed to be typical of newly formed pulsars.) 

3.2-A particle of mass rn and charge e moves at constant, nonrelativis- 

a. What is the power emitted per unit solid angle in a direction at angle 8 

b. Describe qualitatively and quantitatively the polarization of the radia- 

c. What is the spectrum of the emitted radiation? 

d. Suppose a particle is moving nonrelativistically in a constant magnetic 
field B. Show that the frequency of circular motion is w, = eB/rnc, and 
that the total emitted power is 

tic speed.u, in a circle of radius a. 

to the axis of the circle? 

tion as a function of the angle 8. 

and is emitted solely at the frequency 0,. (Thls nonrelativistic form of 
synchrotron radiation is called cyclotron or gyro radiation). 

e. Find the differential and total cross sections for Thomson scattering of 
circularly polarized radiation. Use these results to find the cross 
sections for unpolarized radiation. 

33-Two oscillating dipole moments (radio antennas) d, and d, are 
oriented in the vertical direction and are a horizontal distance L apart. 
They oscillate in phase at the same frequency w.  Consider radiation at 
angle 8 with respect to the vertical and in the vertical plane containing the 
two dipoles. 

a. Show that 

_-  d p  -- W 4 S i n 2 8 ( d ~ + 2 d , d 2 c o s S + d ~ ) ,  
8TC3 

where 

OL sin8 SE-. 
C 



b. Thus show directly that when L<<h, the radiation is the same as from a 
single oscillating dipole of amplitude d ,  + d2. 

3.4-An optically thin cloud surrounding a luminous object is estimated 
to be 1 pc in radius and to consist of ionized plasma. Assume that electron 
scattering is the only important extinction mechanism and that the 
luminous object emits unpolarized radiation. 

a. If the cloud is unresolved (angular size smaller than angular resolution 
of detector), what is the net polarization observed? 

b. If the cloud is resolved, what is the polarization direction of the 
observed radiation as a function of position on the sky? Assume only 
single scattering occurs. 

c. If the central object is clearly seen, what is an upper bound for the 
electron density of the cloud, assuming that the cloud is homogeneous? 

3.5-A plane-polarized wave is incident on a sphere of radius a, com- 
posed of a solid material. We assume that the wavelength h is large 
compared with a. In that case it is known that the electric field at any 
instant of time is constant throughout the sphere and has the value 
E'=E/(l+4aa/3),  where E is the external (applied) field and a is the 
polarizability of the material. The dipole moment per unit volume is simply 
proportional to the internal electric field P = aE'.  Show that the total cross 
section for scattering the radiation is 

where 

8( ka)4 
Qscatt = 

3( 1 + 3/47r(~)~ 

3.6-Consider a medium containing a large number of radiating par- 
ticles. (For definiteness you may wish to imagine electrons emitting 
bremsstrahlung.) Each particle emits a pulse of radiation with an electric 
field Eo(t) as a function of time. An observer will detect a series of such 
pulses, all with the same shape but with random amval times t , ,  t,, t,, . . . , t,. 
The measured electric field will be 

N 
E ( t ) =  2 Eo( t -  ti). 

i =  1 



a. Show that the Fourier transform of E( t )  is 

i =  1 

where ko(w) is the Fourier transform of Eo(t). 

b. Argue that 

when averaged over the random arrival times. 

c. Thus show that the measured spectrum is simply N times the spectrum 
of an individual pulse. (Note that this result still holds if the pulses 
overlap.) 

d. By contrast, show that if all the particles are in a region much smaller 
than a wavelength and they emit their pulses simultaneously, then the 
measured spectrum will be N 2  times the spectrum of an individual 
pulse. 

3.7-Consider a charge e moving around a circle of radius ro at 
frequency wo. By consideration of the current density and its Fourier 
transform, show that the Fourier transform of the vector potential, A,(x), 
is nonzero only at w = w o  in the dipole approximation, nonzero only at 
w = 2w0 in the quadrupole approximation and so on. 
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RELATIVISTIC COVARIANCE 
AND KINEMATICS 

4.1 REVIEW OF LORENTZ TRANSFORMATIONS 

The special theory of relativity is based on two postulates: 

1. The laws of nature are the same in two frames of reference in uniform 

2. The speed of light is c in all such frames. 

relative motion with no rotation. 

Let us consider two frames K and K‘, as shown in Fig. 4.1, with a 
relative uniform velocity u along the x axis. The origins are assumed to 
coincide at t =O. If a pulse of light is emitted at the origin at t “ 0 ,  each 
observer will see an expanding sphere centered on his own origin. This is a 
consequence of postulate 2 and is inconsistent with classical concepts, 
which would have the sphere always centered on a point at rest in the 
“ether.” The reconciliation of this result requires us to view both space and 
time as quantities peculiar to each observer and not universal. Therefore, 
we have the equations of the expanding sphere in each frame 
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Figure 4.1 Two inertial fmmes with a relatioe uelocity u along the x axis. 

where t‘ does not equal t ,  as in Newtonian physics. The actual relations 
between x y z t and x’ y’ z’ t’ can be deduced by fairly elementary means if 
some further postulates (homogeneity and isotropy of space) are in- 
troduced. The result is  called the Lorentt transformation : 

x’ = y ( x  - ut) 

Y“Y 
z ’ = z  

t ’ = y  t - - x ,  ( 3 

(4.2a) 

(4.2b) 

(4.2~) 

(4.2d) 

where 

(4.2e) 

The inverse of this transformation is easily found: 

x = y ( x ’ +  ut’), y =y’ 

z = z ‘ ,  t = y  t ’ + - x ’  . ( cv2 1 
It should be noted that this inverse has the same form as the original 
except that the primed and unprimed variables are interchanged, and u is 
replaced by - u .  

Since space and time are both subject to transformation, the basic unit is 
now an event, specified by a location in space and by its time of oc- 
currence. Lorentz transformations always refer to events. 
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We now consider some elementary consequences of Lorentz transforma- 
tions. 

1. Length Contraction (Lorentz-Fitzgerald Contradon) 

Suppose a rigid rod of length Lo = x i  - xi  is camed at rest in the frame K'. 
What is the length as measured in K? This length is equal to L = x 2 - x , ,  
where x2 and x ,  are the positions of the ends of the rod at the same time t 
in the frame K. Thus we have the result 

The rod appears shorter by a factor y- '=(I  - u ~ / c ~ ) ' / ~ .  The effect is 
really symmetric between the two observers. If the rod were carried by K ,  
then K' would see its length contracted. How then can both take place 
together? If both carry rods (of the same length when compared at 
rest-say, meter sticks) each thinks the other's rod has shrunk! The point 
here is that each observer would object to the manner in which the other 
has carried out the measurement, since it would appear to each that the 
two ends of the moving stick were not marked at the same time by the 
other observer. This accounts for the apparent lack of symmetry implied 
by the contraction. (Since the Lorentz transformation of time depends on 
position, temporal simultaneity is not Lorentz invariant.) 

2. Time Dilation 

Suppose a device (clock) at rest at the origin of K' measures off an interval 
of time To= t i -  t i .  What is the interval of time measured in K? Note that 
in K', the device moves so that x' = 0. Thus we obtain 

The interval measured has increased by a factor y = (1  - u 2 / c 2 ) -  so 
that the moving clock appears to have slowed down. Again, the effect is 
symmetrical between the two observers: K' thinks clocks in K have slowed 
down, too. The resolution of this apparent contradiction is again a result of 
looking at the manner of measuring an interval of time between two events 
separated in space. K measures t ,  as the moving clock passes x , ,  then 
measures t, as it passes x2; he simply subtracts t 2 -  t ,  on the assumption 



Review of Lomtz  Tnurrfonnations 109 

that his own two clocks at x 1  and x2 are synchronized. K’ will object to this, 
since according to his observations the two clocks in K are not synchro- 
nized at all. 

In both the time-dilation and length-contraction effects we can see the 
powerful role played by the questions of synchronization of clocks and of 
the whole concept of simultaneity. Many of the apparent contradictions of 
special relativity are simply a result of the relativity of simultaneity between 
two events separated in space. 

3. Transformation of Velocities 

If a point has velocity u’ in frame K‘, what is its velocity u in frame K (Fig. 
4.2)? Writing Lorentz transformations for differentials [cf. Eqs. (4.2)] 

dx=y(dx’+udt ’ ) ,  &=&’ 

dz = dz‘, 

We then have the relations 

u; + u - =-= dx y(dx’+udt’)  - 
dt y (dt ’+udx’ /c* )  1 +uu; /c2  ’ 

a; 

4 
!v = y( 1 + uu;/c’) ’ 

y( 1 + uu:/c’) . 
u, = 

(4.5a) 

(4.5b) 

(4.52) 

K 

Figure 4.2 Lorentt tramformation of wlocitks. 



The generalization of these equations to an arbitrary velocity v, not 
necessarily along the x axis, can be stated in terms of the components of u 
perpendicular to and parallel to v: 

The directions of the velocities in the two frames are related by the 
aberration formula, 

where u’=lu’l. The azimuthal angle cp remains unchanged. An interesting 
application is for the case u’ = c,  where 

sin 9’ 
tan8= 

y(cos9’+ u / c )  ’ 

COS9’+ u / c  
1 + (./C) cos9’ * 

cos 8 = 

(4.8a) 

(4.8b) 

Equations (4.8) represent the aberration of light. 

to u in K‘. Then we have 
It is instructive to set 8’ = n/2,  that is, a photon is emitted at right angles 

C 
tanB= - 

YV ’ 
1 

Y 
sin8= - .  

(4.9a) 

(4.9b) 

Now for highly relativistic speeds, y>> 1, 8 becomes small: 

(4.10) 
1 

Y 
e - - .  

If photons are emitted isotropically in K‘, then half will have 8’ <77/2 and 
half 9‘>n/2 (see Fig. 4.3). Equation (4.10) shows that in frame K photons 
are concentrated in the forward direction, with half of them lying within a 
cone of half-angle l /y .  Very few photons will be emitted having B>>l/y. 
This is called the beaming effect. 
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h ’  h 

Figuw 4.3 
frrune K’. 

Relativistic beaming of mdiation emitted isotmpically in the rest 

4. Doppler Effect 

We have seen that any periodic phenomenon in the moving frame K’ will 
appear to have a longer period by a factor y when viewed by local 
observers in frame K. If, on the other hand, we measure the arrival times of 
pulses or other indications of the periodic phenomenon that propagate 
with the velocity of light, then there will be an additional effect on the 
observed period due to the delay times for light propagation. The joint 
effect is called the Doppler effect. 

In the rest frame of the observer K imagine that the moving source 
emits one period of radiation as it moves from point 1 to point 2 at 
velocity u. If the frequency of the radiation in the rest frame of the source 
is o’ then the time taken to move from point 1 to point 2 in the observer’s 
frame is given by the time-dilation effect: 

Now consider Fig. 4.4 and note I =  o h t  and d =  v At cose. The difference in 
arrival times AtA of the radiation emitted at 1 and 2 is equal to At minus 
the time taken for radiation to propagate a distance d. Thus we have 

Therefore, the observed frequency w will be 

277 w’ w= - = (4.1 1) 

This is the relativistic Doppler formula. The factor y - ’  is purely a 
relativistic effect, whereas the 1 -(u/c)cosB factor appears even classi- 
cally. One distinction between the classical and relativistic points of view 
should be mentioned, however. The classical Doppler effect (say, for sound 
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Observer 

Figwe 4.4 Geometty for the Doppler effect. 

waves) requires knowledge not only of the relative velocity between source 
and observer but also the velocities of source and observer relative to the 
medium (say, air) carrying the waves. The relativistic formula has no 
reference to an underlying medium for the propagation of light, and only 
the relative velocity of source and observer appears. 

We can also write the Doppler formula as 

(4.12a) 

It is easy to show that the inverse of this is 

(4.12b) 

5. Proper Time 

Although intervals of space and time are separately subject to Lorentz 
transformation and thus have differing values in differing frames of 
reference, there are some quantities that are the same in all Lorentz frames. 
An important such Lorentz invariant is the quantity dr defined by 

C’ dT2 = C’ dt2 - ( dx2 + 4’ + dz’). (4.13) 
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This is called the proper time element between the events differing by 
dx,dy,dz in space and dt in time. It is easily shown from Eqs. (4.2) that dr 
is left unchanged under Lorentz transformations, dr = dr'. 

The quantity dr is called a proper time interval, because it measures time 
intervals between events occumng at the same spatial location (dx = dy = 
dz = 0), that is, ticks of clocks carried by an observer, which measure his 
own time. 

If the coordinate differentials refer to the position of the origin of 
another reference frame traveling with velocity u, then 

(4.14) 

Equation (4.14) is just the time dilation formula (4.4) in which dr is the 
time interval measured by the observer in motion. 

4.2 FOUR-VECTORS 

We could continue to find Lorentz transformation properties of physical 
quantities using ad hoc methods, as in the preceding sections. However, a 
great deal of order can be brought to this task by introducing the concept 
of four-vectors. A four-vector has transformation properties that are identi- 
cal to the transformation of coordinates of events [Eq. (4.2)]. Once it is 
established that a certain quantity is a four-vector, its transformation 
properties are fully defined. Most physical quantities can be related to 
four-vectors or to their generalizations-the tensors. It is easy to construct 
invariants from vectors and tensors, and in ths  way a physical result can 
often be obtained without using the Lorentz transformation at all. 

The squared length of the three-dimensional vector x, namely, x2+y2+ 
z2 ,  is an invariant with respect to three-dimensional rotations. By analogy, 
the invariance of the quantity s2 = - c 2 ~ 2  = - c2t2 + x 2  + y 2  + z2 suggests 
that the quantities x, y ,  I and t can be formed into a vector in a 
four-dimensional space, and that Lorentz transformations correspond to 
rotations in this space. Let us define 

x0=ct  

x ' = x  

x2=y 

x3 = z .  

(4.15) 
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The quantities xp for p=O, 1,2,3 define coordinates of an event in space- 
time. Just as x, y ,  and z form the components of a three-dimensional 
spatial vector x, we shall say that xp are the components of a four-dimen- 
sional space-time vector 2, or simply a four-uector. 

The fact that the expression for s2  contains a minus sign in front of c2t2 
means that space-time is not a Euclidean space; it is a special space called 
Minkowski space. Such a space can be handled in two ways, either by 
including \r-1 in the definition of the time component or by the 
introduction of a metric. Although the former method has some simplify- 
ing features, the latter method lends itself to the transition to general 
relativity, and so we adopt i t  here. Once the notational difficulties of the 
metric approach are mastered, it is not much.more complicated than the 

Let us define the Minkowski metric. In Cartesian coordinates, the 
approach. 

components of TJ,,, are: 

-1, i fp=v=O 
+ 1, if p = v =  1,2,3 (4.16a) 

0 if p # v .  

The distinction between superscripted and subscripted indices is explained 
shortly. The metric T J ~  can be presented as the 4 X 4 array (matrix): 

( - 1  0 0 0 )  
(4.16b) 

1 0 0 0 1 1  

Note that this metric is symmetric: 
+ y 2 +  zZ can now be written in terms of the metric: 

= qvp. The invariant s2= - c2r2 + x2 

3 3  

p=o u = o  
s2=  ql,*xPx” (4.17a) 

An important and beautiful notational advance (originated by Einstein) 
is the summation convention: In any single term containing a repeated 
Greek index, a summation is implied over that index with values 0, 1, 2, 
and 3. Therefore, we can write Eq. (4.17a) without the summation signs, 
since both p and v are repeated, once in q,” and then in xp or x”: 

s z =  TJ,,”XPX”. (4.17b) 
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We shall henceforth use the summation convention unless otherwise 
stated. 

A few remarks should be made about the summation convention. Since 
a repeated index is summed over, its exact designation is irrelevant. 
Therefore, it is often called a dummy index, and any Greek letter can be 
used for it. Equation (4.17b) can also be written s2=771+xLIxT, for example. 
Another point is that an index cannot be repeated more than twice in a 
single term; for example, the combination qwx” is regarded as meaning- 
less. 

An equivalent way to use the Minkowski metric is to define another set 
of components of the vector 2, denoted by x,,, where 

x g =  - ct, 
x ,  = x ,  

x ,=y ,  
x 3 = z .  

(4.18) 

These differ from the superscripted components x p  only in the sign of the 
time component. The superscripted components are called the con- 
travariant components, and the subscripted components are called the 
covariant components. The relation between the two can be written 

(4.19a) 

(4. I9b) 

Thus the metric can be used to raise or lower indices. Now the invariant s2 
can be written simply 

(Summation on indices occurs only between contravariant and covariant 
indices. As we show later, this ensures Lorentz invariance.) 

The Lorentz transformation (4.2) (corresponding to a boost along the x 
axis) can be written simply in terms of a set of coefficients defined by the 
array (with p =u/c) 

Y - P Y  0 0 
= 

0 0 1 0  
0 0 0 1  

(4.20) 
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Then Eq. (4.2) can be written 

x’r= APyx *. (4.21) 

In fact, any arbitrary Lorentz transformation in Cartesian coordinates can 
be written in the form (4.2 l), since the spatial three-dimensional rotations 
necessary to align the x axes before and after the boost are also of linear 
form. The coefficients A”, of such an arbitrary Lorentz transformation 
will, in general, not be given by Eq. (4.20), but will be more complicated. 

The transformation law (4.21) defines the transformation of the con- 
travariant components of the vector 2. Since the transformation must leave 
the quantity s2 invariant, we must have 

This can be true for arbitrary x p  only if 

This equation can be regarded as the condition on the coefficients App  that 
yields the most general kind of Lorentz transformation, The transforma- 
tions of interest to us are of a more restrictive nature, however. Note that 
Eq. (4.22) can be written in matrix form as q=hTqA, where AT is the 
transpose matrix of A. Taking determinants of this yields the result that 
det A = 5 1. We restrict ourselves to proper Lorentz transformations, for 
which 

detA= + 1 .  (4.23a) 

This rules out reflections, such as x+ - x, that would change a right- 
handed coordinate system into a left-handed one. We also assume isochro- 
n o u ~  Lorentz transformations, for which 

A’,> 1, (4.23b) 

so that the sense of flow of time is the same in K and K‘. Note that the 
boost (4.20) satisfies both (4.23a) and (4.23b). 

The transformation of the covariant components xp of the vector can be 
deduced from Eq. (4.19b) and (4.21): 

., XI = Ap”xv (4.24) 
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where the coefficients A,‘ are simply related to the APy by 

- 
A,” = qpJraqav. (4.25) 

From the invariance of s2 = x ”x, we easily deduce 

A$iaP = Y )  (4.26) 

where we have introduced the Kronecker-S: 

1 p = v  
S P n = {  0: pfv .  

(4.27) 

These are the components of the 4 X 4 unit matrix, which accounts for the 
substitution property of S p y :  For any arbitrary quantity Q” we have 

Note the useful result 

77?,” = 8,”. (4.28) 

Multiplying Eq. (4.21) by A,d and using Eq. (4.26) yields the inverse 
transformation: 

- 
x a = APax‘,. (4.29) 

Everything so far has referred to the vector x’ alone. We now wish to 
define a general four-vector A’ as having four contravariant components A P 
in each Lorentz frame, such that the transformation of components be- 
tween any two frames is given by the same transformation law as applies 
to x”, namely, Eq. (4.21): 

A ’ P = A a Y A Y .  (4.30) 

The covariant components of A’ are found from the equation analogous to 
Eq. (4.19a), 

A,  = -q,“A ”. (4.3 1) 

These transform according to 
- 

A,’, = A,”A,. (4.32) 
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Let us 
which 
yields, 

consider another four-vector B’ having covariant components B,,, 
transform llke B; = &“B,. Multiplying this equation by Eq. (4.30) 
with the use of Eq. (4.26), 

A ~ ~ B ~ = A ~ ~ , ; ~ , , ~ A ~ B , = s ~ ~ A ~ B , = A ~ B , .  

Thus the scalar product of A’ and B, 

is a Lorenit invariant or scalar. In particular, the “square” of a vector 
A’ = A PA,, is an invariant. Thus our starting point, the invariance of x”, is 
seen to be a general property of four-vectors. We should point out that in 
Minkowski space, where the metric is not wholly positive, it is possible for 
the “square” of a four-vector to be positive, zero, or even negative; these 
possibilities are associated with what are called, respectively, a spacelike, 
null, or timelike four-vector. 

The zeroth component of any four-vector A is called the time-component 
A’, while the first, second, and third form an ordinary three-vector A, 
called the space-components. Often it is convenient to use latin indices to 
describe the space part, so that these always range over the values 1,2, and 
3. For example, we write 

- -  
A . B =  - A O B O + A . B =  - A O B O + A ‘ B ; .  (4.34) 

Three-vectors are always denoted by a boldfaced symbol, whereas four- 
vectors are denoted by an arrow over the symbol. It should be understood, 
however, that the division of a four-vector into spatial and time compo- 
nents is dependent on the coordinate system. It  is clear that a boost will 
mix these parts, although spatial rotations will not; for this reason the 
division will only depend on the velocity of the frame of reference but not 
on its orientation. 

Let us introduce some physically interesting four-vectors other than the 
prototype 2. First of all we see that the difference between the coordinates 
of two different events xf - xp is also a vector, since each term transforms 
by the same linear transformation. In particular, the difference between 
two infinitesimally neighboring events dx” constitutes a four-vector. Divid- 
ing now by the invariant dr clearly also yields a four-vector, thefour-ueloc- 
ily c, for which 

(4.35) 
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The zeroth component of this is 

(4.36a) 

where y, = (1 - u 2 / c 2 ) -  ‘ I 2 ,  and u is the magnitude of the ordinary velocity 
u = dx/dt .  The spatial components are 

dx‘ 
dr 

U’= __ = y, u i. (4.36b) 

We may write 

G= Yu( ;). (4.37) 

Thus the spatial part of 6 is y, times the ordinary velocity, whereas the 
time component is y, times c. In this way we have promoted the ordinary 
velocity into a four-vector. The transformation of Up under the boost 
(4.20) is 

U’O= y(  UO- PU’) ,  

u” = y( - DUO+ ul), 
(/‘2= u=, 
U’3= u’* 

With the above definitions we have 

Y,,C = Y( C Y ,  - P Y P  1 )7 

yu.u’I = y( - Pcy, + y u u l ) ,  

yu,u’2 = y,u 2 , 

y,d3 = y,u 3 . 

The first two of these are 

y,, = YY,( 1 - uu1/c2), 
y,.u” = yy,( u 1 - u ) .  

(4.38a) 

(4.38b) 

Since ul=ucosO, we obtain the transformation for speed in terms of the 
y’s: 

(4.39) 
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Dividing (4.38b) by (4.38a) yields the previously derived formula (4.5a): 

u ’ - u  ur’ = 
1 - vu ’ /c2  . 

The “length” of 6 is found from 

which is clearly Lorentz invariant. 

the ordinary velocity u vanishes (the rest frame). In that case, we have 
The four-velocity takes a particularly simple form in a frame in which 

(4.41) 

Only the time component is nonzero. This property makes I? a useful tool 
in picking out the time componznt of an arbitrary vector as measured by 
an observer with four-velocity U :  

1 
A’o= - - C 

- +  

But since U,A’P= U.A is an invariant, we can write generally 

(4.42) 

where U.2 can be evaluated in any convenient frame, not necessarily the 
rest frame. Two examples of this formula can be checked immediately: 
First, set A= c, and we obtain the trivial result U’O= c. Set 2=2, and we 
find 

1 - -  A “ =  - - U - A ,  
C 

1 dx” 1 d  
c P dr 2c dr 

x j o =  - - x  __ = - - - ( x  x ” )  

1 d  
2c dr 

= - -  - ( - c2 r2 )=c r ,  

which is correct, since the proper time is physically 
clock in the rest frame. 

equal to the time of a 
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Another four-vector can be introduced by the following indirect argu- 
ments: An electromagnetic wave of plane type has space and time depen- 
dence proportional to exp(ik-x- i d ) .  The phase of this wave must be an 
invariant to all observers, since the vanishing of the electric and magnetic 
fields in one frame implies their vanishing in all frames. (A charged 
particle moving on an unaccelerated straight-line trajectory in one frame 
must have such a trajectory in all frames, by the relativity principle.) 
Notice that we may write 

- 
k . x - at = k,x = k-2 ,  

where 

k"=(  "k/'). (4.43) 

It can be shown easily that sinse the product < e x '  is an invariant and x' is 
an arbitrary four-vector, then k Tust be a four-vector also. Therefore, we 
can write the transformation for k immediately 

k'O=y(kO-/?k'), 

k" = y( - pko+ k ' ) ,  

kP2 = k2, 

kf3 = k31 

(4.44a) 

(4.44b) 

( 4 . M )  

(4.444 

Since IkJ = w / c  for electromagnetic waves, we have k' = (w/c)cosf?, so that 
the zeroth component of the transformation reduces to the Doppler 
formula 

w'=wy 1- -cos8 . (4.45) 
( c  " 1  

Another way of deriving (4.45) is to apply (4.42) with A = k" 
Note that k' is a null vector, since 

(4.46) 

where the last quantity vanishes by Eq. (2.20a). 
The construction of four-vectors is by no means an automatic proce- 

dure, as our experience so far has shown. In two cases ( x p  and k")  we have 



simply used a known three-vector for the spatial part and added an 
appropriate time component. In one case ( U p )  we had to multiply by an 
appropriate factor y, to make the resultant a four-vector. In some cases to 
be treated presently (electric and magnetic fields) there is no four-vector 
that corresponds to a given three-vector. The systematic construction of 
four-vectors is best accomplished by means of temur analysis, which we 
now consider. 

4.3 TENSOR ANALYSIS 

We are already familiar with some kinds of tensors: A zeroth-rank tensor is 
precisely what we have been calling a Lorentz invariant or Lorentz scalar. 
A first-rank tensor is precisely what we have been calling a four-vector. 

Let us now define a second-rank tensor. The contravariant components 
of such a tensor, say T, are given by the sixteen numbers T p y ,  where, as 
usual, p and v take on the values 0, 1, 2, and 3. The defining transforma- 
tion properties of T are given by 

T'Pw= Afi,r,T"'. (4.47) 

We can define an associated set of covariant components Tpy by lowering 
indices with the Minkowski metric 

It is easy to show that these components transform as 

It is also possible to define mixed components such as 

(4.48) 

(4.49) 

(4.50) 

These have the transformation properties 

= A P ~ ; I , , ~ T ~ ~ ,  (4.51a) 

T', , '=ApaKrTaT. (4.5 1 b) 
- 

The position of the tensor index, as a superscript or subscript, determines 
whether it is contravariant or covariant in its transformations. 
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Since second-rank tensors are perhaps less familiar than vectors, let us 
give several examples: 

1. The sixteen quantities A’B“, formed from the components A P  and B‘ 
of two vectors. This can be proved by multiplying the transformation 
laws for the vector components: 

This is precisely of the form (4.47). 

second rank 7)’’” transform by 
2. The Minkowski metric qP”. The transformation of components of the 

By comparison with Eq. (4.26), q’ap= q a p .  Thus qap has the same 
components in all frames, as we have assumed. 

3. The Kronecker-delta 13;. A proof similar to the preceding one for the 
metric can be given starting with Eq. (4.26). This shows that 8: forms 
the components of a mixed second-rank tensor. 

Higher-rank tensors can be defined in a similar fashion. The transform?- 
tion law involves a factor A for each contravariant index and a factor A 
for each covariant index. 

There are a number of simple and useful rules of tensor analysis that can 
be used to form tensors from other tensors: 

1. Addition. Two tensors of the same type, having the same free indices, 
can be added to form another tensor of that same type. Examples: 
AP+ BP; FP,+ GPv.  The proof follows from the linearity of the trans- 
formations. 

2. Multiplication. Given two tensors having distinct free indices, multi- 
plication will yield a tensor of rank equal to the sum of the ranks of 
the two tensors. Examples: A @By is a second-rank tensor; also F’”’G,, 
is a fourth-rank tensor. The general proof follows the lines outlined 
above for A ”B ”. 

3. Raising and Lowering Indices. The Minkowski metric can be used to 
change contravariant indices into covariant ones, and vice versa, by 
the processes of raising and lowering. For example, see Eqs. (4.19), 



(4.31), and (4.48). The proof of this result depends on the results 
I 

qpAPa = Av‘TTa, (4.52a) 

7 ) p i i C L o =  Ay,7)ro, (4.52b) 

which follow from Eqs. (4.25) and (4.28). This means the lowering 
operator q,, in commuting with the Lorentz transformation 
coefficients A, changes them to A, and this changes a contravariant 
index into a covariant one. A similar statement holds for the raising 
operator 7)””. 

4. Contraction. Consider a tensor having at least two indices, one of 
which is contravariant and the other covariant. If these two indices are 
set equal, implying a summation over that index, then the result is a 
tensor of rank two less. Examples: The scalar product of two vectors 
AJ’B,, can be regarded as the contraction of the second-rank tensor 
APB”. If TP”, is a third-order tensor, then Tw,  is a vector. Note that 
contraction can be used more than once in a single term. Thus starting 
with the fourth-rank tensor Fp“GaT we can form the invariant FpGp. 
Let us prove this property of contraction for the above example of 
Tp,. From the transformation law for T p ,  we obtain 

But A“&;=iS; [cf Eq. (4.26)], so that 

showing that TPYy is indeed a vector. The general proof of this property 
follows along similar lines. 

5. Gradients of Tensor Fields. A tensorfield is defined as a tensor that is a 
function of the spacetime coordinates xo,x1,x2, x3. Then the gradient 
operation a/ax” acting on such a field produces a tensor field of one 
higher rank with p as a new couariant index. A convenient notation for 
the gradient operation is a comma followed by the index p. Thus, for 
example, if h is a scalar, then h,,-aA/axp is a covariant vector. 
Similarly T””,, = a+‘”/axa is a third-rank tensor. We shall prove this 
rule for the special case of the vector field A”. Differentiating the 
transformation 

gives 

A’” = Ap,A 
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where we have used Eq. (4.29) to evaluate ax*/W“. This is recognized 
as the transformation for a second-rank tensor with contravariant 
index p and covariant index Y. Note that we have assumed that the 
components of A are constant, a result in Cartesian coordinate systems 
but not in general (e.g., spherical) coordinate systems. In non-Carte- 
sian systems, partial derivatives do not form the components of a 
tensor. 

The above rules of tensor analysis are extremely useful in practice. Once 
they have been mastered they become almost automatic; the notation itself 
almost provides sufficient guidance as to the correct forms. In this regard 
we note that although the summation convention allows summation over 
any two indices, only when it involves a subscript-superscript pair is the 
result assured as a tensor. (See Problem 4.5.) Thus we have always been 
careful to define quantities with superscripts and subscripts in such a way 
as to satisfy this requirement. 

Some further definitions concerning tensors follows: Tensors of second 
rank TP are symmetric or antisymmetric if T p =  TvP or if T p =  - T’P, 
respectively. The divergence of a tensor field is a gradient followed by a 
contraction of the gradient index with one of the other contravariant 
indices; For example, A”,,rdivergence of the vector A ” ;  TI”,‘= 
divergence of the tensor T“. 

A tensor equation is a statement that two tensors of the same rank and 
type are equal. A fundamental property of a tensor equation is that if it is 
true in one Lorentz frame, then it is true in all Lorentz frames. This is clearly 
true, since each side transforms in the same way. For this reason tensor 
equations automatically obey the postulate of relativity, which makes them 
an ideal way to state the laws of nature. ms property of the equations of 
physics under Lorentz transformation is called inuariunce of form or 
Lorentz covariance or simply covariance. (This use of the word “covari- 
ance” has nothing to do with covariant components of tensors.) Covari- 
ance plays a powerful role in helping decide what the proper equations of 
physics are; in the next section we see this role clearly. 

4.4 COVARIANCE OF ELECTROMAGNETIC PHENOMENA 

It is empirically found that Maxwell’s equations are valid in all Lorentz 
frames. The two parameters that enter Maxwell’s equations and the 
Lorentz force equation are c and e, the velocity of light and charge, 
respectively. If Maxwell’s equations are to be Lorentz invariant in form, 
then c and e must be Lorentz scalars; c is invariant by one of the 
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postulates of special relativity. Also, it is an empirical fact that e is 
invariant. If p is a charge density, then de=pdx,dx,dx, is a Lorentz 
invariant. But the four-volume element dx,dx, dx2dx, is an invariant, since 
the Jacobian of the transformation from x,, to x,’, is simply the determinant 
of A, which has been shown [Eq. (4.23a)I to be unity. Thus p must 
transform in the same manner as the zeroth component of a four-vector. 

To find the other three components, note that the equation of charge 
conservation 

a p  
at 
- +V*j=O 

can be written as a tensor equation, 

where Jhas components 

j M = (  7 ) .  

(4.53) 

(4.54) 

This four-vector is called the four-current. 

Lorentz gauge, Eqs. (2.66): 
We next look at the set of vector and scalar wave equations in the 

If we define the four-potential 

A . = (  ;), 
then the wave equations may be written as the tensor equations 

The Lorentz gauge 

(4.55) 

(4.56) 

1 a+ 
at  

V *A+ - - = O ,  



Covariance of Electmmaptic Phemmena 127 

should be preserved under Lorentz transformations, since it was used to 
obtain the tensor equations (4.56). Indeed, it can be written as a scalar 
equation, 

A a,a = 0. (4.57) 

What is the tensor representing the fields themselves, E and B? Since 
these fields are obtained from derivatives of A and +, they should be 
expressible in terms of derivatives of the four-potential A, ,u .  Since E and B 
have six components all together, we consider the antisymmetric tensor 

because a rank two antisymmetric tensor has exactly six independent 
components. From the relationship between the fields and potentials, 
(2.58) and (2.60), we may write the components as 

To check that Fp is the object we want, let us see that it can be used to 
write Maxwell’s equations in tensor form: The two Maxwell equations 
containing sources, 

1 aE 477 
c at c 

V*E=477p, V x B - - - = - j  

can be written as 

(4.60) 

as can easily be checked. Note that Eq. (4.53), (4.56), (4.57), and (4.60) all 
involve tensor divergences. The conservation of charge, Eq. (4.53), easily 
follows from Eq. (4.60): 

where the last relation follows from the fact that 
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The “internal” Maxwell equations, 

1 aB 
V*B=O, V x E +  - - =O, 

c at 

can be written as 

F,, (I + Fop, v + F ” ,  p = 0. (4.6 1 a) 

This equation can be written concisely as 

F[ ,,(I] = 0, (4.6 1 b) 

where [ I  around indices denote all permutations of indices, with even 
permutations contributing with a positive sign and odd permutations with 
a negative sign, for example, 

Using the same notation, we can write 

F, = A [ v , p l .  (4.63) 

Since F is a second-rank tensor, its components transform in the usual 
way, that is, 

Y 

I... 

F;” = A/F,,  . (4.64) 

Using this transformation law and the definition of Fpv we obtain the 
transformation law for the fields E and B. For a pure boost with velocity 
v = cfl, these equations can be written in the form: 

EC = Ell B;l = BII (4.65a) 

E;=y(E,  +PxB) B ; = y ( B L - f l ~ E ) .  (4.65b) 

One immediate consequence of these equations is that the concept of a 
pure electric or pure magnetic field is not Lorentz invariant. If the field is 
purely electric (B=O) in one frame, in another frame it will be, in general, 
a mixed electric and magnetic field. Thus the general term electromagnetic 
field. 

Any scalar formed from F, represents a function of E and B which is a 
Lorentz invariant. One such scalar is just the dot product of F with itself, 
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or “square” of F 

FPy Fw = 2(B2 - E2). (4.66) 

Thus BZ - EZ = B” - E’’ is invariant under Lorentz transformations. 
Another scalar which can be obtained from F is just the determinant of F: 

detF= (EoB)~.  (4.67) 

Thus E . B = E . B  is also an invariant. It is easy to show that the determi- 
nant of any second-rank tensor is a scalar, since 

det AaP = det A;K,.K,” = (det X)’det A;” 

= detAL,. 

4.5 
TRANSFORMATIONS 

A PHYSICAL UNDERSTANDING OF FIELD 

It is sometimes useful to understand Lorentz transformations of quantities 
in terms of a piecemeal intuitive approach, as well as in terms of the 
elegant language of tensor transformations. For example, by means of a 
simple physical model we can derive the transformation of the electromag- 
netic fields E and B represented in Eqs. (4.65) for the case of an initially 
pure electric field (B=O). Consider a charged capacitor with plates per- 
pendicular to the x axis in its rest frame K‘. Let CJ be the surface charge 
density (esu/cm’). Then it is known that the electric field inside is E=47ru, 
independent of the separation of the plates d and has a direction normal to 
the plates. 

In frame K’ the capacitor is moving with velocity u and the plates are 
separated by d /  y. The surface charge density is unchanged IJ ’ = a, because 
the net charge on a surface element is invariant, and the surface area of the 
element is also invariant, because the y and z components are unchanged. 
Since the field depends only on surface charge density and not on plate 
separation we have E‘=  E, so that in general we have 

as we had previously found. 
Now consider the capacitor turned so that the plates are perpendicular 

to they axis. The charge density o is now increased by a factor y because 
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of length contraction, and we also have a surface current density of 
magnitude p‘ = - u‘u, which gives rise to a magnetic field in the z direction 
of magnitude B,’= -(4r/c)p‘. Thus for this case we have 

EL=yEI,  B;= -yPXE,.  

It is also possible to treat the case of an initially pure magnetic field by a 
similar model, and thus to derive Eqs. (4.65) by superposition. However, 
we omit the details here. 

4.6 FIELDS OF A UNIFORMLY MOVING CHARGE 

Let us apply Eqs. (4.65) to find the fields of a charge moving with constant 
velocity u along the x axis. In the rest frame of the particle the fields are 

where 

The inverse of the transformation of the fields Eq. (4.65) is simply found 
by intercharging primed and unprimed quantities and reversing the sign of 
u. Then it follows that 

These are given in terms of the primed coordinates. We can Lorentz 
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transform the coordinates to give 

qyz E =- 
I r3 

(4.68) 

where 

r3  = [ y 2 ( x  - ut)2 + y 2  + z2I3l2. 

Now, we may show that Eqs. (4.68) are precisely what one obtains from 
the fields given by the Litnard-Wiechert potentials Eqs. (3.7a) and (3.7b). 
To do this, let us first find where the retarded position of the particle is. 
For simplicity, assume z = 0. Then we have (Fig. 4.5) 

R t = t - -  
C 

re t 

2 R 2 = y 2  + (X - orret) 

=y2+ x - v t + -  ( uR C )2 
Solving for R ,  we obtain 

R = y"z+ y (  y2+ y 2 x 2 ) 1/2 , 

Eigutv 4.5 Ewiuation of the mdiationfidd from the mtamkd position of the 
particle. 
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where 

x - x  - vt.  

We can write the unit vector n as 

~9 + ( x - ut + V R  / c)ZZ 
R 

n= 

and K as: 

Thus we have the result 

4 YR4 -= 
Y2R2K3 ( y 2 + y x  2-2 ) 3/2 ’ 

(4.69a) 

(4.69b) 

Using Eqs. (4.69a) and (4.69b), and Eq. (4.68), we find that 

which is identical to the field components of Eq. (3.10). 
An important application of these results is the case of a highly relativis- 

tic charge, y > l .  For simplicity, let us choose the field point to be a 
distance b from the origin along the y axis; this involves no loss in 
generality (see Fig. 4.6). Then we have the results 

E X = - guyt B,=O 
( y2u2r2 + b2)3 /2  

E, = 9Yb By=O 
( y2u2t2 + b2)3/2 

(4.70a) 

(4.70b) 

E, = O  B, = BE,. (4.70~) 

For large y we have 1 and E,wB,.  In Fig. 4.7 Ex and E, are plotted as 
functions of time. We see that the fields are strong only when t is of the 
same order as b / y u .  This means that the fields of the moving charge are 



Y 

.f 

concentrated in the plane transverse to its motion, in fact, into an angle of 
order l /y.  The fields are also mostly transverse, since Ex is at maximum 
only of order q / b Z .  Therefore, the field of a highly relativistic charge 
appears to be a pulse of radiation traveling in the same direction as the 
charge and confined to the transverse plane. This connection between the 
fields of a highly relativistic charge and an associated radiation field is an 
important one and is used in the method of virtual quanta, to be discussed 
in Chapter 5 .  

Figww 4.7 Tk-dependenc4 of fields fnom a parti& of myom high wkity. 
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We can determine the equivalent spectrum of this pulse of virtual 
radiation. First we must find the transform 

I 
2 a  

k ( w )  = - 1 E2( t )  eiwr dt 

(4.7 1) 

This integral can be done in terms of the modified Bessel function of order 
one, K,: 

(4.72a) 

Thus the spectrum is 

(4.72b) 
d W  
dA d o  

The spectrum starts to cut off for w > y u / b ,  which we could have predicted 
on the basis of the uncertainty principle, since the pulse is confined 
roughly to a time interval of order b / y u .  In fact, the complete behavior of 
&a) can be estimated to within a factor of - 2 just by analysis of the 
picture of E(t ) :  E( t )  has a maximum q y / b 2  for a time interval - b / y u .  
Thus we approximate 

We have found the spectrum per unit area at a distance b from the line 
of the charge’s motion. To find the total energy per unit frequency range, 
we must integrate this over dA = 277b db (see Fig. 4.8): 

d W  
do 

(4.73) 

The lower limit has been chosen not as zero but as some minimum 
distance b ~ , , ,  such that the approximation of the field by means of 
classical electrodynamics and a point charge is valid. Two possible choices 
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Figure 4.8 Area e&ment perpedicuku to the Oelocity of a moving pmti'e&. 

are (1) bmin = radius of ion, if field is that of an ion and (2) b---A/rnc = 
Compton wavelength of particle. The integral is now 

where 

This integral can be done in terms of Bessel functions 

dW 2q2c 
-- - __ [ x K , ( x ) K , ( x ) - f x 2 ( K : ( x ) - K ~ ( x ) > ] .  (4.74b) 
did nu2 

Two limiting forms occur when w is small, w<<yu/b,,,, and when w is 
large, w>>yu/bmln: 

__ dW = --exp( q2c - --), 2wbmin w>- YU 

dw 2 v 2  bmn 

(4.75a) 

(4.75b) 

These forms can be derived approximately by direct integration of xK:(x) ,  
using the asymptotic results K l ( x ) -  1 /x, x<< 1, and K l ( x ) - ( n / 2 x ) ' / 2 e  - x ,  

x>> 1. 



4.7 RELATIVISTIC MECHANICS AND THE LORENTZ 
FOUR-FORCE 

The equations of electrodynamics came to us in the already covariant form 
of Maxwell’s equations. Unfortunately, the equations of dynamics as given 
by Newton are not in convariant form; this is clear since they obey 
Galilean not Lorentz invariance. Therefore, we must find new equations 
that reduce to the Newtonian ones for low velocities but that obey the 
principles of relativity. To do this we are guided by the requirement that 
these equations be cast in covariant, tensor form. 

The’ rest mass of a particle mo is a scalar by definition, since it can be 
invariantly defined (go to a frame in which the particle is at rest and 
measure it). Then the four-momentum of a particle, P’ is defined by 

PP =moUp. (4.76) 

In the nonrelativistic limit, the spatial components of the four-momen- 
tum are just the components of the ordinary three-momentum, mov. To 
interpret all the components relativistically, consider the expansion of Poc 
for u<c: 

Pot= mocUo= mOc2 = moc2 + f mou2 + . - . (4.77) 

The second term in (4.77) is the nonrelativistic expression for the lunetic 
energy of the particle; therefore, we interpret E = Poc as the total energy of 
the particle. The quantity moc2, being independent of u, is interpreted as 
the rest energy of the particle. If the relativistic expression for the spatial 
momentum is then defined as p=yomovI then PP=(E/c ,p ) .  Then from 
Eqs. (4.40), (4.76) and (4.77): 

E 2  
- + I P 1 2 3  

C2 

E 2  = m;c4 + c21p12. (4.78) 

Since photons are massless and travel at the speed of light, the four- 
momentum cannot be defined by Eq. (4.76). In this case we still define 
P p = ( E / c , p ) ,  but we use the quantum relations E=hw and p=hk.  From 
Eq. (4.43) we then have 

(4.79) 

The momentum four-vector for photons is null, F2=0 ,  since E=lplc.  
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Now, in exactly the same way as we obtained the four-velocity from the 
displacement four-vector, we can define a four-acceleration U P  by taking 
another derivative, with respect to the scalar interval, of the four-velocity : 

(4.80) 

In the nonrelativistic limit, in which y,,wl, the spatial components of the 
four-velocity and four-acceleration are approximately equal to their non- 
relativistic, three-vector counterparts. 

Note that the four-acceleration and four-velocity are orthogonal (their 
dot product vanishes): 

(4.81) 

Having defined the four-acceleration, we can define another four-vector, 
the four-force FP,  so as to obtain a relativistic form 
" F =  

In the case of electromagnetism, we can explicitly 
known Lorentz force, 

of Newton's equation 

(4.82) 

evaluate FF from the 

Our Lorentz four-force should involve the electromagnetic fields embodied 
in the tensor FPy and the particle velocity embodied in the four-velocity U p  
and should also be a four-vector and proportional to the (scalar) charge of 
the body. The simplest possibility is 

(4.83) 

Substituting Eq. (4.83) into Eq. (4.82), we have the tensor equation of 
motion of a charged particle: 

e 
C V '  

F F =  - F* u' 

(4.84) e 
m0c 

u p =  - FFvUv .  



138 Itektivktic Covariance and Kinematics 

Let us check the components of Eq. (4.84) to see if it is indeed what we 
want. The p = 0 component is, using Eqs. (4.59) and (4.76): 

= eE-v. 
dW 
dt 
- (4.85a) 

Equation (4.85a) is just the conservation of energy: the rate of change of 
particle energy W is the mechanical work done on the particle by the field, 
eEv.  Each spatial component (say, p= 1) of Eq. (4.84) is 

(4.85b) 

agreeing with the desired expression for the three-Lorentz force. 

origin, is always orthogonal to the four-velocity : 
Note from Eq. (4.81) and Eq. (4.82) that the four-force, regardless of its 

F. i7= m,(ii. C) = 0. (4.86) 

Equation (4.86) is a general property of any covariant formulation of 
mechanics in four-dimensional spacetime. It implies that every four-force 
must have some velocity dependence, although this dependence might 
become negligible in the nonrelativistic limit. For the Lorentz four-force, 
in particular, we find 

because Fpy is antisymmetric and UpU" is symmetric. 

4.8 EMISSION FROM RELATIVISTIC PARTlCLES 

Total Emission 

We would now llke to use relativistic transformations to find the radiation 
emitted by a particle moving at relativistic speeds. The idea is to move into 
an instantaneous rest frame K' ,  such that the particle has zero velocity at a 
certain time. The particle will not remain at rest in ths  frame (since it can 
accelerate), but at least for infinitesimally neighboring times the particle 
moves nonrelativistically. We can therefore calculate the radiation emitted 
by use of the dipole (Larmor) formula. Suppose a total amount of energy 
dW' is emitted in this frame in time dt'. The momentum of this radiation is 
zero, dp'=O, because the emission is symmetrical with respect to any 
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direction and its opposite direction. The energy in a frame K moving with 
velocity - v with respect to the particle is therefore 

dW= ydW', 

from the transformation properties of the four-momentum. The time 
interval dt is simply 

dt = y dt', 

since dt' is the proper time of the particle. The total power emitted in 
frames K and K' are given by 

d W' p '=  - dW p =  - 
dt ' dt' ' 

From above we see 

P =  P'.  (4.87) 

Thus the total emitted power is a Lorentz invariant for any emitter that 
emits with front-back symmetry in its instantaneous rest frame. Knowing 
this, we would like to express 
Larmor formula, we have [cf. 

the power in covariant form. Now, from the 
Eq. (3. I9)] 

(4.88) 

Recall, however, that because Z - c = O  [cf. Eq. (4.81)], and because Up= 
(c,O) in the instantaneous rest frame of the emitting particle, [cf. Eq. 
(4.41)], we have 

ah = 0. 

Thus 

So, we can write Eq. (4.88) in manifestly covariant form: 

2 2q - . 4  

3 2  
P =  -a.a. (4.90) 

The power can thus be evaluated in any frame just by computing a' in that 
particular frame and squaring it, 
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It is convenient to express P in terms of the three-vector acceleration 
d2x/dr2 rather than in terms of the four-vector acceleration d2xp/dr2 .  It 
can easily be shown (see Problem 4.3) that if K‘ is an instantaneous rest 
frame of a particle, then 

a;l= Y 3a,,, 

a; = y 2 a,. 

(4.9 1 a) 

(4.91b) 

Thus we can write 

(4.92) 

Angular Distribution of Emitted and Received Power 

In the instantaneous rest frame of the particle, let us consider an amount 
of energy dW‘ that is emitted into the solid angle dSt’=sinB‘dB‘d@’ about 
the direction at angle 8‘ to the x’ axis (see Fig. 4.9). It  is convenient to 
introduce the notations 

Since energy and momentum form a four-vector, the transformation of the 
energy of the radiation is, 

d W = y ( d  W’ + u dP:) = y ( 1 + Bp’) dW’. (4.93) 

Figurn 4.9 Lorentz tmfonnation of the angular dist&utim of emitted 
power. 
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We also have from Eq. (4.8b), 

P‘+P 
1 +ppLI .  p=- 

Differentiating this yields 

and since d+ = d+’, 

Thus we have the result 

dW dW‘ 
d 0  dS2‘ 
- I y3(i + pp1)3- 

(4.94) 

(4.95) 

(4.96) 

The power emitted in the rest frame P‘ is found simply by dividing dW’ 
by the time interval dr’. However, in frame K there are two possible choices 
for the time interval used to divide dW: 

1-dt = y dt’. This is the time interval during which the emission occurs 
in frame K [cf. Eq. (4.4)]. With this choice we obtain the emitted power in 
frame K:  P,. 

2-drA =y( l -pp)dr’ .  This is the time interval of the radiation as 
received by a stationary observer in K. The extra factor is the retardation 
effect due to the moving source [cf. Eq. (4.11) and (4.12b)l. With this 
choice we obtain the received power in frame K: P,. 

Thus we obtain the two results: 

The alternate forms follow from the equivalence 
(4.12b). 

(4.97a) 
dP‘ 
dS2‘ ’ 
- 

(4.97b) 
dP‘ 
d0’ * 

- 

of Eqs. (4.12a) and 



Which of these two should we use? P, is the power actually measured by 
an observer and so would seem to be the natural one. Also in favor of P, is 
that Eq. (4.97b) has the expected symmetry property of yielding the inverse 
transformation by interchanging primed and unprimed variables, along 
with a change of sign of p. For these reasons we deal with P, for the rest of 
this section, calling it simply P. 

It should be pointed out, however, that P, does have its uses (c.f. 
Jackson’s Sect. 14.3; also our discussion of emission coefficient, 54.9). In 
practice, the distinction between emitted and received power is often not 
important, since P, and P, are equal in an average sense for stationary 
distributions of particles. We discuss this further in the context of synchro- 
tron emission in $6.7. 

Let us now return to Eq. (4.97b). If the radiation is isotropic in the 
particle’s frame (or nearly isotropic), then the angular distribution in the 
observer’s frame will be highly peaked in the forward direction for highly 
relativistic velocities ( p- 1). In fact, let us write 

(4.98a) 
O 2  
2 

p=cos&l- -, 

It follows by expansion that 

(4.98b) 

(4.98~) 

This latter factor is sharply peaked near 0-0 with an angular scale of 
order l/y, in agreement with our previous discussion. 

Let us now apply these formulas to the case of an emitting particle. In 
the instantaneous rest frame of the particle the angular distribution is given 
by [cf. Eq. (3.18)] 

where 0’ is the angle between the acceleration and the direction of 
emission (see Fig. 4.10). Writing a’=a;,+a; and using 
and (4.91b), we obtain 

the results (4.91a) 

(4.99) 
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Figure 4.10 Geometry for dipole emission from a particle instantaneously at 
&?St. 

To use this formula we must relate 0' to the angles in the frame K. This is 
difficult in the general case, so we work out the angular distribution of the 
received power for special cases: 

1-Acceleration /I to Velocity. Here 0'= 6' so that 

(4.100) 

where we have used Eq. (4.94). Substituting Eq. (4.100) into Eq. (4.99) with 
a, =0, we obtain 

(4.101) 

2-Acceleration I to Velocity. Here cos 0' = sin 6' cos +', so that 

Thus we have the result 

(4.102) 



“ I )  

Figutv 4. I la  Dipole mdiation pattern for patii& at mst. 

(11) 

Figwp 4.llb Angular dktribution of mdiatim emitted by a partic& with 
parollel accelerariosl and wlocity. 

( r )  
Figutv 4 .11~ Same as a 

(11) 

Figwp 4.11d Angular distribution of mdhtion emitted by a particle with 
perpendicular acceleration and wlocity. 

3-Extreme Relativistic Limit. When y>> I ,  the quantity (1  - Pp) in the 
denominators becomes small in the forward direction, and the radiation 
becomes strongly peaked in this direction. Using the same arguments as 
before, we obtain 
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For the parallel-acceleration case the received radiation pattern is 

while for perpendicular acceleration, 

(4.104) 

(4.105) 

Both of these expressions depend on 8 solely through the combination yo. 
Therefore, the peaking is for angles 8- 1 / y, which can be seen in Fig. 4.1 1, 
where polar diagrams of the radiation patterns are given. 

4.9 
INTENSITY 

INVARIANT PHASE VOLUMES AND SPECIFIC 

Consider a group of particles that occupy a slight spread in position and in 
momentum at a particular time. In a frame comoving with the particles 
they occupy a spatial volume element d3x’= dx’4’dz’  and a momentum 
volume element d3p’ = dP: dP,’dPi, but no spread in energy, dW’= - dP6 
= O .  This is because the contribution to the energy from the space 
momentum in the rest frame is quadratic and thus vanishes to the first 
order. The group thus occupies an element of phase space d V ‘ =  d3p‘d3x‘. 
We now wish to show that any observer not comoving with the particles 
will conclude that they occupy the same amount of phase space in his 
frame d l r  = d3pd3x. Thus a phase space element is Lorentz invariant. 

Let the observer have velocity parameter p with respect to the comoving 
K ‘  frame and orient axes so that he moves along the x axis. Consider first 
the spatial volume element d3x occupied by the particles, as measured by 
K .  Since perpendicular distances are unaffected, 4 = dy‘ and dz = dz‘. But 
there is a length contraction in the x direction [cf. Eq. (4.3)], dx = y - ’ dx’, 
thus yielding the relation 

d3x=  y- ’d3x‘ .  (4.106a) 

Now consider the momentum volume element measured by the ob- 
server, d3p. The components of momentum transform as components of a 
four-vector, yielding dP;dP,’ = dP, dP,, dP, = y(dP: + PdP;). But since the 
particles have the same energy in the comoving frame, dP, = y dP:, and we 



obtain 

d3p= yd3p'. (4.106b) 

Combining Eqs. (4.106a) and (4.106b), we see that 

d Y - = d T .  (4.107a) 

Since frames K and K' have arbitrary relative velocity, we have the result 

dY= Lorentz invariant. (4.107b) 

Equation (4.107a) was strictly derived only for particles of finite mass, so 
that frame K' could be a rest frame. However, no reference to particle 
mass occurs in Eq. (4.107b), and therefore it has applicability to the 
limiting case of photons. 

From Eq. (4.107b), it follows simply that the phase space density 

dN 
d V  

f =  - (4.108) 

is an invariant, since the number of particles within the phase volume 
element, dN, is a countable quantity and therefore itself invariant. 

It is easy to relate the phase space density of photons to the specific 
intensity I, and thus determine the transformation properties of I,. This is 
done by evaluating the energy density per unit solid angle per frequency 
range in two ways, using f and also the quantity u,(Q), defined in 4 1.3: 

hvj) dp d D = U, ( Q )  d Q dv. (4.109) 

Since U,(S2) = I , / c  and p = h v / c  we find that I , / v 3  is simply proportional 
to the Lorentz invariant f, so that 

4 
- = Lorentz invariant. 
v3 

(4.110) 

Having determined the Lorentz transformation properties of the specific 
intensity, we should now like to determine the transformation properties of 
other transfer quantities. Because the source function occurs in the transfer 
equation as the difference Iv-S, ,  it is clear that S, must have the same 
transformation properties as I,, namely, 

(4.111) sv - = Lorentz invariant. 
Y 3  
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Figurn 4.12 Tmfonnation of a moving, absorbing medium 

To find the transformation of absorption coefficient we imagine material 
in frame K streaming with velocity u between two planes parallel to the x 
axis. Let K‘ be the rest frame of the material. (See Fig. 4.12). The optical 
depth T along the ray must be an invariant, since e-‘ gives the fraction of 
photons passing through the material, and this involves simple counting. 
Thus we have the result 

vayy = Lorentz invariant. 
I -- 1% 7 =  - - 

sine vsine 

The transformation of sin8 can be found by noting that vsin8 is simply 
proportional to the y component of the photon four-momentum k,. But 
both k, and I are the same in both frames, being perpendicular to the 
motion. Therefore 

vg = Lorentz invariant. (4.112) 

Finally we find the transformation of the emission coefficient j ,  = aYS, 
from Eqs. (4.1 1 1) and (4.1 12): 

J Y  
- = Lorentz invariant. 
Y 2  

(4.1 13) 

Another derivation of Eq. (4.1 13) can be based on Eq. (4.97a). The 
emission coefficient can be written as 

(4.1 14) 

where n is the density of emitters (particles/cm’). Now, from Eq. (4.12b) 
we have dv = dv’y( 1 + Pp’), and also n = yn’ by Lorentz contraction along 
the motion. Thus we have 
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and Eq. (4.113) follows. Notice that here it is essential to define the 
emission coefficient in terms of emitted rather than received power. 

It is often convenient to determine the quantities a,,,j,, S, and the like in 
the rest frame of the material. By the above results we can then find them 
in any frame. Because the transformation of Y involves the direction f? of 
the ray, these quantities will not, in general, be isotropic, even when they 
are isotropic in the rest frame. The observed nonisotropy of the cosmic 
microwave background can be used to find the velocity of the earth 
through the background (c.f. Problem 4.13). 

PROBLEMS 

4.1-In astrophysics it is frequently argued that a source of radiation 
which undergoes a fluctuation of duration At must have a physical 
diameter of order D s c A t .  This argument is based on the fact that even if 
all portions of the source undergo a disturbance at the same instant and 
for an infinitesimal period of time, the resulting signal at the observer will 
be smeared out over a time interval Atmin-D/c because of the finite light 
travel time across the source. Suppose, however, that the source is an 
optically thick spherical shell of radius R(t)  that is expanding with relativ- 
istic velocity @-l,y>>l and energized by a stationary point at its center, 
By consideration of relativistic beaming effects show that if the observer 
sees a fluctuation from the shell of duration At at time t, the source may 
actually be of radius 

R <2y2cAt, 

rather than the much smaller limit given by the nonrelativistic considera- 
tions. In the rest frame of the shell surface, each surface element may be 
treated as an isotropic emitter. 

This latter argument has been used to show that the active regions in 
quasars may be much larger than cat-1 light month across, and thus 
avoids much energy being crammed into so small a volume. 

4.2-Suppose that an observer at rest with respect to the fixed distant 
stars sees an isotropic distribution of stars. That is, in any solid angle d!J 
he sees dN = N(d!J2/4n) stars, where N is the total number of stars he can 
see. 

Suppose now that another observer (whose rest frame is K ’ )  is moving at 
a relativistic velocity f l  in the x direction. What is the distribution of stars 
seen by this observer? Specifically, what is the distribution function 



P(B’,+’) such that the number of stars seen by this observer in hs solid 
angle dQ’ is P(B‘,+‘)dQ‘? Check to see that jP(B’,+‘)dQ’= N ,  and check 
that P(B‘,+’) = N / 4 a  for p = 0. In what direction will the stars “bunch up,” 
according to the moving observer? 

4.3 

a. Show that the transformation of acceleration is 

a: 

y3u3 ’ 
a, = - 

where 

024: 

c2 
u = l + - .  

b. If K‘ is the instantaneous rest frame of the particle, show that 

a;, = y3al,, 

a ; = y a , ,  

where a,, and a ,  are the components parallel and perpendicular to the 
direction of u, respectively. 

2 

4.4-A rocket starts out from earth with a constant acceleration of l g  in 
its own frame. After 10 years of its own (proper) time it reverses the 
acceleration, and in 10 more years it is again at rest with respect to the 
earth. After a brief time for exploring, the spacemen retrace their journey 
back to earth, completing the entire trip in 40 years of their own time. 

a. Let t be earth time and x be the position of the rocket as measured 
from earth. Let T be the proper time of the rocket and let p= 
c - ’ d x / d t .  Show that the equation of motion of the rocket during the 
first phase of positive acceleration is 

d2x 

dt 
Y y = g .  
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b. Integrate this equation to show that 

c. Integrating again, show that 

d. Show that the proper time is related to earth time by 

so that 

x =  c' [ cosh( 5)- I ]  
g 

e. How far away do the spacemen get? 

f. How long does their journey last from the point of view of an earth 

Hint: In answering parts (e)  and (f) you need only the results for the 
first positive phase of acceleration plus simple arguments concerning 
the other phases. 

g. Answer parts (e) and (f) if the spacemen can tolerate an acceleration of 
2g rather than Ig. 

observer? Will friends be there to greet them when they return? 

4.5-Show that A aBa is not in general a scalar, where A " and B" are 
four-vector components. 

4.6-Suppose in some inertial frame K a photon has four-momentum 
components 

P, = ( - E,  E,  0,O). 

(We use units where c =  1). There is a special class of Lorentz transforma- 
tions-called the "little group of P"-which leave the components of P 
unchanged, for example, a pure rotation through an angle a in the y-z  



plane, 

' 1  0 0 0' ' - E' - E' 
0 1  0 0 E =  E 
0 0 cosa -sina 0 0 '  

.O 0 sina c o s a , ,  0 ,  , 0 ,  

4.7-An object emits a blob of material at  speed v at an angle 8 to the 

a. Show that the apparent transverse velocity inferred by the observer 
(i.e., the angular velocity on the sky times the distance to the object) is 

line-of-sight of a distant observer (see Fig. 4.13). 

v sin 9 
uapp= 1 -(u/c)cosB 

b. Show that tiapp can exceed c; find the angle for which oapp is maximum, 
and show that this maximum is urn,= yo. 

4.8-Let two different uniformly moving observers have velocities v ,  
and v2, in units where c = 1. Show that their relative velocity, as measured 

I 

I 
I 
I I 
I I 
I J. 

V 

Observer 

Figum 4.13 Emitting blob trawling at angk 8 with respect to the line of sight. 
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by one of the observers, satisfies 

(1 -v , -v2)2  - ( 1  - u;)( 1 - 0:) 

(1 -"l.v2)2 
" 2  = 

A straight application of velocity transformations is painfully tedious, 
but an application of 4-vector invariants is trivial! 

4.9-In ordinary three-space, Ohm's law is j= aE where j is the current, 
E the electric field, and u the conductivity. Assuming u is a scalar, write a 
four-tensor form of Ohm's law using the four-currentj,,, the Maxwell field 
tensor F,," and the four-velocity of the conducting element Up. Remember, 
a tensor equation that reduces to the correct expression in any frame (e.g., 
the rest frame of the conducting element) is correct in all frames. 

4.10-A particle of rest mass m moves with velocity u in frame K. In its 
rest frame K' the particle emits some of its internal energy W' in the form 
of isotropic radiation. 

a. Argue that there is no net reaction force on the particle and it remains 
at rest in K'. 

b. What is the total momentum of the emitted radiation as seen in frame 
K ?  

c. Since this momentum is emitted into the forward direction, does the 
particle slow down as a result? If so, how can this be reconciled with 
the fact that the particle remains at rest in K'? If not, how can this be 
reconciled with the conservation of momentum? 

4.11-A particle (rest mass m) initially at rest absorbs a photon of 
energy hv and converts this energy into increased internal energy (say, 
heat). The particle has increased its rest mass to m' and moves with some 
velocity D'. 

a. Setting up the conservation of energy and momentum, show that 

- 1/2 

m' 

b. By considering the appropriate Lorentz transformations, show that if 
the particle had been moving initially and absorbed a photon of energy 
hv, this same equation for the ratio of the initial and final rest masses 
holds with Y' replacing v, where v' is given by the Doppler formula. 



4.12-Consider a particle of dust orbiting a star in a circular orbit, with 
velocity 0. This particle absorbs stellar photons, heats up, and then emits 
the excess energy isotropically in its rest frame. 

a. Show that in absorbing a photon the angular momentum of the 
particle about the star does not change. (Assume the photons are 
traveling radially outward from the star.) 

b. When the particle emits its radiation, show that the velocity and its 
direction do not change, but that the angular momentum now de- 
creases by the ratio m/m' of the rest mass after and before emission. 
Denoting the angular momenta before and after by lo and I ,  show that 

c. Having obtained this general result, let us now assume u<<c and 
hv<<mc2. By expanding, show that to lowest order the change in 
angular momentum caused by one photon is 

Historical note: This result, although now for nonrelativistic particles, 
apparently cannot be derived classically. Attempts to do so by Poynt- 
ing and others led to results differing from the correct answer by 
various numerical factors. Robertson resolved the problem in 1937 
(Mon.  Not. Roy. Astron. SOC. 97, 423), showing that it is a relativistic 
effect even to lowest order. The above phenomenon is called the 
Poynting- Robertson effect. 

d. A dust grain having a mass m-lO-"g and cross section I J - ~ O - ~  cm2 
orbits the Sun at 1 A.U. Assuming that i t  always keeps a circular orbit, 
find the time for it to fall into the Sun. 

4.13 

a. Show that an observer moving with respect to a blackbody field of 
temperature T will see blackbody radiation with a temperature that 
depends on angle according to 

( 1  - 0 2 / c y 2  T '=  
1 + ( u / c ) c o s ~ '  
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b. The isotropy of the 2.7 K universal blackbody radiation at h=3 cm 
has been established to about one part in Id. What is the maximum 
velocity that the earth can have with respect to the frame in which this 
radiation is isotropic? [Isotropy is measured by the ratio (Zmm-- 
Zmi,,)/(Zmm+ Zdn).] A positive result of this magnitude has recently 
been obtained. 

4.14-A particle is accelerated by a force having components Fl, and F ,  
with respect to the particle's velocity. Show that the radiated power is 

P = (2e2/3m2c3)( F,: + y2F:) .  

Thus the perpendicular component has more effect in producing radiation 
that the parallel component by a factor y 2 .  

4.15-Show that U2m-c-2S2 is a Lorentz scalar, where U,, is the 
free-space electromagnetic energy density and S is the Poynting vector. 

4.16-Consider the stress-energy tensor for an electromagnetic field 

where FaB and v P  are the electromagnetic field tensor and Minkowski 
metric, respectively. 

a. Show that T p  is traceless: Tp,=O. 

b. Show that in free space TP' is divergenceless: TW,y = 0. 
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5 
BREMSSTRAHLUNG 

Radiation due to the acceleration of a charge in the Coulomb field of 
another charge is called bremsstrahlung or free-free emission. A full under- 
standing of this process requires a quantum treatment, since photons of 
energies comparable to that of the emitting particle can be produced. 
However, a classical treatment is justified in some regimes, and the 
formulas so obtained have the correct functional dependence for most of 
the physical parameters. Therefore, we first give a classical treatment and 
then state the quantum results as corrections (Gaunt factors) to the 
classical formulas. 

First of all we shall treat nonrelativistic bremsstrahlung. Relativistic 
corrections are treated in 95.4. We note that bremsstrahlung due to the 
collision of like particles (electron-electron, proton-proton) is zero in the 
dipole approximation, because the dipole moment E e,r, is simply propor- 
tional to the center of mass 2mjri ,  a constant of the motion. We therefore 
must consider two different particles. In electron-ion bremsstrahlung the 
electrons are the primary radiators, since the relative accelerations are 
inversely proportional to the masses, and the charges are roughly equal. 
Since the ion is comparatively massive, it is permissible to treat the 
electron as moving in a fixed Coulomb field of the ion. 
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5.1 EMISSION FROM SINGLESPEED ELECTRONS 

Let us assume that the electron moves rapidly enough so that the deviation 
of its path from a straight line is negligible. This is the small-angle 
scattering regime. This approximation is not necessary, but it does simplify 
the analysis and leads to equations of the correct form. Consider an 
electron of charge - e  moving past an ion of charge Ze  with impact 
parameter b (see Fig. 5.1). The dipole moment is d =  - eR, and its second 
derivative is 

d= - e i ,  (5.1) 

where v is the velocity of the electron. Taking the Fourier transform of this 
equation, noting that the Fourier transform of d is -w2d(w), [cf. Eq. 
(3.25a)], we have the result: 

- w*d(w) = - - /" ie'"'dt. 
277 - m  

It is easy to derive expressions for d(w) in the asymptotic limits of large 
and small frequencies. First we note that the electron is in close interaction 
with the ion over a time interval, called the collision rime, which is of order 

b 
r = - .  

V 
(5.3) 

For wr>>1 the exponential in the integral oscillates rapidly, and the 
integral is small. For m<< 1 the exponential is essentially unity, so we may 
write 

Av, w<< 1 

wr>>l, 
(5.4) 

where Av is the change of velocity during the collision. Refemng to Eq. 

Figuw 5.1 An electron of charge e mooing pasf an ion of charge Ze. 
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(3.26b) and using Eq. (5.4), we have 

Let us now estimate Av. Since the path is almost linear, the change in 
velocity is predominantly normal to the path. Thus we merely integrate 
that component of the acceleration normal to the path: 

the integral being elementary. Thus for small angle scatterings, the emis- 
sion from a single collision is 

We now wish to determine the total spectrum for a medium with ion 
density n,, electron density ne and for a fixed electron speed v. Note that 
the flux of electrons (electrons per unit area per unit time) incident on one 
ion is simply neu. The element of area is 2 ~ b d b  about a single ion. The 
total emission per unit time per unit volume per unit frequency range is 
then 

where b,,, is some minimum value of impact parameter; its choice is 
discussed below. 

It would seem that the asymptotic limits (5.6) are insufficient to evaluate 
the integral in Eq. (5.7), which requires values of dW(b)/dw for a full 
range of impact parameters. However, it turns out that a very good 
approximation can be achieved using only its low frequency asymptotic 
form. To see this, substitute the b<<v/w result of Eq. (5.6) into Eq. (5.7). 
This gives 



where b,, is some value of b beyond which the b<<v/w asymptotic result 
is inapplicable and the contribution to the integral becomes negligible. The 
value of b,, is uncertain, but it is of order v / w .  Since b,, occurs inside 
the logarithm, its precise value is not very important, so we simply take 

V 

w b,,, ZE - , (5.9) 

and make a small error. It can now be seen that the use of the asymptotic 
forms (5.6) is justified, because equal intervals in the logarithm of b 
contribute equally to the emission, and over most of these intervals the 
emission is determined by its low frequency asymptotic limit. 

The value of bmin can be estimated in two ways. First we can take the 
value at which the straight-line approximation ceases to be valid. Since this 
occurs when Av-v, we take 

(5.10a) 

A second value for bmin is quantum in nature and concerns the possibility 
of treating the collision process in terms of classical orbits, as we have 
done. By the uncertainty principle A x A p Z h ;  and taking Ax-b and 
Ap-mu we have 

(5.10b) 

When & ~ ) , > > b ~ ~ , ,  a classical description of the scattering process is valid, 
and we use bmin=bgn.  This occurs when imv2<<Z2Ry,  where Ry-  
me4/(%') is the Rydberg energy for the hydrogen atom. When b3,,<<bEn, 

portant role, and the classical calculation cannot strictly be used. Nonethe- 
less, results of the correct order of magnitude are obtained by simply 
setting b,,, = bs,. 

For any regime the exact results are conveniently stated in terms of a 
correction factor or Gaunt factor gfdv,w) such that 

or, equivalently, i I mv2> Z 'Ry, the uncertainty principle plays an im- 

(5.11) 

Comparison of Eqs. (5.8) and (5.11) gives gr/ in terms of an effective 



logarithm 

(5.12) 

The Gaunt factor is a certain function of the energy of the electron and of 
the frequency of the emission. Extensive tables and graphs of it exist in the 
literature. See, for instance, the review article by Bressaard and van de 
Hulst, (1962) and the article by Karzas and Latter (1961). 

5.2 THERMAL BREMSSTRAHLUNG EMISSION 

The most interesting use of these formulas is their application to thermal 
bremstruhlung; that is, we average the above single-speed expression over 
a thermal distribution of speeds. The probability dP that a particle has 
velocity in the velocity range d3v is 

Since d3v =4mu2du for an isotropic distribution of velocities, the probabil- 
ity that a particle has a speed in the speed range do is 

dPa  u2exp( - m) mu2 du. 
(5.13) 

Now we want to integrate Eq. (5.1 1) over this function. What are the limits 
of integration? At first guess, one would choose O<u<ca.  But at 
frequency v, the incident velocity must be at least such that 

because otherwise a photon of energy hv could not be created. This cutoff 
in the lower limit of the integration over electron velocities is called a 
photon discreteness effect. Performing the integral 

Jrn dW(u70)  u2exp( - mu2/2kT)du 
dW( T , w )  - om,, dwdVdt 

d V d t d w  /oPu2exp( - mu2/2kT)du 
- , 



160 Bremsstmhlung 

where umin =(2hv/m)'/',  and using dw=2rdv, we obtain 

-=- d W  2*re6( - 2 s  )'I2 T -  1/2zZn n , e - h v / k T -  gJp (5*14a) e r  dVdtdv  3mc3 3km 

Evaluating eq. (5.14) in CGS units, we have for the emission (erg s-'  ~ r n - ~  
Hz- 9 

Here GAT, v) is a velocity averaged Gaunt factor. The factor T-'/' in Eq. 
(5.14) comes from the fact that d W / d V d l d w a u - '  [cf. Eq. (5.11) and 
( u )  a TI/*. The factor ePh"IkT comes from the lower-limit cutoff in the 
velocity integration due to photon discreteness and the Maxwellian shape 
for the velocity distribution. 

Approximate analytic formulas for g,/ in the various regimes in which 
large-angle scatterings and small-angle scatterings are dominant, in which 
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Figure 5.2 Approximate d y t i c  fonnurcCe focthe gaunt factor g&, T) for 
thermal bremrstmhlung. Here glr is denoted by G and the energv Writ Ry = 13.6 
eK (Taken from Novikm, I. D. ~JUI ll~ome, K. S. 1973 in Black Hdes, Les 
Houches, Eds. C. Dewin and B. Dewin, Gordon and Breach, New Yo&) 
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the uncertainty principle (U. P.) is important in the minimum impact 
parameter, and so on are indicated in Fig. 5.2. Figure 5.3 gives numerical 
graphs of &. The values of grr for u--hv/kT>>l are not important, since 
the spectrum cuts off for these values. Thus g / r  is of order unity for u-1 
and is in the range 1 to 5 for 10--4<u< 1. We see that good order of 
magutude estimates can be made by setting gf, to unity. 

We also see that bremsstrahlung has a rather “flat spectrum” in a log-log 
plot up to its cutoff at about hv-kT. (This is true only for optically thin 
sources. We have not yet considered absorption of photons by free elec- 
trons.) 

To obtain the formulas for nonthermal bremstrahlung, one needs to 
know the actual distributions of velocities, and the formula for emission 
from a single-speed electron must be averaged over that distribution. To 
do this one also must have the appropriate Gaunt factors. 

Let us now give formulas for the total power per unit volume emitted by 
thermal bremsstrahlung. This is obtained from the spectral results by 
integrating Eq. (5.14) over frequency. The result may be stated as 

(5.15a) 
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Figure 5.3 Numerical values of the gaunt factor g d v ,  T). Here the requemy 

10sZ’/ T. (Taken from Karzas, W .  and Latter, R. 1961, Asttwphys. J. SuppL, 6, 
167.) 

U 

wnable is u= 4.8 X IO”v/ T and the temperaturn variable is y f- - 1.58 X 
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or numerically, again in CGS units, the emission (erg s- '  cmP3) is 

dW 
dt dV 

e f f z  - = 1.4X 10 27T'/2nen,Z2gB. (5.15b) 

Here &(T)  is a frequency average of the velocity averaged Gaunt factor, 
which is in the range 1.1 to 1.5. Choosing a value of 1.2 will give an 
accuracy to within about 20%. 

5.3 THERMAL BREMSSTRAHLUNG (FREEFREE) 
ABSORPTION 

It is possible to relate the absorption of radiation by an electron moving in 
the field of an ion to the preceding bremsstrahlung emission process. The 
most interesting case is thermal free-free absorption. In that case we have 
Kirchhoff's law [cf. Eq. (1.37)] 

j i j  = a!%, ( T ) . (5.16) 

Here df is the free-free absorption coefficient, and j i  is related to the 
preceding emission formula by 

= 4 ajij. 
dW 

dt dVdv 
(5.17) 

With the form for the Planck function [Eq. (1.51)], we have then 

Evaluating Eq. (5.18a) in CGS units, we have for ay(cm-'): 

.if= 3.7 x 1 0 8 ~  - 1/2z2nenjv - 3( 1 - - h ~ / k ~  )&p (5.1 8b) 

For hu>>kT the exponential is negligible, and 4. is proportional to v - ~ .  For 
hv<< kT, we are in the Rayleigh-Jeans regime, and Eq. (5.18a) becomes 

(5.19a) 

or, numerically, 

a$= 0.0 18 T - 3 / 2 Z  'nenr u -'gY (5.19b) 
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1, 

The Rosseland mean of the free-free absorption cozfficient [Eq. (1.109)] is, 
in CGS units. 

o Electron 

. 

a{= 1.7x 10-25T-7/2Z2n e n-g I R7 (5.20) 

where & is an appropriately weighted frequency average of &,, and is of 
order unity. 

5.4 RELATIVISTIC BREMSSTRAHLUNG 

Our previous discussion of bremsstrahlung was for nonrelativistic particles. 
We now show how the relativistic case can be treated by an interesting and 
physically picturesque method called the method of uirtual quanta. A 
classical treatment provides useful insight, even though a full understand- 
ing would require quantum electrodynamics. 

We consider the collision between an electron and a heavy ion of charge 
Ze. Normally, the ions move rather slowly in comparison to the electrons 
(in the rest frame of the medium as a whole), but it is possible to view the 
process in a frame of reference in which the electron is initially at rest. In 
that case the ion appears to move rapidly toward the electron. With no loss 
of generality we can assume that the ion moves along the x axis with 
velocity L) while the electron is initially at rest on they axis, a distance b 
from the origin. From the discussion of $4.6 we recall that the electrostatic 
field of the ion is transformed into an essentially transverse pulse with 
IEl-IBl, which appears to the electron to be a pulse of electromagnetic 
radiation (see Fig. 5.4). This radiation then Compton scatters off the 
electron to produce emitted radiation. Transforming back to the rest frame 

Figure 5.4 Electric and magnetic fields of an ion m z k g  mpidry part an 
electron 



of the ion (or lab frame) we obtain the bremsstrahlung emission of the 
electron. Thus relativistic bremsstrahlung can be regarded as the Compton 
scattering of the virtual quanta of the ion’s electrostatic field as seen in the 
electron’s frame. 

In the (primed) electron rest frame, the spectrum of the pulse of virtual 
quanta has the form, [cf. Eq. (4.72b)l 

dW’ (erg cm-2 Hz-’) = - ( - b F ) 2 K : (  y),  (5.21) 
a2 ’ dw’ lr2bf2c 

where we have set u = c in the ultrarelativistic limit. Now, in this frame the 
virtual quanta are scattered by the electron according to the Thomson 
cross section for hw’smc2, and according to the Klein-Nishina cross 
section for Aw’ >mc2 [see Chapter 71. In the low-frequency limit, the 
scattered radiation is 

dW’ 
-=+y 
d W’ 
dw’ dA dw” 

(5.22) 

where uT is the Thomson cross section. Now, since energy and frequency 
transform identically under Lorentz transformations, we have for the 
energy emitted per frequency in the lab frame, dW/dw=dW’/dw‘. To 
write dW/dw as a function of b and w, rather than b‘ and a’, we note that 
transverse lengths are unchanged, b = b’, and that w = yo’( 1 + PcosO’), [cf. 
Eq. (4.12b), where 8’ is the scattering angle in the electron rest frame]. 
Because such scattering is forward-backward symmetric, we have the 
averaged relation w =  yw’. Thus the emission in the lab frame is 

-- dW - 8Z2e6 (5)’ K,  ( b w )  1 * (5.23) 

Equation (5.23) is the energy per unit frequency emitted by the collision 
of an ion and a relativistic electron at impact parameter b. For a plasma 
with electron and ion densities n, and ni, respectively, we can repeat the 
arguments leading to Eq. (5.7), where u is replaced by c and where 
bmin-h/mc according to the uncertainty principle. The integral in Eqs. 
(5.7) and (5.23) is identical to that in Eq. (4.74a), except for an additional 
factor of y in the argument. Thus we have the low-frequency limit, 
hw< ymc2, 

dw 3rb2c5m2 y c  Y C  

(5.24) 
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At higher frequencies Klein-Nishina corrections must be used. 
For a thermal distribution of electrons, a useful approximate expression 

for the frequency integrated power (erg s- '  ~ m - ~ )  in CGS units is [see 
Novikov and Thorne 19731 

-- dW - 1.4X 10-27T'/2Z2neni~B(1 +4.4X IO-'OT). 
dVdt 

(5.25) 

The second term in brackets is a relativistic correction to Eq. (5.15b). 

PROBLEMS 

5.1-Consider a sphere of ionized hydrogen plasma that is undergoing 
spherical gravitational collapse. The sphere is held at constant isothermal 
temperature To, uniform density and constant mass M ,  during the col- 
lapse, and has decreasing radius R( t ) .  The sphere cools by emission of 
bremsstrahlung radiation in its interior. At t = to the sphere is optically 
thin. 

a. What is the total luminosity of the sphere as a function of M,, R ( t )  

b. What is the luminosity of the sphere as a function of time after it 

c. Give an implicit relation, in terms of R(t), for the time t ,  when the 

d. Draw a qualitative curve of the luminosity as a function of time. 

and To while the sphere is optically thin? 

becomes optically thick? 

sphere becomes optically thick. 

5.2-Suppose X-rays are received from a source of known distance L 
with a flux F (erg cm-' s-I). The X-ray spectrum has the form of Fig. 5.5 
It is conjectured that these X-rays are due to bremsstrahlung from an 
optically thin, hot, plasma cloud, which is in hydrostatic equilibrium 
around a central mass M .  Assume that the cloud thickness A R  is roughly 
its radius R ,  A R - R .  Find R and the density of the cloud, p, in terms of 
the known observations and conjectured mass M .  If F=10-* erg cm-2 
s-' ,  L = 10 kpc, what are the constraints on M such that the source would 
indeed be effectively thin (for self-consistency)? Does electron scattering 
play any role? Here 1 kpc-one kiloparsec, a unit of distancem3.1 X Id' 
cm. 
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Figure 5.5 Detected spectnun from an X-ray source. 
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SYNCHROTRON RADIATION 

Particles accelerated by a magnetic field B will radiate. For nonrelativistic 
velocities the complete nature of the radiation is rather simple and is called 
cyclotron radiation. The frequency of emission is simply the frequency of 
gyration in the magnetic field. 

However, for extreme relativistic particles the frequency spectrum is 
much more complex and can extend to many times the gyration frequency. 
This radiation is known as synchrotron radiation. 

6.1 TOTAL EMWIED POWER 

Let us start by finding the motion of a particle of mass m and charge q in a 
magnetic field using the correct relativistic equations [cf. Eqs. (4.84)]. 

z ( y m v ) =  d ;vxB 4 (6.la) 

(6.lb) d 
- ( ( y r n c 2 ) = q v * ~ = o .  dt 
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This last equation implies that y =constant or that IvI = constant. There- 
fore, it follows that 

dv 4 m y x  = -vxB.  
C 

Separating the velocity components along the field vII and in a plane 
normal to the field vI we have 

dv 
- -v, xB. d"ll -=o, I- 4 

dt ymc dt (6.3) 

It follows that vII =constant, and, since the total IvI =constant, also IvL 1 = 
constant. The solution to this equation is clearly uniform circular motion 
of the projected motion on the normal plane, since the acceleration in this 
plane is normal to the velocity and of constant magnitude. The combina- 
tion of this circular motion and the uniform motion along the field is a 
helical motion of the particle (Fig. 6.1). The frequency of the rotation, or 
gyration, is 

The acceleration is perpendicular to the velocity, with magnitude a ,  = 
w B v I ,  so that the total emitted radiation is, [cf. Eq. (4.92)]. 

2q2 q2B2 p = - y  - 
3 2  y m c  2 2 2 v : >  

(6.5a) 

or 

2 
p=-r;cp:y232. 3 (6.5b) 

For an isotropic distribution of velocities it is necessary to average this 
formula over all angles for a given speed P. Let a be the pitch angle, which 
is the angle between field and velocity. Then we obtain 

( P: ) = 4n P 2  Jsin'u dS2 = - 2P , 
3 

and the result 

P = ( + )  2 ricp 2 2  y B 2 , 



~~~ 
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which may be written 

4 
3 

P = - OTC/32 &J,. 

Here u T = 8 r r i / 3  is the Thomson cross section, and U, is the magnetic 
energy density, U, = B 2 / 8 n .  

6.2 SPECTRUM OF SYNCHROTRON RADIATION: 
A QUALITATIVE DISCUSSION 

The spectrum of synchrotron radiation must be related to the detailed 
variation of the electric field as seen by an observer. Because of beaming 
effects the emitted radiation fields appear to be concentrated in a narrow 
set of directions about the particle’s velocity. Since the velocity and 
acceleration are perpendicular, the appropriate diagram is like the one in 
Fig. 4.1 Id. 

The observer will see a pulse of radiation confined to a time interval 
much smaller than the gyration period. The spectrum will thus be spread 
over a much broader region than one of order we/2r .  This is an essential 
feature of synchrotron radiation. 

We can find orders of magnitude by reference to Fig. 6.2. The observer 
will see the pulse from points 1 and 2 along the particle’s path, where these 
points are such that the cone of emission of angular width -l/y includes 
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Figurn 6.2 Emission cones at variouS points of an accelerated particle's 
trajectory. 

the direction of observation. The distance As along the path can be 
computed from the radius of curvature of the path, a = As/AB. 

From the geometry we have A0 = 2/y,  so that As = 2 a / y .  But the radius 
of curvature of the path follows from the equation of motion 

AV 4 ym-  = - v x B ,  
A t  c 

Since (Av( = v A 0  and As = v At, we have 

A 0  qBsina 
As ymcv ' 

wB sin a ' 

-=- 

V a = -  

(6.8a) 

(6.8b) 

Note that this differs by a factor sina from the radius of the circle of the 
projected motion in a plane normal to the field. Thus A s  is given by 

2u 
yw, sin a 

As = (6.8~) 

The times t, and t, at which the particle passes points 1 and 2 are such 
that A s  = u(t,  - t , )  so that 

2 
y o B  sin a ' 

t , -  t ,x 

Let t f  and tt be the arrival times of radiation at the point of observation 
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from points 1 and 2.  The difference 12” - t;’ is less than t , -  t ,  by an 
amount As/c,  which is the time for the radiation to move a distance As.  
Thus we have 

A t A  = 1: - = 2 (1-4). 
yw, sin (Y 

(6. I Oa) 

I t  should be noted that the factor ( 1  - v / c )  is the same one that enters the 
Doppler effect [cf. 34.11. Since y>>l. we have 

so that 

(6.10b) 
- I  

A t ” ~ ( y ~ ~ , s i n a )  . 

Therefore, the width of the observed pulses is smaller than the gyration 
period by a factor y3.  The pulse is shown in Fig. 6.3. From our general 
discussion of spectra associated with particular pulses, 02.3, we expect that 
the spectrum will be fairly broad, cutting off at frequencies like l / A t A .  If 
we define a critical frequency 

a,. E - 3 3  y -w ,  sina (6.1 la) 
2 

or 

3 3  v c =  - y  w,sina, 
47 

f 

(6.1 lb) 

Figure 6.3 
radiation 

Time-dependence of the electric fiehi in u pulse of synchrotron 
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then we expect the spectrum to extend to something of order wc before 
falling away. We can actually derive quite a lot about the spectrum, simply 
using the fact that the electric field is a function of 0 solely through the 
combination ye, (see, e.g., $4.8) where B is a polar angle about the direction 
of motion. This is a manifestation of the beaming effect. Let us write 

a t l a  F(Y@), (6.12) 

where t here refers to time measured in the observer's frame. We set the 
zero of time and the path length s to be when the pulse is centered on the 
observer. Using arguments similar to those used to find As, we find B--,s/u 
and t % ( s / u ) ( l -  u / c ) .  Then the relationship of B to t is found to be 

Therefore, we write the time dependence of the electric field as 

The proportionality constant here is not yet known, and it may depend on 
any physical parameters except time t .  This is still sufficient for us to 
derive the general dependence of the spectrum on w.  The Fourier trans- 
form of the electric field is 

,!?(a) a J g(w, t )  e i'"dt. (6.15a) 
- w  

Changing variables of integration to [-act, we have 

,!?(,)a J w  g([)eiwE"+d[. (6.15b) 

The spectrum dW/dw& is proportional to the square of I?(,) [cf. Eqs. 
(2.33) and (3.11a)l. Integrating this over solid angle and dividing by the 
orbital period, both independent of frequency, then gives for the time- 
averaged power per unit frequency, [cf. Eq. (2.34)], 

--m 

-= dW T - ' - E P ( W ) = C * F  dW 
dt do dw 

(6.16) 

where F is a dimensionless function and C, is a constant of proportional- 
ity. We may now evaluate C ,  by the simple trick of comparing the total 
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power as evaluated by the integral over w to the previous result in Eq. 
(6.5): 

P = i m P ( w ) d w =  C , i m F (  z ) d w = w c C , i  m F(x)&, (6.17a) 

where we have set xrw/w, .  We do not know what F(x)dx is until we 

specify F(x).  However, we can regard its nondimensional value as arbi- 
trary, merely setting a convention for the normalization of F(x). We can 
still find the dependence of the constant C, on all the physical parameters. 
From our previous discussion, we have 

s 

2q4B2y2B2sin2u 

3m2c3 
P =  , 

and 

3y’qBsinu 
2mc w, = 

(6.17b) 

(6.17~) 

We thus conclude that for the highly relativistic case ( /3= I), the power per 
unit frequency emitted by each electron is 

(6.18) 

The choice fl / 2 ~  for the nondimensional constant has been made to 
anticipate the conventional choice for the normalization of F, discussed 
below. If the power per frequency interval dv is desired, one can use the 
relation P(v)  =2nP(w). 

6.3 SPECTRAL INDEX FOR POWER-LAW ELECTRON 
DISTRIBUTION 

From the formula for P(w) given above, it is clear that no factor of y 
appears, except for that contained in wc. From this fact alone it is possible 
to derive an extremely important result concerning synchrotron spectra. 
Often the spectrum can be approximated by a power law over a limited 
range of frequency. When this is so, one defines the spectral index as the 
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constant s in the expression 

P( o) a o - '. (6.19) 

This is the negative slope on a log P(o)  - logo plot. Often the spectra of 
astronomical radiation has a spectral index that is constant over a fairly 
wide range of frequencies: for example, the Rayleigh-Jeans portion of the 
blackbody law has s = - 2. 

An analogous result sometimes holds for the particle distribution law of 
relativistic electrons. Often the number density of particles with energies 
between E and E + dE (or y and y + dy)  can be approximately expressed in 
the form 

N(E)dE=CE-PdE,  E l  < E < E 2 ,  (6.20a) 

or 

N(Y)dY=CY-PdY, Y l < Y < Y 2 .  (6.20b) 

The quantity C can vary with pitch angle and the Ike. The total power 
radiated per unit volume per unit frequency by such a distribution is given 
by the integral of N ( y ) d y  times the single particle radiation formula over 
all energies or y. Thus, we have 

P , , , ( W ) = C ~ ~ ~ P ( W ) ~ - ~ ~ ~ U  (6.2 la) 
71 

Let us change variables of integration to x -o/oc, noting oc a y2;  

P,,,(o) ~ o - ~ - ' ) / ' ~ ~ ~ F ( ~ ) X ( p - ~ ~ / ~ d x .  (6.21 b) 
I 

The limits xI and x2 correspond to the limits y ,  and y2 and depend on w. 
However, if the energy limits are sufficiently wide we can approximate 
x,=O, x2=w, so that the integral is approximately constant. In that case, 
we have 

P,,,(o) a w - @ -  ' ) I2 (6.22a) 

so that the spectral index s is related to the particle distribution indexp by 

P-1 s =  - 
2 .  

(6.22b) 
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Let us summarize the results of this simplified treatment of synchrotron 
radiation: We have shown that 

1. The angular distribution from a single radiating particle Lies close 
(within l / y )  to the cone with half-angle equal to the pitch angle. 

2. The single-particle spectrum extends up to somethmg of the order of a 
critical frequency wc. More precisely, the spectrum is a function of 
w / w ,  alone. 

3. For power law distribution of particle energies with index p over a 
sufficiently broad energy range, the spectral index of the radiation is 
s = (p - 1)/2. 

6.4 SPECTRUM AND POLARIZATION OF SYNCHROTRON 
RADIATION: A DETAILED DISCUSSION 

Consider the orbital trajectory in Fig. 6.4, where the origin of the coordi- 
nates is the location of the particle at the origin of retarded time t’=0, and 
a is the radius of curvature of the trajectory. The coordinate system has 
been chosen so that the particle has velocity v along the x axis at time 
t ’ = O ;  tl is a unit vector along they axis in the orbital (x -y )  plane, and 

Figure 6 4  Geometry for pohnzation of synchrotron mdbtion. A t  t =  0, the 
particle wlocity is along the x axis, and a is the mdiw of curooture of the 
tmjectov. 
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ell = n x cL . Using Fig. 6.4, we have 

(6.23) 

where we have set I@[= 1. This gives the first factor in Eq. (3.13) for 
dW/dwdO. For the second factor in that equation, expiw[t’-n.r(t’)/c], 
we note that 

(6.24) 

where we have expanded the sine and cosine functions for small argu- 
ments, used the approximation (1  - u/c)m 1 /2y2, and set i) = c elsewhere. 
Note how the argument of the exponential in Eq. (6.24) is large and the 
integral is small unless ~ 8 5 1 ,  cyt’ /as l ,  in accordance with our qualita- 
tive discussion in 6.2 above. 

An expression for the spectrum in the two polarizations states, that is, 
the intensity along cII and intensity along cL,  may now be obtained from 
Eq. (3.13) and Eqs. (6.23) and (6.24) above. Expanding the sine and cosine 
functions again in Eq. (6.23), we obtain 

(6.25a) 

where 

By’= 1 + y%’. 

Now, making the changes of variables 

(6.26a) 

(6.26b) 

wa8; 
q=- 

3cy3 ’ 
(6.26~) 
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Eqs. (6.25) become 

where little error is made in extending the limits of integration from - 00 

to m. The integrals in Eqs. (6.27a) and (6.27b) are functions only of the 
parameter q. Since most of the radiation occurs at angles 8-0, q can be 
written as 

o q = q ( B = O ) =  -, 
2% 

(6.28) 

where we have used Eqs. (6.8b) and (6.11a). Thus the frequency depen- 
dence of the spectrum depends on w only through w / w c ,  as found in our 
qualitative discussion. It should also be clear that the angular dependence 
uses 9 only through the combination y9. 

To make further progress, we note that the integrals in Eq. (6.27) may be 
expressed in terms of the modified Bessel functions of 1/3 and 2/3 order, 
for example, formulas: 10.4.26, 10.4.31, and 10.4.32 of Abramovitz and 
Stegun (1 965). Therefore we can write 

(6.29a) 

(6.29b) 

These formulas can now be integrated over solid angle to give the energy 
per frequency range radiated by the particle per complete orbit in the 
projected normal plane. During one such orbit the emitted radiation is 
almost completely confined to the solid angle shown shaded in Fig. 6.5, 
which lies within an angle l / y  of a cone of half-angle a. Thus it is 
permissible to take the element of solid angle to be d&? = 277 sina d9, and we 
can write 

9:K: ( q )  d9, 
dw 

dWI1 - 2q2w2a2sina 

d o  3vc3y2 00 
/_m gY'B 2K 5 ( q) d9. -- 

(6.30a) 

(6.30b) 
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Figurn 6 5  Synchrotron emission fmm a part& with pitch angle a. Radiation 
is confined to the shaded solid angle. 

The infinite limits on the integral are convenient and permissible, because 
the integrand is concentrated to small values of A0 about a, of order l / y .  
The above integrals can be reduced further (see Westfold, 1959 for details), 
and we can write 

where 

(6.3 la) 

(6.3 1 b) 

(6.3 lc) 

and, again x = w / w , .  
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To convert this to emitted power per frequency we divide by the orbital 
period of the charge, T=2n/w,, 

The total emitted power per frequency is the sum of these: 

fi q3B sina 

2amc2 
P(w)  = 

(6.32a) 

(6.32b) 

(6.33) 

in agreement with our previous Eq. (6.18). The function F(x)  is plotted in 
Fig. 6.6. Asymptotic forms for small and large values of x are: 

x>> 1. 

(6.34a) 

(6.34b) 

To obtain frequency-integrated emission, or emission from a power-law 
distribution of electrons, it is useful to have expressions for integrals over 
the F and G functions. From Eq. 11.4.22 of Abramowitz and Stegun (1965) 

I 
I I I 

0 0.29 1 2 3 s 4 0 0.29 1 2 3 s 4 

Figure 46 Function describing the total power spectrum of synchtron emis- 
sion. Here x=o/o,. (Taken from Cinzburg, V. and Synnmtskii, S. l%S, Ann 
Rev. Asttvn. Astrophys., 3, 29%) 



one may derive the following relations: 

i m x ’ F ( x ) d x =  - 2 ” + ’  r( + 3)r( f + +) (6.35a) 
P+2 

(6.35b) 

where r ( y )  is the gamma function of argument y .  
For a power-law distribution of electrons, Eq. (6.20b), it can be shown 

from Eqs. (6.33) and (6.35a) that the total power per unit volume per unit 
frequency, Ptot(w), is 

(6.36) 

6.5 POLARIZATION OF SYNCHROTRON RADIATION 

We can also compute the polarization for synchrotron radiation. The first 
point to notice is that the radiation from a single charge will be elliptically 
polarized, the sense of the polarization (right or left handed) being de- 
termined by whether the observed line of sight lies just inside or just 
outside of the cone of maximal radiation (see Fig. 6.5). However, for any 
reasonable distribution of particles that varies smoothly with pitch angle, 
the elliptical component will cancel out, as emission cones will contribute 
equally from both sides of the line of sight. Thus the radiation will be 
partially linearly polarized, and we can completely characterize the radia- 
tion by its powers per unit frequency Pl,(o) and P J w ) ,  in directions 
parallel and perpendicular to the projection of the magnetic field on the 
plane of the sky (see Fig. 6.7). From Eqs. (2.57), (6.32a), and (6.32b) we 
obtain the degree of linear polarization for particles of a single energy y: 

(6.37) 

This polarization is rather high; the polarization of the frequency in- 
tegrated radiation is 75% (see Problem 6.5b). 
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Projection of magnetic 

% 
observer 

Figure 4 7  Decomposition of synchrotron pohrization uectors on the p k  of 
the sky. 

For particles with a power law distribution of energies, Eq. (6.20), the 
degree of polarization can be shown to be (see Problem 6.5a) 

(6.38) 

6.6 TRANSITION FROM CYCLOTRON TO SYNCHROTRON 
EMISSION 

It is interesting to follow the development of the typical synchrotron 
spectrum as the electron’s energy is varied from the nonrelativistic through 
the highly relativistic regimes. Let us consider both the electric field at the 
observation point and the associated spectrum of radiation. For low 
energies the electric field components vary sinusoidally with the same 
frequency as the gyration in the magnetic field, and the spectrum consists 
of a single line, as shown in Figs. 6.8a and 6.8b (see Problem 3.2). 

When v /  c increases, higher harmonics of the fundamental frequency, 
wB, begin to contribute. It should be clear that the general spectrum, in 
fact, must be a superposition of contributions at integer multiples of a,, 
since there is periodicity in time intervals T=27r/ws. Problem 3.7 demon- 
strates the general property that a circulating charge produces radiation at 
harmonics of the fundamental and that increasing harmonics contribute at 
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( i l l  

Figutv 48a 
magnetic fi&i (cyclotron radiation}. 

Time dependence of electric field fmm  slow^ mooing partick in a 

I 
V)) 

Figure 48b Power spectmm for a. 

a strength proportional to increasing powers of u / c  for u/c<<l. For 
example, at slightly relativistic velocities, Fig. 6.8 becomes Fig. 6.9. Here 
we have adopted the convention that the electric field is positive as the 
particle approaches the observer. We see that the positive phase of the 
electric field has become somewhat sharper and more intense relative to 
the negative phase (Doppler effect). There is now a substantial amount of 
radiation at the first harmonic of a, (i.e., 2~0,). 

Finally, for very relativistic velocities, u-C, we have Fig. 6.10. The 
originally sinusoidal form of E ( t )  has now become a series of sharp pulses, 
which are repeated at time intervals 2m/a,. The spectrum now involves a 
great number of harmonics, the envelope of which approaches the form of 
the function F(x).  As soon as the frequency resolution becomes large with 
respect to wB, or if other physical broadening mechanisms fill in the spaces 
between the lines, we approach the results derived earlier. One such 
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Figiin? 6% 
wfoci@ in a magnetic jieU 

Time depednce of electric field from a particle of intemediate 

( h )  

Figiin? 69b Power spectrum for a 

physical broadening mechanism occurs for a distribution of particle en- 
ergies; then the gyration frequency o, is proportional to l / y ,  so that the 
spectra of the particles do not fall on the same lines. Another effect that 
will cause the spectrum to become continuous is that emission from 
different parts of the emitting region may have different values and 
directions for the magnetic field, so that the harmonics fall at different 
places in the observed spectrum. 

The electric field received by the observer from a distribution of par- 
ticles consists of a random superposition of many pulses of the kind 
described here. The net result is a spectrum that is simply the sum of the 
spectra from the individual pulses (see Problem 3.6). 
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t . . ( r )  + 

bJ 

Figrrre 6lOa 
in a magnetic field (synchrotron radiation). 

Time depmrdence of electric fwiV from a q & ' y  mooing parti& 

Fipw 6 106 Power spectrum for a. 

6.7 DISTINCTION BETWEEN RECEIVED AND EMITTED 
POWER 

In about 1968 (e.g., Pacholczyk, 1970; Ginzburg and Syrovatshi, 1969), it 
was noticed that a proper distinction between received and emitted power 
had not been made. (In looking at references before then check your 
formulas carefully.) The problem is that the received pulses are not at the 
frequency wB but at an appropriately Doppler-shifted frequency, because 
of the progressive motion of the particle toward the observer. This can be 
seen clearly in Fig. 6.11. If T= 27r/wB is the orbital period of the projected 
motion, then time-delay effects (cf. 94.1), will give a period between the 
arrival of pulses TA satisfying 

2a . 
X-sin'cr. 

*B 
(6.39) 
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r R  

Figurn 6.11 
mwing toward the obsenwr. 

Doppler shyt of synchmtnm radiation emitted by a parncle 

The fundamental observed frequency is thus wB/sin2a rather than wB. This 
leads to two modifications to the preceding theory, neither of which is 
serious, fortunately: 

1. The first is that the spacing of the harmonics is w,/sin2a not wB. For 
extreme relativistic particles this is not important, because one sees a 
continuum rather than the harmonic structure. In deriving the expres- 
sion for the pulse width At, and consequently for the critical frequency 
w,, we did take the Doppler compression of the radiation properly into 
account. Thus the continuum radiation is still a function F(w/w,). 

2. The second comes from the fact that we found the emitted power by 
dividing the energy by the period T of the gyration. This is correct, but 
the received power must be obtained by dividing the energy by T,. 
Thus, we have 

pe 
sin2 a 

P r = - .  (6.40) 

The question arises, should we include the sin2& factor in determining 
the received power? The answer depends on the physical case. Usually one 
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observes a region fairly localized in space with only moderate net velocity 
toward the receiver. Then any particle that is progressing toward the 
receiver at one time will at a later time be moving away (and thus not 
contributing to the power). The average power emitted and received under 
these circumstances will be the same, because the total number of emitted 
and received pulses must be the same in the long run (see Problem 6.3). 
Even over short intervals this will hold when there is a stationary distribu- 
tion of particles. 

We conclude then that for the usual situation encountered in astro- 
physics one should use the expression for the emitted power to give the 
proper observed power. Thus the “corrections” due to helical motion are 
not important for most cases of interest. 

6.8 SYNCHROTRON SELF-ABSORPTION 

Synchrotron emission is accompanied by absorption, in which a photon 
interacts with a charge in a magnetic field and is absorbed, giving up its 
energy to the charge. Another process that can occur is stimulated emis- 
sion or negative absorption, in which a particle is induced to emit more 
strongly into a direction and at a frequency where photons already are 
present. These processes can be interrelated by means of the Einstein 
coefficients. In our previous discussion of the Einstein coefficients (0 1.6) 
we treated transitions between discrete states, and we must generalize that 
discussion now to include continuum states. This is easily done by recog- 
nizing that the states of an emitting particle are simply the free particle 
states, defined by its momentum, position, and possibly its internal state. 
According to the statistical mechanics there is one quantum state 
associated with the translational degrees of freedom of the particle within a 
volume of phase space of magnitude h3. Thus we break up the continuous 
classical phase space into elements of size h3, and consider transitions 
between these states as being between discrete states, for which our 
previous discussion applies. 

A further modification of our previous results is necessary, because for a 
given energy of a photon hv there are many possible transitions possible 
between states differing in energy by an amount hv. This means that, in the 
formula for the absorption coefficient given in Eq. (1.74), we must sum 
over all upper states 2 and lower states 1: 

(6.41) 
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The profile function +21(v) is essentially a &function that restricts the 
summations to those states differing by an energy hv = E2 - E l ;  it will drop 
out of the final formulas. We have assumed that the emission and absorp- 
tion are isotropic [as we did for Eq. (1.74)]. For synchrotron emission this 
requires that the magnetic field be tangled and have no net duection, and 
that the particle distributions also be isotropic. 

It is now our task to reduce Eq. (6.41) to a form depending only on the 
previously derived formula for synchrotron emission (6.33). It is more 
convenient here to write the emission in terms of the frequency Y rather 
than w, so that we use P(u, E2)=2nP(w).  We have also explicitly written 
the argument E,, the energy of the radiating electron. In terms of the 
Einstein coefficients we have 

(6.42) 

where we have used one of the Einstein relations (1.7lb). (Since we are 
dealing with elementary states, the statistical weights are all unity.) 

The parts of the absorption coefficient (6.41) due to stimulated emission 
can be now written in terms of P(v,E2):  

- hu - C2 
- z c n(E2)B21+21= 3 c n(E2)P(v ,E2) .  (6.43) 

477 E ,  E2 8 n h ~  E~ 

The true absorption part can be written 

Here we have used the Einstein relation B I Z =  B21 .  Also we have made use 
of the confinuous nature of the problem by moving n(E,)  from under the 
summation sign and replacing it by n(E2 - hv). This is permissible because 
~$,~(v) acts essentially like a S function, enforcing the energy relation 
El  = E,- hv. Therefore, we have 

(6.45) 

Let us introduce the isotropic electron distribution function f( p )  by 
f(p)d$=number of electrons/volume with momenta in d$ about p .  
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According to statistical mechanics, the number of quantum states/volume 
range d$ is simply ijh-3d$, where ij is the internal statistical weight of 
the electron (= 2 for spin = 1 / 2  particles). The electron density per quan- 
tum state is thus ( h 3 / & ) f ( p ) .  Therefore, we can make the replacements 

Then Eq. (6.45) becomes 

(6.46) 

where p: is the momentum corresponding to energy E2-hv.  Before 
specializing this formula further, let us check that it yields the correct 
result for a thermal distribution of particles, that is 

We note that 

= f ( p 2 ) ( e h U l k T -  I 1. 
Thus the absorption coefficient is 

But the integral here simply represents the total power per volume per 
frequency range, which is 47rjv for isotropic emission. Recognizing the 
formula for B J T )  this can be written 

which is the correct result for thermal emission (Ktrchhoff's Law). 
Because the electron distribution is isotropic it is convenient to use the 

energy rather than the momentum to describe the distribution function, 
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that is, N ( E ) ,  as in Eq. (6.20). We shall also assume the extreme relativistic 
relation E =pc. Then from the relation 

N (  E ) d E  = f ( p)47rp2dp (6.48) 

we obtain 

a, = - C2 / d E  P ( Y ,  E )  E 2  (6.49) 
8nhv3 

where we now have simply written E instead of E2. 
We now assume that hv<<E. This is, in fact, a necessary condition for 

the application of classical electrodynamics, so is already an implicit 
restriction on our formula for P(u,E).  Expanding to first order in hv we 
obtain 

(6.50) 

Let us again look at the case of a thermal distribution, which for 
ultrarelativistic particles is 

N ( E ) = K E 2 e - E / k T .  (6.5 1) 

This leads to the result 

which is 
expected, 

Kirchhoff‘s law in the Rayleigh-Jeans regime. This is to be 
because of the assumption hv<< E. 

For a power law distribution of particles, Eq. (6.20), we have 

and the absorption coefficient (6.50) can be written 

(6.52) 

It is straightforward to show, using Eqs. (6.33) and (6.35a), that the integral 
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gives 

(6.53) 

The source function can be found from 

(6.54) 

using Eq. (6.53). A simple way of deriving this latter result is to note that 
S, can be written as S, a v2E where E is a mean particle energy [cf. Eqs. 
(6.52) and (6.54). The appropriate value for E is the energy of those 
electrons whose critical frequency equals v, that is, E2a vc = v, so that one 
obtains the proportionality given in Eq. (6.54). It is of some interest that 
the source function is a power law with an index - $, independent of the 
value of p .  It should be particularly noted that this index is not equal to 
- 2, the Rayleigh-Jeans value, because the emission is nonthennal. 

For optically thin synchrotron emission, the observed intensity is pro- 
portional to the emission function, while for optically thick emission it is 
proportional to the source function. Since the emission and source func- 
tions for a nonthermal power law electron distribution are proportional to 
v - ( ~ - ’ ) / ~  and v 5 / 2 ,  respectively, [cf. eqs. (6.22a) and (6.54)] we see that the 
optically thick region occurs at low frequencies and produces a low- 
frequency cutoff of the spectrum (see Fig. 6.12). 

log v 

Figuw 6 1 2  Synchrotron spectrum from a power-law distribution of electrons. 
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6.9 THE IMPOSSIBILITY OF A SYNCHROTRON MASER IN 
VACUUM 

It is possible to prove that the absorption coefficient is positive for an 
arbitrary distribution of particle energes N ( E ) .  That is, if we attempted to 
cause a population inversion by increasing N ( E )  at a certain energy E,, so 
that emission from E, to E,-hv was a maser transition, we would 
inevitably be making a still stronger positive absorption somewhere else 
that would more than compensate. To show this analytically we can 
integrate Eq. (6.50) by parts, noting that N ( E ) P ( v , E )  vanishes for low and 
high energies: 

."=-I-- '' N ( E )  [ E 2 P ( v , E ) ] d E .  
8rv2 E' d E  

For any fixed v, 

E2P( V ,  E ) a x - IF( x) = J -K;  (?))&. 
X 

This is clearly a monotonically decreasing function of x ,  since K;(q)  is 
positive. Therefore, E2P(v ,  E )  is a monotonically increasing function of E, 
and a, is positive. 

We actually should also look at the absorption coefficients for specific 
polarization states to complete the proof of impossibility of masers. For the 
two states of polarization 

P( v ,E)  a F ( x )  -+ G(x). 

Since x-  'G(x) = K f ( x ) ,  which decreases monotonically with x, we need 
only consider the polarization state in the parallel direction. By use of Eq. 
10.1 -22 of Abramowitz and Stegun (1965), we obtain the identity 

which again is clearly monotonically decreasing with x .  
Although synchrotron masers cannot exist in vacuum, it is possible to 

show that in a plasma, where the index of refraction is not unity, such 
synchrotron maser emission is possible. 
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PROBLEMS 

6.1-An ultrarelativistic electron emits synchrotron radiation. Show that 
its energy decreases with time according to 

2 e 4 ~ :  
y = yo( 1 + Ayot) - I ,  A = - , 

3 m 3 2  

Here yo is the initial value of y and B ,  = Bsina. Show that the time for 
the electron to lose half its energy is 

5.1 x lo8 t ; = ( A  yo) - ’ = 
YOB: * 

How does one reconcile the decrease of y here with the result of constant y 
implied by Eqs. (6. I)? 

6.2-A region of space contains relativistic electrons and magnetic 
fields. Let a typical linear scale of this region be 1. Suppose the region is 
compressed (by passage of a shock wave, perhaps). Assume that the 
compression is the same in all directions. We want to see what effect this 
compression has on various properties of the electrons and magnetic field. 

a. Show that the magnetic field satisfies B a 1 -*. 
b. If the compression is slow, show that the momentum of an electron 

satisfies p a  1 - I ,  and that magnetic flux through electron orbits is 
approximately conserved. 

that the critical frequency 
v, a 1 - 4  and that the half-life for the electron t i  a Is. (This shows that 
moderate compression can profoundly effect observed emission.) 

c. Show that the synchrotron emission 

6.3-Ultrarelativistic electrons are emitting synchrotron radiation in a 
fairly uniform magnetic field. The observer’s line of sight makes an angle a 
with respect to B. (See Fig. 6.13). 

The electrons are confined to the region between points 1 and 2 by 
constrictions in the magnetic field, which reflect the electrons back and 
forth along the field lines while maintaining their pitch angles. Show that a 
given electron, while radiating continually in its own frame, produces 
observable radiation only for a fraction tsin’a of the time. 



R 

Observer 

Figwe 613 Synchrotron emission from ekcmns cm@ed between positions 1 
and 2. 

6.4-The spectrum shown in Fig. 6.14 is observed from a point source of 
unknown distance d .  A model for this source is a spherical mass of radius 
R that is emitting synchrotron radiation in a magnetic field of strength B. 
The space between us and the source is uniformly filled with a thermal 
bath of hydrogen that emits and absorbs mainly by bound-free transitions, 
and it is believed that the hydrogen bath is unimportant compared to the 
synchrotron source at  frequencies where the former is optically thin. The 
synchrotron source function can be written as 

S,=A(ergcm-2 s - '  Hz-') ( - B", ) - 'I2( y2. 
The absorption coefficient for synchrotron radiation is 

and that for bound-free transitions is 
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log .‘-,(ergs ’ crn Hz l )  

Figute 414 Observed spectrum f i n s  a point source. 

where A ,  B,, yo, C and D are constants a n d p  is the power law index for 
the assumed power law distribution of relativistic electrons in the synchro- 
tron source. 

a. Find the size of the source R and the magnetic field strength B in 
terms of the solid angle L? = n(R  2 / d 2 )  subtended by the source and the 
constants A ,  B,, Y,, C,  D. 

b. Now using D and Y,, in addition to the previous constants, find the 
solid angle of the source and its distance. 

6.5 

a. Derive the linear polarization for a power-law distribution of electrons, 

b. Show that the linear polarization for the frequency-integrated synchro- 

N ( y )  = C y - P ,  emitting synchrotron radiation, Eq. (6.38). 

tron emission of particles of the same y is 75%. 
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COMPTON SCATTERING 

7.1 CROSS SECTION AND ENERGY TRANSFER FOR THE 
FUNDAMENTAL PROCESS 

Scattering from Electrons at Rest 

For low photon energies, hv<< mc’, the scattering of radiation from free 
charges reduces to the classical case of Thomson scattering, discussed in 
Chapter 4. Recall that for Thomson scattering, when the incident photons 
are approximated as a continuous electromagnetic wave [cf. Eq. (3.40)], 

E = €1’ (7.la) 

(7.lb) 

8 r  2 (7 .1~)  
aT = 3 ro. 

Here z and c, are the incident and scattered photon energy, respectively, 
daT/ d 0  is the differential Thomson cross section for unpolarized incident 
radiation, and ro is the classical electron radius. When E = the scattering 
is called coherent or elastic. 
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Quantum effects appear in two ways: First, through the hnematics of 
the scattering process, and, second, through the alteration of the cross 
sections. The kinematic effects occur because a photon possesses a 
momentum h v / c  as well as an energy hv. The scattering will no longer be 
elastic (c,#r) because of the recoil of the charge. Let us set up the 
conservation .of energy and momentum relations. The initial and final 
four-momenta of the photon are P,; =(r/c)( l,ni) and_P,f=(e,/c)( 1, n,) and 
the initial and final momenta of the electron are Pej=(rnc,O) and Fe,= 
( E / c , p ) ,  where ni and n, are the initial and final directions of the photons 
(see Fig. 7.1). Conservation of momentum and energy is+expres:ed 9 
Pei f P . = Per+ PTP Rearranging terms and squaring gives I Pe,lz= I Pei + P,; 
- P, fy  which eliminates the final electron momentum. We thus finally 
obtain 

+ - - -  

In terms of wavelength, this can be written: 

A,  -A=A,(I -case) 

where the Compton wavelength is defined by 

h 
mc 

X , r  - 

= 0.02426 A for electrons. 

(7.3a) 

(7.3b) 

Figure %I  Geometry for scattering of a photon by an electron Ltitially at rest. 
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We see that there is a wavelength change of the order of A, upon 
scattering. For long wavelengths A>>& (i.e., hv<<mc2) the scattering is 
closely elastic. When this condition is satisfied, we can assume that there is 
no change in photon energy in the rest frame of the electron. 

Although a derivation is outside the scope of this text, let us briefly 
describe the quantum effect on the cross section. 'The differential cross 
section for unpolarized radiation is shown in quantum electrodynamics 
(Heitler, 1954) to be given by the Klein-Nishina formula 

Note that for C , - E  Eq. (7.4) reduces to the classical expression. The 
principal effect is to reduce the cross section from its classical value as the 
photon energy becomes large. Thus Compton scattering becomes less 
efficient at high energies. The total cross section can be shown to be 

3 l + x  2X(l+X) 
(I = (IT' 4 [ - ( 

x3 1 +2x 

(7.5) 

where x f h v /  mc2. In the nonrelativistic regime we have approximately 

0 4 1 - 2 x + - + . . .  26x2 
5 

, x<<l, (7.6a) 

whereas for the extreme relativistic regime we have 

x>>l. (7.6b) 

Scattering from Electrons in Motion: Energy Transfer 

In the rest of this section we assume that in the rest frame of the electron 
hv< mc2, so that the relativistic corrections in the Klein-Nishma formula 
may be neglected. Whenever the moving electron has sufficient kinetic 
energy compared to the photon, net energy may bt: transferred from the 
electron to the photon, in contrast to the situation indicated in Eq. (7.2). In 
such a case the scattering process is called inverse Compton. 

Let us call K the lab or observer's frame, and let K' be the rest frame of 
the electron. The scattering event as seen in each frame is given in Fig. 7.2. 
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f 

K K ’  

F i p e  7.2 Scattering geometries tr the obseroer’s frame K and in the electron 
mst fmme K’.  

Note that our previous formulas for scattering from electrons at rest 
should now be written in primed notation, since they hold in the electron 
rest frame. From the Doppler shift formulas, [cf. (4.12)], 

Now, we also know, from Eq. (7.2) that 

1 €’ 
€ ; = € I  1 - - ( I  -cos0)  [ mc2 

(7.7a) 

(7.7b) 

(7.8a) 

cos0 = cosB; cos6’+ sinB’sinB;cos(+’ - (p’,), (7.8b) 

where +; and (p’ are the azimuthal angles of the scattered photon and 
incident photon in the rest frame. 

In the case of relativistic electrons, y2  - 1 >>hv/rnc2, the energies of the 
photon before scattering, in the rest frame of the electron, and after 
scattering are in the approximate ratios 

1 : y : y*, 

providing that the condition for Thomson scattering in the rest frame 
yr<<mc2 is met. This follows from Eqs. (7.7), since B and 6,’ are characteris- 
tically of order 7r/2. 

This process therefore converts a low-energy photon to a high-energy 
one by a factor of order y2. Since the intermediate photon energy can be as 
high as, say, 100 keV and still be in the Thomson limit, it can be seen that 
photons of enormous energies ( y x  100 keV) can be produced. If the 



~noerse Compton Powerfor Strgle Scattering 199 

intermediate energy is too high, then both quantum effects mentioned in 
the previous section act to reduce the effectiveness of the process, by 
making c;<c and by reducing the probability of scattering. Kmematical 
effects alone limit the energy attainable: From the conservation of energy 
we can write c, <ymc2 + c. Fixing E and letting y become large, we see that 
photon energies larger than - y m Z  cannot be obtained. 

7.2 INVERSE COMIYTON POWER FOR SINGLE 
SCATTERING 

In the preceding section the formulas referred to Compton scattering of a 
single photon off a single electron. Now we want to derive average 
formulas for the case of a given isotropic distribution of photons scattering 
off a given isotropic distribution of electrons. An elegant way to average 
Eqs. (7.7) and (7.8) over angles, due to Blurnenthal and Gould (1970), is 
sketched below. Let the photon phase space distribution function be n(p) ,  
which is a Lorentz invariant. Let udc be the density of photons having 
energy in range dc. Then v and n are related by 

udc= n d 5 .  (7.9) 

Recall that d$ transforms in the same way as energy under Lorentz 
transformations [cf. Eq. (4.106b)l. Thus udc/c is a Lorentz invariant: 

vdc v'dd -- -- 
c E' * 

(7.10) 

The total power emitted (i.e., scattered) in the electron's rest frame can 
be found from 

(7.1 1) 

where u'dd is the number density of incident photons. We now assume 
that the change in energy of the photon in the rest frame is negligible 
compared to the energy change in the lab frame, y2 - 1 > > c / m c 2 ;  thus we 
can equate E; = d. Now, we also know 

dE, dE; 
dt dt' 

-=- (7.12) 



by the invariance of emitted power. Thus we have the result 

(7.13) 

In Eqs. (7.12) and (7.13) we have again made the assumption that yE<<mc2, 
so that the Thomson cross section is applicable. As is seen in Problem 7.3, 
a variety of scattering processes might be expected to satisfy h s  criterion. 

Now, since c' = q( 1 - p cos e), Eq. (7.13) becomes 

dt (7.14) 

which now referes solely to quantities in frame K. For an isotropic 
distribution of photons we have 

1 
3 

(( 1 - pcosq2)  = 1 + - p2,  

since (cose) = 0 and (cos2e) = f. Thus we obtain 

(7.15a) 

where 

is the initial photon energy density. The rate of decrease of the total initial 
photon energy is 

Thus the net power lost by the electron, and thereby converted into 
increased radiation, is 

Since y2  - 1 = y 2 p  ', we finally have 

(7.16a) 
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When the energy transfer in the electron rest frame is not neglected, Eq. 
(7.16a) becomes (cf. Blumenthal and Gould, 1970, but subtract out incom- 
ing energy) 

(7.16b) 

where (c2) and ( E )  are mean values integrated over up,,. Note that Eq. 
(7.16b) allows energy to be either given or taken from the photons. 

Recall that the formula for the synchrotron power emitted by each 
electron is [cf. Eq. (6.7b)l 

Using Eq. (7.16a), we have the general result: 

(7.17) 

(7.18) 

that is, the radiation losses due to synchrotron emission and to inverse 
Compton effect are in the same ratio as the magnetic field energy density 
and photon energy density. Note that this result also holds for arbitrary 
values of the electron's velocity, not just for ultrareiativistic values. It does, 
however, depend on the validity of Thomson scattering in the rest frame so 
that Y E  << mc'. 

From Eq. (7.16) one can compute the total Compton power, per unit 
volume, from a medium of relativistic electrons. Let N(y)dy  be the number 
of electrons per unit volume with y in the range y to y + dy. Then 

For example, if 

(7.19) 

(7.20) 

(7.2 I )  
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From Eq. (7.16a) we can also compute the total power from a thermal 
distribution of nonrelativistic electrons of number density ne. Taking y w  1, 
( p 2 )  = ( v 2 / c 2 )  =3kT/mc2, we obtain 

(7.22) 

We show below, in Eq. (7.36), that the factor in parentheses is the 
fractional photon energy gain per scattering, when ~<<4kT. 

7.3 
SCATTERING 

INVERSE COMPTON SPEnRA FOR SINGLE 

The spectrum of inverse Compton scattering depends on both the incident 
spectrum and the energy distribution of the electrons. However, it is only 
necessary to determine the spectrum for the scattering of photons of a 
given energy c0 off electrons of a given energy ymc2, because the general 
spectrum can then be found by averaging over the actual distributions of 
photons and electrons. We consider here cases in which both the photons 
and electrons have isotropic distributions: the scattered photons are then 
also isotropically distributed, and it only remains to find their energy 
spectrum. 

To demonstrate the techniques involved without being burdened by 
excessive detail, we treat the case yq,<<rnc2, implying Thomson scattering 
in the rest frame. The small energy shift given by Eq. (7.2) is also ignored. 
In addition, we make the assumption that the scattering in the rest frame is 
isotropic, that is, we assume that 

instead of the more exact Eq. (7.lb). This will give the correct qualitative 
behavior of the results. 

It  is convenient when dealing with such problems of scattering to use an 
intensity I based on photon number rather than energy. The number of 
photons crossing area dA in time dt within solid angle d Q  and energy 
range dc is, then, IdAdrdadc. This intensity can be found from the 
monochromatic specific intensity by dividing by the energy. A similar 
definition holds for the emission functions. 

Suppose that the isotropic incident photon field is monoenergetic: 

I (  E )  = Fo6( E - Eo), 



where Fo is the number of photons per unit area, per unit time per 
steradian. Let us determine the scattering off a beam of electrons of 
density N and energy ymc2 traveling along the x axis (see Fig. 7.2). The 
incident intensity field in the rest frame K ’  is 

using Eq. (4.1 10) and remembering the extra factor of c implied by the 
present definition of I .  From the Doppler formulas (4.12) we have 

where p‘ is the cosine of the angle between the photon direction in the rest 
frame and the x axis. The emission function in K’ is given by Eqs. (1.84) 
and (1.85): 

wherej’ is the number of emitted photons per unit volume per unit per 
steradian. We have here introduced the elastic scattering assumption that 
the scattered photon energy ci equals the incident energy c’. It follows that 

= 0, otherwise. 

The emission function in frame K can be found from Eq. (4.1 13) 

= 0, otherwise. 
(7.23) 
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Here we have used N = yN' ,  relating the densities in the two frames, and 
also Eq. (4.12). 

The above results hold for a beam of electrons. To obtain the results for 
an isotropic distribution of electrons we must average over the angle 
between the electron and emitted photon: 

N+O A 4  = -. 
4e0y2/32 

The quantityj(cl,pl) is nonzero only for a certain interval of pl: 

1-p - < 2 < 1 (7.244 ( 1  + p)f' -( 1 - p), 
€0 l + P  €0 

€ 1  € 1  l + P  (7.24b) 
(1 + P )  - - (1 - P ) ,  

€0 €0 1-p'  1 < - < - 

$ [ l - $ ( l + P )  < P I < -  1- - (1 -P) ,  ] ;[ :: I 
which follows from the restriction on Eq. (7.23). When is less than 
(1 - P ) / (  1 + @) or greater than (1 + P ) / (  1 - p), there is no overlap between 
this interval and ( -  1, l), soJ'(cI) vanishes. The other cases for the limits of 
the pl integral are: 

Therefore, we obtain the result: 

0, otherwise. (7.24~) I 

Since Na,Fo is the rate of photon scattering per unit volume, per unit solid 
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angle, the first of these simply expresses the conservation of number of 
photons upon scattering. The second expresses the average increase in 
photon energy per scattering [cf. Eq. (7.16a)l. 

The function j ( c , )  is plotted for several values of p in Fig. 7.3~2. For 
small p the curves are symmetrical about the initial photon energy q,. As p 
increases, the portion of the curve for e>c0 becomes more and more 
dominant, expressing the upward shift of average energy of the scattered 
photon. 

For values of p near unity (y>>l)  it is convenient to rescale the energy 
variable and write 

(7.25) € 1  X f  -, 
4Y2% 

The emission function, in our isotropic approximation, is dominated by 
Eq. (7.24b) and can be written as 

(7.26a) 

where 

f ,so(x)=-(l-x),  2 O<x<l, (7.26b) 
3 

and zero otherwise. Note that the vanishing of fis,(x) for x > 1 comes about 
from the restriction eI/cO < (1 + p) / (  1 - p )  on Eq. (7.24), whch for y>> 1 
becomes ~ ~ / ~ ~ < 4 y ' .  

When the exact angular dependence in da'/dQ2' is included, the expres- 
sion forf(x) in the limit y>> 1 is given by (see Blumenthal and Gold, 1970): 

A comparison of these two forms for f ( x )  is given in Fig. 7.3b. Notice that 
most qualitative features of the exact result are preserved by the approxi- 
mate one. 

The spectrum resulting from the scattering of an arbitrary initial 
spectrum off a power law distribution (Eq. 7.20) of relativistic electrons 
can now be found. Let us use u(c),  the initial photon number density 
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introduced in Eq. (7.9), related to the isotropic intensity by u(c) = 
4 ~ c - ~ I ( c ) .  Then the total scattered power per volume per energy is 

dE 
dVdt dc 

= 477.5, j (  € 1 ) 

Changing the variable of integration from y to x in the second integral 
yields 

(7.28 b) 

where x ,  -~~/ (4y:e)  and x2=c1/(4y;c).  Now, suppose that y2>y1 and that 
D ( E )  peaks at some value i. The second integral in Eq. (7.28b) is then 
independent of c, and can be removed. The final result is then 

where 

We point out that Eq. (7.29) is valid only over a range in e, such that the 
upper and lower limits in the integral of Eq. (7.28b) can be extended to 
zero and infinity. If Z is the typical energy of a photon in the distribution 
of incident photons, then this range is approximately given by 4y:Z<<rl<< 
47222. In particular, Eq. (7.29) cannot be integrated over all e l  to obtain the 
total power-instead, one must return to Eqs. (7.28a) or (7.28b) in their 
exact forms. The spectral index is seen to be 

(7.30) 

identical to the case of synchrotron emission (cf. i6.3). 
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When o(e) is the blackbody distribution, that is, 

8TE2 1 
h3c3 exp(e/kT)- 1 ' 

U ( E )  = - 

we obtain from (7.29), and 23.2.7 of Abramovitz and Stegun (1965), 

where 

and 3 denotes the Riemann zeta function, defined by 

The general problem of scattering of an isotropic photon field from an 
isotropic electron distribution, including the Compton effect and Klein- 
Nishina cross section, has been solved by Jones (1968), and the interested 
reader should look there for details. 

7.4 
IN A FINITE, THERMAL MEDIUM: THE COMPTON Y 
PARAMETER 

ENERGY TRANSFER FOR REPEATED SCATTERINGS 

Before discussing in some detail the effect of repeated Compton scattering 
on the spectrum and total energy of the photon distribution, it is useful to 
determine the conditions under which the scattering process significantly 
alters the total photon energy. We restrict our considerations to situations 
in which the Thomson limit applies: yc<mc2. 

In finite media one may define a Compton y parameter, to determine 
whether a photon will significantly change its energy in traversing the 
medium: 

Y E  
average fractional 
energy change per 
scattering 

). (7.32) 
mean number of 
scatterings 
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The quantities in parentheses are evaluated below. In general when y z  1, 
the total photon energy and spectrum will be significantly altered; whereas 
fory<<l, the total energy is not much changed. 

It is convenient to evaluate the first term in Eq. (7.32) for a thermal 
distribution of electrons. Consider first the nonrelativistic limit. Averaging 
Eq. (7.8a) over angles, we obtain 

(7.33) 

Now, in the lab frame to lowest order in the two small parameters e / m c 2  
and k T / m c 2 ,  this must be  of the form 

E akT +- A€ -= - -  
E mc2 me2’  

(7.34) 

where a is some coefficient to be determined. To calculate a, imagine that 
the photons and electrons are in complete equilibrium but interact only 
through scattering. We assume that the photon density is sufficiently small 
that stimulated processes can be neglected. The photons thus have a 
Bose-Einstein distribution with a chemical potential rather than a Planck 
distribution because photons cannot be created or destroyed by scattering. 
In the nondegenerate limit (where sticlulated effects are negligible) the 
appropriate distribution is Eq. (6.51), and we have the averages 

( E )  = J c  dc / dc = 3 kT, (7.35a) 

(€2)  = 12(kT)2. (7.35b) 

For this hypothetical case no net energy can be transferred from photons 
to electrons, so 

( A E ) = O =  - ( E )  akT  - - (c2> 
mc2 mc ’ 

= x ( a  -4)kT, 
mc2 

giving the result a =4. Thus for nonrelativistic electrons in thermal 
equilibrium, the expression for the energy transfer per scattering is 

€ 
(A€)NR = - (4kT- E). 

mc2 
(7.36) 
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Note that if the electrons have high enough temperature relative to 
incident photons, the photons may gain energy. This is called inverse 
Compfon scattering. If r>4kT,  on the other hand, energy is transferred 
from photons to electrons. 

In the ultrarelativistic limit, y>> 1, ignoring the energy transfer in the 
electron rest frame, Eqs. (7.7) show that 

(7.37) 

where the 4/3 results from angle averaging Eqs. (7.37) and is derived in 
97.2. For a thermal distribution of ultrarelativistic electrons, we have, using 
arguments analogous to those leading to Eq. (7.39, 

Thus Eq. (7.37) becomes 

(7.38) 

Now, the second term in Eq. (7.32) may be evaluated using Eqs. (1.89a) 
and (1.89b). For a pure scattering medium we have 

mean number of 
scatterings (7.39a) 

(7.39b) 

Here K~~ is the electron scattering opacity, which for ionized hydrogen is 

OT 

mP 
K,, = - = 0.40 cm2 g- ' (7.40) 

and where R is the size of the finite medium. Combining Eqs. (7.32), (7.36), 
(7.37), and (7.39), we then obtain expressions for the Compton y parameter 
for relativistic and nonrelativistic thermal distributions of electrons: 

(7.4 1 a) 

(7.41b) 
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We have assumed that the energy transfer in the electron rest frame is 
negligible, that is, 4kT>> E in the nonrelativistic case. The importance of 
they parameter is illustrated in Problem 7.1. There it is shown that input 
photons of initial energy c, emerge with average energy q-eie-” after 
scattering in a cloud of nonrelativistic electrons (as long as ~,<<4kT). 

In media in which absorption is important, it is convenient to define a 
frequency-dependent Compton parameter, y( Y). For this parameter the 
relevant 7es(v) must be measured from an effective absorption optical 
depth, 7 * ( ~ ) ,  of order unity. Thus 7, , (v )=p~, , I*(~)  (cf. 51.7), and using Eqs. 
(1.96), we obtain 

(7.42) 

where K , ( Y )  is the absorption opacity. Equation (7.42) gives the scattering 
optical depth to the surface from the characteristic point of emission of a 
photon of frequency v. The definitions for y,,(v) and y,(v) are identical to 
Eqs. (7.41a) and (7.41b) with 7es replaced by 7 J v )  of Eq. (7.42). 

7.5 
REPEATED SCATTERINGS BY RELATIVISTIC ELECTRONS 
OF SMALL OPTICAL DEPTH 

INVERSE COMPTON SPECTRA AND POWER FOR 

In 57.3 it has been shown that a power-law spectrum results from inverse 
Compton scattering off a power-law distribution of relativistic electrons. 
This is not surprising, since any quantity scaled by a factor that has a 
power-law distribution will itself have a power-law distribution. However, 
as we now show here, for relativistic electrons, and below for nonrelativis- 
tic electrons, a power-law photon distribution can also be produced from 
repeated scatterings off a nonpower-law electron distribution of small 
scattering depth. 

Let A be the mean amplification of photon energy per scattering, that is, 

€1 A = -  
€ 

- - (y2)  4 = 16( -) kT ’ , 
3 mc2 

(7.43) 

where the second equation follows for a thermal electron distribution, (cf. 
57.4). Consider an initial photon distribution of mean photon energy 4, 
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such that q <<(y2) - ‘/2mc2 , and intensity Z(q) at E,. Then, after k scatter- 
ings, the energy of a mean initial photon will be 

(7.44) k ck-€,A . 

If the medium is of small scattering optical depth (and much smaller 
absorption depth), then the probability pk(7,,) of a photon undergoing k 
scatterings before escaping the medium is approximately pk(re3)-r$ The 
intensity of emergent radiation at energy ck is roughly proportional to 
pk(T,,), since the bandwidth of the Compton produced spectrum is compar- 
able to the frequency. Thus the emergent intensity at energy ck has the 
power-law shape 

where 

- In res a=----..- - 
1nA * 

(7.45a) 

(7.45b) 

The above qualitative derivation of Eq. (7.45) was first given by Ya. B. 
Zeldovich and has been verified in numerical Monte Carlo calculations by 
L. A. Pozdnyakov, I. M. Sobol, and R. A. Sunyaev (1976). 

Equation (7.45) only holds for emergent photons satisfying c k / (  y 2 ) 1 / 2 s  
me2, so that the energy amplification at the last scattering is correctly 
described by Eq. (7.43). Note, however, that such photons are just those 
that emerge at energies - k T  in a thermal distribution of relativistic 
electrons. 

The total Compton power in the output spectrum is given by 

The factor in square brackets is approximately the factor by which the 
initial power a Z(q)c, is amplified in energy. Clearly, this amplification will 
be important if a < 1. From Eq. (7.45b) we conclude that energy amplifica- 
tion of a soft photon input spectrum is therefore important when 

A 7 e s - 1 6 ( k T / m c 2 ) 2 ~ e s ~  1, (7.47) 

where the intermediate step holds if the electrons are thermal. Note that 
Eq. (7.47) is equivalent toy,>,l [cf. Eq. (7.41b)l for ~ ~ ~ 5 1 .  
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7.6 REPEATED SCATTERINGS BY NONRELATIVISTIC 
ELECTRONS: THE KOMPANEETS EQUATION 

Consider now the evolution of the photon phase space density n(w) due to 
scattering from electrons. We assume that n(w) is isotropic. Iff,@) is the 
phase density of electrons of momentum p, then the Boltzmann equation 
for n(o) is 

where we consider the scattering events 

The first term in Eq. (7.48) represents scattering into frequency w by 
photons of frequency a,, whereas the second term represents scattering out 
of frequency w into frequencies w , .  The relationship between w and w ,  is 
given by Eqs. (7.50), (7.53) and Problem 7.4 and is a function of the 
scattering angles. The dependence on angles disappears after integration 
over dQ. The factors 1 + n(o) and 1 + n(wl) take into account stimulated 
scattering effects; that is, the probability of scattering from frequency w ,  to 
w is increased by the factor 1 + n(w) because photons obey Bose-Einstein 
statistics and tend toward mutual occupation of the same quantum state 
[cf. Eqs. (1.68) and (1.74) and 0 1.51. Aside from these quantum mechanical 
correction factors, Eq. (7.48) is a standard form in kinetic theory. In 
general, the Boltzmann equation can be solved only for special cases or 
with approximations. We give approximate solutions in the nonrelativistic 
limit below. 

A detailed analysis of the evolution of the spectrum in the presence of 
repeated scatterings off relativistic electrons is difficult because the energy 
transfer per scattering is large and one must solve the full integrodifferen- 
tial equation, (7.48). However, when the electrons are nonrelativistic, the 
fractional energy transfer per scattering is small. In particular, the Boltz- 
mann equation may be expanded to second order in this small quantity, 
yielding an approximation called the Fokker- Planck equation. For photons 
scattering off a nonrelativistic, thermal distribution of electrons, the 
Fokker-Planck equation was first derived by A. S. Kompaneets (1957) and 
is known as the Kompaneets equation. 

For a thermal distribution of nonrelativistic electrons, the phase space 
density f , (E ) ,  where E =p2 /2m,  is given by 

L( E )  = n e ( 2 T m k ~ )  - 3/2e  - (7.49) 
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where n, is the electron space density. We define the dimensionless energy 
transfer to the photons as 

(7.50) 

We now consider situations in which the energy transfer is small, A 4 1 ,  
and expand & ( E l )  and n ( w l )  for this regime. For example, for n(wJ this 
expansion, ro second order, is 

(7.51) + -(wl 1 - w )  2 ___ a ’n(4 + . . . n(w,)=n(w)+(w,  -0)- 
aw 2 aw2 

Now letting 

we obtain, to second order in A, 

du 
at dS2 

c - = [ n‘+ n( 1 + n)] / I d $  - dS2feA 

(7.52) 

where n’=an/ax and so on. The term in A gives the “secular” shift in 
energy, and the term in A’ gives the “random walk” change in energy. 

Let us first compute the second integral, 12, in Eq. (7.52), whch gives the 
random walk contribution to an/&. Using a derivation completely analo- 
gous to that leading to Eq. (7.2) but with the electron not initially at rest, 
one finds (Problem 7.4), 

(7.53) 

where p is the electron momentum before collision and n and n, are unit 
vectors along the photon direction before and after collision, respectively. 
Now, using the formula for d u / d 0 ,  Eq. (7.1 b), and the above equations, 
one obtains (Problem 7.4), 

1 , = 2 x 2 n , 4 2 ) + 0 ( ~ ) .  2 

me’ mc2 
(7.54) 



Repeated Scattehgs by Novvelatioistic Electrmrc The KompMeeis Equation 2 15 

We can similarly evaluate the integral I , ,  but this is more difficult than 
I,. A simpler method uses photon conservation and detailed balancing. 
Since n is the photon phase space density and x is proportional to 
momentum, then the change in number of photons per unit volume, which 
must vanish, is proportional to 

d I n x 2 d x  = J 2 x 2 d x  = O .  
dt 

It is thus clear that a n / &  must be of the form (Problem 7.4) 

an ~a [ x ” j 4 ] .  at x 2  ax  
-=- - -  (7.55a) 

By comparison with Eq. (7.52), j must be of the form 

j =  g ( x ) [  n’ + h h x ) ] ,  (7.5%) 

with h and g two functions to be determined. Now, we know that a 
Bose-Einstein photon distribution with finite chemical potential, 

n = ( e a + x  - I)-‘, (7.56) 

must be in thermal equilibrium with the electrons, with j =O. Requiring 
n’+ h(n,x)=O for n given by Eq. (7.56) then determines 

h ( n, x )  = n( 1 + n). (7.57a) 

Comparison of Eqs. (7.57a) and (7.55) with (7.54) and (7.52) then yields the 
two desired results: 

(7.57 b) 

(7.58) 

Note that the “secular term” of the Fokker-Planck equation, proportional 
to I , ,  states that energy is gained or lost depending on the sign of 4- x ,  in 
agreement with Eq. (7.36). 

Substitution of Eqs. (7.57) into (7.55) then yields the Kompaneets 
equation, describing the evolution of the photon distribution function due 
to repeated, nonrelativistic, inverse Compton scattering: 

at, an =( z),rax kT ’ a [ x 4 ( n ’ + n + n 2 ) ]  (7.59) 



Here, the quantity 

t,=(n,o,c)t 

is the time measured in units of mean time betbeen scatterings. 
In general, Eq. (7.59) must be solved by numerical integration. However, 

several important limiting cases can be pointed out here. First, note that 
the spectrum reaches equilibrium after photons have been “scattered up” 
to energies forming the Bose-Einstein distribution, Eq. (7.56). This 
steady-state, “saturated” spectrum is approximated by a Wien law (cf. Eq. 
(1  .54)1 

n( x) a e - (7.60) 

when the occupation number is small; that is, cu>>l. Note also that for 
times short compared to that required to reach saturation, so that the mean 
hv of an initially low energy photon distribution is still small compared to 
kT, x<<l, the total energy density of the photons increases with time 
according to 

dE 8.rr 4kT 
- dtc = 

- ( k T ) 4 g J m n x ’ d x ; s (  c3h3 4 0 -) mc E .  (7.6 la) 

Here we have neglected the n and n2 terms compared to the n’ on the 
right-hand side of Eq. (7.59) and have performed two integrations by parts. 
From Eq. (7.61a) i t  can be seen that the total energy in a soft input 
spectrum increases initially as 

E(t)=E(O)exp( 7 4kT t c ) .  

mc 
(7.6 1 b) 

Note the similarity between this expression and that for the energy gain of 
a single photon in scattering out of a finite medium, Problem 7.1: 

E,= q e Y ,  (7.62) 

where Max(T,,,& plays the role of r,. 

7.7 
NONRELATIVISTIC ELECTRONS 

SPECTRAL REGIMES FOR REPEATED SCATTERING BY 

A detailed analysis of Compton spectra requires a solution of the 
Kompaneets equation, Eq. (7.59), with a photon source term. For 
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frequencies where y<< 1 (modified blackbody) or y>> 1 (saturated Comp- 
tonization), approximate analyses are usually adequate. For intermediate 
cases (unsaturated Comptonization) we return to the more detailed treat- 
ment required by the Kompaneets equation. 

To delineate regimes it is convenient to introduce several characteristic 
frequencies. We are concerned with thermal media in which absorption 
and emission arise from free-free (bremsstrahlung) processes, (see 85.3). In 
such media the relative importance of absorption is greatest a t  low 
frequencies. Consider first the frequency, yo, at which the scattering and 
absorption coefficients are equal: From Eqs. (1.22), (5.18), and (7.40), we 
have 

(7.63b) 

where xo=hv,/kT and #,Ax) is the free-free Gaunt factor. In the range of 
interest, g,, is approximated by, (Fig. 5.2) 

For x=hv/kT<x,,, scattering will be unimportant; whereas for x >xo, 
scattering will modify the spectrum. Note that if xoN> 1, scattering is 
unimportant over most of the spectrum. In all the following discussion we 
assume xo<< 1. 

Consider next the frequency v, at which the medium becomes effectively 
thin. From Eqs. (1.97) and (5.18) we have 

(7.64b) 

where x,-hv,/kT and T~~ is the total optical depth to electron scattering, 
Eq. (7.39b). For values of x>x,, absorption is unimportant. Note that in 
the range xo <x <xI  both scattering and absorption are important. 

Finally, we introduce the frequency vCoh for which incoherent scattering 
(inverse Compton effects) can be important. This frequency is so defined 
that y(vcoh)= 1, that is, for p > v c o h  inverse Compton is important between 
emission and escape from the medium. Note that this frequency is defined 
only if they parameter for the full thickness of the medium, Eqs. (7.39)- 
(7.41), exceeds unity. Otherwise, inverse Compton scattering is unim- 
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portant at all frequencies. From Eqs. (7.41), (7.42), and (5.18), for X,,h<<l, 

(7.65a) 

From Eqs. (7.64) and (7.65), we see that inverse Compton is important, 
and xcoh is defined, only when x,,h <x,. 

Modified Blackbody Spectra; y << 1 

For y<< 1, only coherent scattering is important. Then, from Problem 1.10, 
we have for the emergent intensity in a scattering and absorbing medium 

2 4  I” = (7.66) 

The functional form of Eq. (7.66), in the limit Kes>>K,hv>, may also be 
derived by the simple random-walk considerations leading to Eq. (1.102). 
We see that at values of x<<x, Eq. (7.66) reduces to the blackbody 
intensity, whereas at values of x>x0 Eq. (7.66) becomes a “modified 
blackbody spectrum,” 

I,”” = 2 (7.67a) 

=8.4x 10-4~5/4,,1/2-’/2 3/2e-X/2(eX- 
gfl 

X erg s - ’  cm-2 Hz-’  ster-I. (7.67b) 

For xo<< 1 Eq. (7.63bj gives the approximate equation for xo: 

x,-6.3 x 1 0 ’ * ~  -7/4pi/2[ gr,(xo)]’/2. (7.68) 

Note that at frequencies xo<< x << 1, I,”” cc Y instead of the Rayleigh-Jeans 
law IvWa v2. The total flux in a modified blackbody spectrum is approxi- 
mately 

(7.69) 
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where we have taken the Rosseland mean, K ~ ,  for the frequency-averaged 
K,, [cf. Eq. (5.20)]. 

Equation (7.66) actually applies only to a medium that is an infinite 
half-space. For finite media it is necessary to determine the value of x, [cf. 
Eq. (7.64b)l. For x,<xo the emission is blackbody at x<x, and optically 
thin bremsstrahlung for x >x,, with scattering never important. For xo <x, 
< 1, the emission is correctly described by Eq. (7.66) for x <x, and is then 
optically thin bremsstrahlung for x >x,. For x, > 1 the medium behaves as 
if it were infinite, and Eq. (7.66) may be used for the entire spectrum. 

The above relations for the modified blackbody spectrum were first 
discussed by Felten and Rees (1972) and by Illarionov and Sunyaev (1972). 

Wien Spectra; y >> 1 

When y>> 1, inverse Compton may be important, depending on whether 
xcoh<< 1 or xcoh>> 1. In the latter case, inverse Compton may be neglected, 
since the majority of the photons and energy, that is, the spectrum in the 
region x . 5  1, undergo coherent scattering. The preceding subsection may 
be used to describe the spectrum. We therefore consider only the case 
Xcoh << 1. 

For xcoh << 1, Eqs. (7.63) and (7.65) give 

(7.70) 

The spectrum is correctly described by Eq. (7.66) for x<<xcoh, but for 
x 2 x C o h  we must consider inverse Compton effects, (see Fig. 7.4). In this 
region of the spectrum, if xc,,<<l, inverse Compton will go to saturation, 
and $7.6 shows that a Wien intensity will be produced [cf. Eq. (1.54)]: 

(7.7 1) 

where the factor e - a  is related to the rate at which photons are produced. 
(Recall that the photon number is conserved in the scattering process.) The 
total flux in a spectrum of the form of Eq. (7.71) is 

1 2 ~ e ~ " k ~ T ~  
FW(erg s - '  c m - 2 ) = r  Ivwdv= J c2h3 

(7.72) 

while the mean photon has an energy hv= 3kT. 



220 Compton Scattering 
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Figure 7.4 Spectrum from a thermal, nonrelativistic medium chamcterized by 
free-free emission and absorption and by saturated k r s e  Compton scattering. 
At  low frequencies the spectnun is bkckbody then becomes modified blackbody 
luui, at high fiequench, becomes a Wwn spectrum 

The rate at which energy is generated in the Comptonized spectrum can 
be calculated approximately by shifting all of the bremsstrahlung photons 
to energies kT: 

dWW dt d V  (erg - '  cm-')-kT/( g ) d v  hv 

Here 4f(erg s - '  cm-' Hz-I) is the bremsstrahlung (free-free) energy 
generation rate given by Eq. (5.14), and d(erg  s-'  cm-') given by Eq. 
(5.15) is the total energy per unit time per unit volume. This integral may 
be approximated by evaluating g at the lower limit, vCh, and letting ephVlkT 
be a step function that is unity for hv <kT and then zero for hv>kT. The 
result is, using the analytical approximation to 2 given in Fig. 5.2, 

(7.74a) 

3 
~ ( p ,  T)= - 4 [ ln(2.25/~~,,,)]~. (7.74b) 

Here A(p,T) is the factor by which inverse Compton amplifies the 
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bremsstrahlung power. Equation (7.74), including the more exact overall 
numerical factor, was first derived by Kompaneets (1957). 

To calculate the emergent flux from Eq. (7.74), and hence the normaliza- 
tion of Eqs. (7.71) and (7.72), we must multiply Eq. (7.74) by a characteris- 
tic depth. If x, << 1, then the medium is effectively t h n  for most photons 
and Fw-RAcfl, where R is the size of the medium. If x,>l then, since 
photons at energies x>xc,, amplify quickly to x-1, R is replacei by E, 
where T * (  F,x = 1)-1. The emergent intensity is shown in Fig. 7.4. 

Unsaturated Comptonization with Soft Photon Input 

Finally, we must consider situations in which y>>l, but in whch xco,,-l; 
that is, media for which the inverse Compton process is important but does 
not saturate to the Wien spectrum for most photons. In this case an 
analysis of the Kompaneets equation is required. 

Let us consider a steady-state solution to this equation, under certain 
idealizations. For steady-state solutions in a finite medium it is necessary 
to consider both the input and the escape of photons. Denote the photon 
source by Q(x). The photon escape is a spatial diffusion process. However, 
for photons which have scattered many times, it is a fair approximation to 
assume that the probability for a photon to escape per Compton scattering 
time is equal to the inverse of the mean number of scatterings, Max(.r,,, ~ 2 ~ ) .  
With this approximation, one may consider a modified, steady-state 
Kompaneet’s equation of the form 

(7.75) 
n 

Max( 7es, 7:) ’ 
[ x 4 ( n ’ + n ) ] + Q ( x ) -  

where the n2 term, usually small in astrophysical applications, has been 
dropped. 

Assume now that Q(x) is nonzero only for x <xs, where x,< 1; that is, 
we have an input of “soft” photons, rather than the bremsstrahlung input 
considered previously. For x>>l, the term in brackets shows that an 
approximate solution is 

n cc e-”;  (7.76a) 

that is, the spectrum falls roughly exponentially at photon energies much 
above the electron temperature, as would be expected for a thermal 
spectrum. On the other hand, for x,<<x<< 1, the n term in brackets may be 
neglected in comparison with the n’ term, and one obtains the approximate 
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power-law solution: 
n a x m ,  

4 

Y 
m ( m + 3 ) -  - =0, 

(7.76b) 

(7.76~) 

(7.76d) 

where the Compton y parameter is given in Eq. (7.41a). The + root in Eq. 
(7.76d) is appropriate if y > l  (leading to the low-frequency limit of the 
Wien law in the limit y - + o o , i , c c x 3 n a x 3 ) ;  for y<<l, the minus root is 
appropriate. For y-1, one must take a linear combination of the two 
solutions, and no power law exists. 

Figure 7.5 illustrates the spectrum resulting from unsaturated Comptoni- 
zation. Note that measurement of only the shape of an unsaturated 
Compton spectrum with soft photon source determines both the electron 
temperature and the scattering optical depth of the source. The emergent 
intensity in the power-law regime satisfies 

1, - i,, ( $ ) + m. (7.77) 

The spectrum is clearly sensitive to y .  The input energy is significantly 
amplified for m 2 -4, that is, y 2 1. This result is quite analogous to that 
for the relativistic case considered previously in §7.5. Unsaturated Comp- 
ton spectra are treated in some detail in Shapiro, Lightman, and Eardley 
(1976) and Katz (1976). 

- 
h 

Fi- 7.5 Spctrum prodrrced by unsatumted Comptonization of low eneqp 
photons by thermal electrons. 
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PROBLEMS 

7.1-A cloud of nonrelativistic electrons is maintained at temperature T. 
The cloud is thick to electron scattering, ?,,>>I, but very thin to absorp- 
tion, ~ * ( h v = k T ) < < I .  A copious supply of “soft” photons, each of char- 
acteristic energy \,<<kT, is injected into the cloud. As a result of inverse 
Compton scattering, these initially soft photons emerge from the cloud 
with characteristic energies qf>>~,. It  is found that increases rapidly with 
increasing T ~ ,  as the latter is varied, until T,, reaches a critical value 7,,t, 

above which the Comptonization process “saturates.” 

as a function of E,, T , ~ ,  T,  and a. Find an approximate expression for 

b. Find an approximate expression for T,,~. 

c. Find a single parameter of the fixed medium that determines whether 
inverse Compton is a significant effect. 

fundamental constants. 

7.2-Consider the observed X-ray source of Problem 5.2. From the 
deduced characteristics of the source, determine a lower limit to the central 
mass M such that inverse Compton effects in the emission mechanism are 
negligible. 

7.3-Show that the photon energy in the electron rest frame is small 
compared to mc2 for the following cases: 

a. Electrons with y-lo4 scattering synchrotron photons produced in a 

b. Electrons with y-lo4 scattering the 3 K photons of the cosmic 

magnetic field B-0.1 G (typical of compact radio sources). 

microwave background. 

7.4-Derive Eqs. (7.53) to (7.55) for the Kompaneets equation. 
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PLASMA EFFECTS 

So far we have assumed our propagation medium to be a vacuum. In 
astrophysical applications free charges often play a substantial role in 
determining the propagation properties of the medium. Loosely speaking, a 
globally neutral, ionized gas is called a plasma. In this chapter we give an 
elementary treatment of some basic plasma effects. 

8.1 DISPERSION IN COLD, ISOTROPIC PLASMA 

The Plasma Frequency 

Maxwell’s equations for a vacuum can still be used for a plasma if the 
charge and current densities p and j due to the plasma are explicitly 
included. If we assume a space and time variation of all quantities of the 
form exp i&*r-wot) these equations are [cf. Eqs. (2.19) with microscopic 
fields and free and bound charges included] 

ik*E = 4zp, ik B = 0, 

W 477 w 
(8.1) 

i k X E =  i-€3, i k X B =  -j- i-E. 
C C C 
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Let us assume that our plasma consists of electrons with density n. The 
ions are neglected here, because they are very much less mobile than the 
electrons and contribute negligibly to the current. (They are important for 
certain wave motions other than radiation, however, and they do keep the 
plasma neutral globally.) We also assume that there is no external mag- 
netic field; thus the plasma is isotropic. Each electron responds to the 
electric field according to Newton's law (for an electron charge q = - e )  

m i  = - eE. (8.2) 

The magnetic force, being of order v/c, has been neglected. In terms of 
oscillating quantities v becomes 

eE 
iwm ' 

v =  - (8.3) 

Since the current density is given by j = - nev, we have 

where the conductivity, u, satisfies 

ine' 
l7= -. 

om 

By means of the charge conservation equation we find: 

- iwp+ ik*j =0, 

so that 

Using these expressions for j and p and introducing the dielectric constant 
c, defined by 

4TU 
€ 3 1 - - ,  

IW 

we find that Maxwell's equations become 

ik YE = 0, 

ikxE=i-B,  ikxB= - i-cE. 

ik*B = 0, 
w 0 

C C 



226 Plasma Eflects 

These equations are now “source-free’’ and can be solved in precisely the 
same way as before. We find again that k, E, and B form a mutually 
orthogonal right-hand vector triad, but now the relation between k and w 
becomes 

c2k2 = w2. (8.9) 

Substituting in Eq. (8.5) for u, we obtain an alternate expression for the 
dielectric constant 

2 

c=l-(:), 

where we have introduced the plasma frequency up, defined by 

47rne2 
m 

-. 

(8.10) 

(8.11) 

Numerically, we obtain 

wp = 5.63 x lo4,, s - l ,  (8.12) 

where n is given in crnp3. The dispersion relation connecting k and w can 
now be written: 

k = c-’dw-, 

w2 = up’+ k2c2. 

(8.13a) 

(8.1 3b) 

We see immediately from these equations that for w<w,, the wave 
number is imaginary 

(8.14) 

In this case the amplitude of the wave decreases exponentially on a scale of 
the order of 27rc/wp. Thus up defines a plasma cutoff frequency below which 
there is no electromagnetic propagation. For example, the earth’s iono- 
sphere prevents extraterrestrial radiation at frequencies less than about 1 
MHz from being observed at the earth’s surface (corresponding to naverage 
-lo4 cm-9. 

Note from the purely imaginary nature of u, Eq. (8.5), that j and E are 
90” out of phase with each other ( i =  e’”’’). Thus there is no time-averaged 
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mechanical work done on the particles by the field in an isotropic plasma, 
and no dissipation. 

The existence of the plasma cutoff yields an important method of 
probing the ionosphere. Let a pulse of radiation in a narrow range about w 
be directed straight upward from the earth's surface. When there is a layer 
at which n is large enough to make wp > w,  the pulse will be totally reflected 
from the layer. The time delay of the pulse provides information on the 
height of the layer. By making such measurements at many different 
frequencies, the electron density can be determined as a function of height. 

Group and Phase Velocity and the Index of Refraction 

When w ;> up, there is propagation of electromagnetic radiation with phase 
velocity 

w c  
k = - "r 

where n, is the index of refraction 

(8.15) 

(8.16) 

The phase velocity always exceeds the speed of light. The group velocity 

(8.17) 

on the other hand, is always less than c.  The wave energy travels at the 
group velocity, as does any modulation of the wave (information coding). 
See Jackson (1975) for a standard discussion of vph and vg and Problem 8.2 
for an alternative treatment. 

In a medium with variable electron density, and hence variable index of 
refraction, radiation travels along curved paths rather than in straight lines. 
Radio propagation in the ionosphere and solar corona is affected by such 
curved paths. The curved trajectories in inhomogeneous media may be 
obtained straightforwardly from application of Snell's law for ray bending 
(see e.g., Rossi, 1957) and are given by 

-- - Vn,  
d( nk) 

dl 
(8.18) 
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where n, k, and I are the index of refraction, ray direction, and ray path 
length, respectively. It can be shown (Problem 8.1) that it is the quantity 
ZV/$ that is constant along the ray, rather than I,. This is a generalization 
of Liouville's theorem, Eq. (1.12). 

An important application of the formula for group velocity is to pulsars. 
Each individual pulse from the pulsar has a spectrum covering a wide 
band of frequency. Therefore, the pulse will be dispersed by its interaction 
with the interstellar plasma, since each small range of frequencies travels at 
a slightly different group velocity and will reach earth at a slightly different 
time. 

Suppose the pulsar is a distance d away. Then the time required for a 
pulse to reach earth at frequency w is 

where s measures the line-of-sight distance from the pulsar to earth. The 
plasma frequencies in interstellar space are usually quite low (-ld Hz), so 
we can assume w>>wp and expand 

Thus we obtain 

(8.19) 

The first term is the transit time for a vacuum; the second term is the 
plasma correction. What is usually measured is the rate of change of 
arrival time with respect to frequency, dtp/dw. With the formula for w; this 
can be written 

(8.20a) 

where 

(8.20b) 



Propagation Along a Magnetic Field; Fiuwhy Ro&tion 229 

is the dispersion measure of the ray. By assuming a typical value for the 
electron density in interstellar space (n-0.03 ~ m - ~ )  an estimate of the 
pulsar's distance can be obtained. 

8.2 PROPAGATION ALONG A MAGNETIC FIELD; FARADAY 
ROTATION 

We now want to extend somewhat the above discussion of plasma propa- 
gation effects by considering the effect of an external, fixed magnetic field 
B,. The properties of the waves will then depend on the direction of 
propagation relative to the direction of B,. For this reason the plasma is 
called anisotropic. We also make the cold plasma approximation here, and 
treat only the special case of propagation along the magnetic field. 

Because of the magnetic field, a new frequency enters the problem, 
namely, the cyclotron frequency 

eB0 w e = - ,  
mc 

(8.21) 

which is the frequency of gyration for an electron about the field lines. 
Numerically we obtain, for B, in gauss, 

we = 1.67 X 107B, s - ', 
hoe = 1 .16X IO-'B, eV. 

(8.22a) 

(8.22b) 

The dielectric constant is no longer a scalar; it becomes a tensor and has 
different effective values for waves of different directions. The medium 
now also discriminates between different polarizations. Only waves with 
special polarizations have the simple exponential forms we have been 
assuming, E exp i (k .  r - w f )  where E is consfant. 

If the fixed magnetic field B, is much stronger than the field strengths of 
the propagating wave, then the equation of motion of an electron in the 
plasma is approximately 

dv e 
dt C 

m- = -eE- -vxB,. (8.23) 

Assume that the propagating wave is circularly polarized and sinusoidal: 

E(f)=Ee-.'"'(c, T&) ,  (8.24) 



where the - corresponds to right circular polarization and the + corre- 
sponds to left circular polarization. Assume further, for simplicity, that the 
wave propagates along the fixed field B,: 

B,= B,,e3. (8.25) 

Substituting Eqs. (8.24) and (8.25) into (8.23), one finds that the steady- 
state velocity v(t) has the form 

E(th (8.26) 
- ie 

v( t )  = 
m ( 0  * W E )  

where wE is given in Eq. (8.21). 

expression for the dielectric constant 
Comparison of Eq. (8.26) with Eqs. (8.3)-(8.5) and (8.7) then gives an 

€ R , L = I -  Up’ 

w(O rf. W B )  ’ 
(8.27) 

where the R,L corresponds to the + and - signs, respectively. These 
waves travel with different velocities. Therefore, a plane polarized wave, 
which is a linear superposition of a right-hand and a left-hand polarized 
wave, will not keep a constant plane of polarization, but t h s  plane will 
rotate as it propagates. This effect is called Faradq rotation. 

The phase angle + through which the electric vector of a circularly 
polarized wave moves in traveling a distance d is simply k-d. More 
generally, if the wave number is not constant along the path, the phase 
angle is 

where 

(8.28a) 

(8.28b) 

A plane-polarized wave is rotated through an angle A6, equal to one-half 
the difference between GR and +=, as can be seen from Fig. 8.1. We assume 
that w>>w,, and w>>w, so that 

(8.29) 
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( a )  

Figwe 8.14 Decomposition of linear polarization into conpments of right and 
kfi circular plarization 

(b )  

Figure 8.16 Faraday rotation of the prcUre of polarizatioa 

Thus we have the result 

or, substituting for and oB, we obtain the formula for Faraday rotation: 

(8.31) 

As derived here, this formula holds only if the direction of B is always 
along the line of sight. However, it can be shown that this formula holds in 
general if we use B,,,  the component of B along the line of sight. 

Since A 0  varies with frequency (as up*) for the same line of sight, we 
can determine the value of the integral JnB, ,  ds by malung measurements at 
several frequencies. This can be used to deduce information about the 
interstellar magnetic field. However, if this field changes direction often 
along the line of sight (as we believe it does), then this method gives only a 
lower limit to actual field magnitudes. 
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8.3 PLASMA EFFECTS IN HIGH-ENERGY EMISSION 
PROCESSES 

When fast particles radiate by means of a high-energy emission mechanism 
-like synchrotron, inverse Compton, or bremsstrahlung emission-this 
radiation is subject to all the plasma propagation effects mentioned previ- 
ously. In particular, we can expect little observable radiation below the 
cutoff frequency wp, whereas above wp the phenomena of pulse dispersion 
and path curvature may occur. When magnetic fields are present, Faraday 
rotation will degrade the degree of polarization of synchrotron sources. 

In addition, however, there are some specific effects on the high-energy 
emission processes themselves that can change the entire character of the 
emitted radiation. We shall describe two such effects, Cherenkm radiation 
and the Razin effect. Both of these require us to consider the induced 
motions and subsequent emission from the particles comprising the 
medium through which the fast particles are moving. Since we are only 
interested in the collective response of the medium, it is permissible to treat 
the medium in terms of a macroscopic dielectric constant E. For certain 
parts of the following discussion we make the assumption that the dielec- 
tric constant is independent of frequency and wave number. This is not 
strictly true, as we have seen, but it allows us to obtain the principal results 
quickly. For more detailed derivations, without use of this assumption, see 
Ginzburg and Syrovatskii (1965) and Razin (1960). For our assumption, 
Maxwell's equations can be written as 

1 V*E= - 4 ~ p ,  V*B=O, 
€ 

(8.32) 
1 aB 471 € aE 

VxE=---, V x B = - j + - - - .  
c dt c at 

It can easily be shown that these equations forma& result from Maxwell's 
equation in vacuum by the substitutions 

B-tB, @+fi @, (8.33) 

e - + e / f i ,  A+A. 

These equations may be solved in the same manner as before for the 
retarded and Lienard-Wiechert potentials, using Eqs. (3.7a), (3.7b), and 
(3. lo), and then making the substitutions indicated in Eqs. (8.33). 
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Cherenkov Radiation 

A charge moving uniformly in a vacuum cannot radiate, as such radiation 
would violate the results of relativity theory. The same conclusion holds 
for a charge moving uniformly through a dielectric medium, providing the 
velocity of the charge is less than the phase velocity of light in the medium. 
This can be proved directly from the modified Lienard-Wiechert poten- 
tials. These potentials differ from the vacuum case only in the scale of 
some of the parameters, according to the substitutions in Eqs. (8.33); thus 
these changes do not affect the conclusion that the fields fall off as 1 /R * 
and do not carry energy over large distances. 

If the medium has an index of refraction greater than unity, n, > 1, the 
velocity of the charge can exceed the phase velocity. In this case the 
potentials differ qualitatively from those of the vacuum. From Eqs. (8.33) 
the factor K =  1 - PcosO in Eqs. (3.7) becomes 

K =  1 -pn,cosO, (8.34) 

and this can vanish for an angle O such that cose =(n$) - ’ .  The potentials 
become infinite at certain places, and this invalidates the usual arguments 
concerning the 1 /R2  behavior of the fields. In consequence, the particle 
can now radiate. 

Another qualitatively different effect appears when u >c/n,, namely, 
that the potentials at a point may be determined by two retarded positions 
of the particle, rather than just one. This can be seen from Fig. 8.2. The 
points I ,  2, 3, and 4 denote successive positions of the particle, and the 
spheres represent “information spheres” generated at these positions, 
which move outward with the velocity c /nr .  

Looking at the case u>c /n ,  we note that space is divided into two 
distinct regions by a cone, the Cherenkm cone, such that points outside the 
cone feel no potentials as yet; inside the cone each point is intersected by 
two spheres, and thus each point feels the potentials due to two retarded 
positions of the particle. 

The resulting radiation, called Cherenkov radiation, is confined within 
the cone and moves outward in a direction normal to the cone with the 
velocity c/n,. Notice the similarity of this pattern with a shock pattern 
generated by a supersonic airplane: both are due to motion of a body at a 
velocity greater than that of wave propagation in the medium. The relation 
cosO=( Pn,)-’ can be understood from Fig. 8.3. Since cos0 < 1 and u / c  < 
1 it follows that 

C 
- < v < c  
n* 

for Cherenkov radiation. 

(8.35) 
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v > 4  
V < +  “ r  

Figure 8.2 Propagation of w m  fronts generated by a partic& m&g with 
uelmity v through a refractice medium 

Figure 8.3 Geometry of Che&m cone. 

The precise direction of the radiation can be used as an energy measure- 
ment for fast particles in the laboratory or observatory. Cherenkov radia- 
tion due to high energy cosmic rays has been observed in the earth’s 
atmosphere. Since the radiation is quite intense for fast particles, it acts as 
an effective mechanism for energy loss. 

Razin Effect 

When n,< 1, as it is in a cold plasma, Cherenkov radiation cannot occur. 
In this case there is an effect that has important implications for synchro- 
tron emission. The “beaming” effect associated with emission from a fast 
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particle can be attributed to the factor K = 1 - Pcos8 appearing in the 
denominators of the Lienard-Wiechert potentials. Making the above sub- 
stitutions? this factor is now given by Eq. (8.34). 

For n, < 1, as in a plasma, the beaming effect is suppressed, for now 
there is no velocity and angle combination for which K is small. This can 
be seen as follows: The critical angle defining the beaming effect has been 

shown to be given by 8,- l /y=4= in a vacuum. Therefore, in a 
medium we have 

using the substitutions 
that can be identified, 
keeping 13, from being 

of Eqs. (8.33). There are two cases of this formula 
depending on which factor, n, or ,$ dominates in 
small. If n, is sufficiently close to unity, then 8, is 

determined by  /3, as in the vacuum case. On the other hand, if n, differs 
substantially from unity, then we have 

t l b - d q  = ". w . (8.37) 

From this it can be seen that the medium will dominate beaming at low 
frequencies. At higher frequencies 8, decreases until it becomes of order of 
the vacuum value 1 ,/ y. and thereafter the vacuum results apply. Therefore, 
the medium is unimportant when 

and the medium is important when 

This suppression of the beaming effect at  low frequencies has a pro- 
found effect on synchrotron emission, as can be appreciated from the 
dominant role beaming has in the physical explanation of this process. 
Below the frequency yw, the synchrotron spectrum will be cut off because 
of the suppression of beaming. This is called the Razin effect. It is obvious 
that this effect dominates the ordinary plasma cutoff, which occurs at the 
much lower frequency up. 
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PROBLEMS 

8.1-In a medium with dielectric constant n,, show that Z V / $  is constant 
along a ray. 

8.2-Consider a traveling wave packet of amplitude 

m 
A ( k ) .  i Ikr - w(k)r1 dk 

where w ( k )  is a real function of k. Define the centroid of the wave packet, 
(40)  by 

Show that the wave centroid travels with the velocity (aw /ak ) ,  

d 
dt - ( r ( t ) )  =(ao/ak) ,  

where 

83-The signal from a pulsed, polarized source is measured to have an 
arrival time delay that varies with frequency as dt,/dw= 1.1 X lop5 s2, and 
a Faraday rotation that varies with frequency as dAO/dw= 1.9 X s. 
The measurements are made around the frequency w=108  s-', and the 
source is at unknown distance from the earth. Find the mean magnetic 
field, ( B , , ) ,  in the interstellar space between the earth and the source: 
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ATOMIC STRUCTURE 

The classical theory of radiation is unable to treat physical processes in 
which the interaction between matter and radiation takes place by means 
of single (or a few) photons. We have already dealt with some elementary 
aspects of this interaction when we discussed the Planck law and the 
Einstein coefficients. However to really solve problems we need to find 
explicit expressions for the A and B coefficients or equivalents. This must 
involve detailed investigation of the structure of the matter that interacts 
with the radiation, its energy levels, and other physical properties. In this 
chapter we treat the structure of atoms, and in the next chapter we 
consider the radiative transitions of these atoms. 

9.1 A REVIEW OF THE SCHRODINGER EQUATION 

We begin with the time-dependent Schrodinger equation for a system with 
Hamiltonian H: 

a* 
at 

iA-=H\k. (9.1) 

Often we are interested in the stationary solutions found by separating the 
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time and space parts of the wave function 'k, which is possible if H is 
independent of time: 

\ k ( r , t )  = $(r)eiEr/". (9.2) 

It follows that 1c/ satisfies the time-independent Schrodinger equation 

H q  = Et). (9.3) 

Here E is the energy and I) is the wave function of the corresponding 
energy state. In the case of electrons surrounding a nucleus of charge Ze, 
neglecting spin, relativistic effects and nuclear effects, the Hamiltonian is 

A2 1 e2 H=--xQf-Ze2C-++---. 
2m J 5 i>j 'i j  

(9.4) 

Here the first term in H is the sum over electron kinetic energy, the second 
term is the Coulomb interaction energy between nucleus and electrons, 
and the third term is the Coulomb energy of the electrons interacting with 
themselves. We then obtain the equation 

This determines an approximation to the atomic states. This equation can 
be put into dimensionless form by using the electron mass and charge as 
units of mass and charge, and using the first Bohr radius, 

a =-- h2 -0.529x 10-8 cm 
0 -  

me2 

as the unit of length, With this unit of length, the energy E is measured in 
units 

eL 
- =4.36x lo- ' '  erg=27.2 eV. 
a0 

(9.7) 

(This unit of energy equals two Rydbergs.) Characteristic sizes and binding 
energies of atoms will be of the order of the above values. In bmensionless 
form, the Schrodinger equation becomes 

- -  1 2 --)$=(I. 1 
, r. i,,  rij 

J 



9.2 ONE ELECTRON IN A CENTRAL FIELD 

Even in complete atoms with N electrons it is useful to consider single- 
electron states. We assume that each electron moves in the potential of the 
nucleus plus the averaged potential due to the other N - I electrons. This is 
called the self-consistent field approximation. When, in addition, this 
averaged potential is assumed to be spherically symmetric, it is called the 
central fieid approximation and represents one of the most powerful con- 
cepts in atomic theory. It provides a useful classification of atomic states 
and also a starting point for treating correlations as perturbations. 

In the central field approximation each electron feels a different poten- 
tial, which may be regarded as a shielded nuclear charge. When the 
electron is far from the nucleus and outside the cloud of other electrons, 
the potential is 

When the electron is close to the nucleus, so that all the other electrons are 
further away, we have 

Z 
r 

V(r)-+ - - + C ,  r+O. 

Wave Functions 

In classical mechanics a central potential implies the constancy of orbital 
angular momentum. The same is true in quantum mechanics. If H depends 
only on the magnitude of r,  we can make the separation 

The functions Y(8,+) are the spherical harmonics, defined by 

(9.10) 

where P;" is the associated Legendre function, and I and m are integers. 
The functions Y/m are eigenfunctions of the orbital angular momentum 
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operator L= r x p. That is, 

L2Ylm = [(I+ I )  Y/m, 

L, Y,m = m Ylm, 

(9.1 la) 

(9.11b) 

where angular momentum is in units of A. The values of 1 are I =  
0 , 1 , 2 , 3 , 4 , .  . . , called s states, p states, d states, f states, g states, and so on, 
respectively. The value m ranges from - I  to + I  in integer steps. The 
functions Ylm are orthonormal: 

J ~ Q  y ~ ( 0 ,  +) y/*m,(0, = 8/, / ,8m,m,.  (9.12) 

Note that the angular eigenfunctions, unlike the radial functions below, are 
independent of the form of the potential, V(r) ,  as long as it is spherically 
symmetric. 

The radial part of the wave function satisfies the equation 

(9.13) 

We see that R depends on I but not on m. The index n labels the energy 
states. Generally for a given value of I, the states in increasing order of 
energy are labeled: 

n = / +  1 ,  1+2 ,  / + 3  ,... . 

The radial functions have the normalization 

(We have not put a complex conjugation here, since the Rs can always be 
chosen as real). In addition to the above discrete eigenfunctions, there is 
also a continuous set of eigenfunctions, corresponding to unbound states. 

The solutions for the pure Coulomb case, when V( r )  = - Z /  r, are 

E, = - z 2 / 2 n 2 ,  (9.15b) 
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where p = 2 Z r / n .  The functions LiL;' are the associated Laguerre poly- 
nomials. The first three radial functions are: 

R , ,  = 2 2  3/2re -", (9.16a) 

(9.16b) 

(9.16~) 

The quantity R i  is the probability that the electron is between r and r + dr. 
Figure 9.1 shows the probability distribution for the lowest states of 
hydrogen. 

Spin 

The electron possesses an intrinsic angular momentum s, with 1sI= k. 
There are thus two states, m, = t i, for the spin. To incorporate spin into 
the theory in a completely satisfactory way one should use the relativistic 
Dirac equation. However, for nonrelativistic cases it is usually sufficient to 
treat the spin in terms of wave functions with two components. The wave 
functions corresponding to the values m, = f are defined as 

(9.17) 

A single particle state must now include specification of m, as well as n, I, 
and m. 

9.3 MANY-ELECTRON SYSTEMS 

Statistics: The Pauli Principle 

We now have a set of single-particle states specified by n, I, m, and m,. 
(These are called orbitals). From these we want to construct states of the 
whole system. As a first step let us form products of the sort 

%I( 1)%(2).  * * %AN)> 

where each subscript a, be . . k represents the set of values (n,I,m,m,) and 
the numbers 1,2,. . . , N represent the space and spin coordinates of the lst, 
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2nd,, . . , Nth particle. The functions u are the orbitals with spatial part I ) ~ , ~ ,  

multiplied by a spin part a or p. 
Such products are satisfactory from one point of view: they form a 

complete set in terms of which any state of the system of N electrons can 
be represented. They fail, however, to satisfy a basic principle of quantum 
mechanics, namely, that all electrons are identical and that it should not be 
possible to say that particle 1 is in orbital a,  particle 2 is in orbital 6, and 
so on. We may avoid this by forming linear combinations of the above 
products, including every permutation P of the particles among the 
orbitals. Since there are N ! permutations, the weight we choose must have 
magmtude ( N ! ) - T .  Its phase is determined by the Pauli exclusion principle, 
which states that no two electrons can occupy the same orbital. Thus we 
choose the phase as 

I 

according as the permutation is an even or odd permutation of some 
standard ordering. Thus if two electrons are put into the same orbital, the 
linear combination will vanish, so that no physical (normalizable) state 
exists. Therefore, the basis states for the whole system are 

This may be conveniently written as the Slater determinant 

(9.18) 

(9.19) 

In this form it is clear that when two electrons occupy the same orbital, 
two rows of this determinant are equal and it therefore vanishes. 

Particles with the above symmetry for their wave functions are called 
Fermi-Dirac particles or simply jermions. There is complete antisymmetry 
of the wave function under interchange of two particles, +( 1,2,. . . N )  = 

$PI)( 1,2,. . . N ) ,  as can be seen by interchanging two columns in the above 
determinant. 
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Hartree-Fock AQQE‘OximatiOn: Configurations 

An important method for choosing the orbitals used to construct atomic 
states is based on a variational principle for the expectation value of the 
energy. The exact energy states of the system are determined by the 
variational condition 

6 ( H ) = G J # * H J , d ( l ) d ( 2 ) .  . * d ( N ) = O ,  

where 6 is an arbitrary variation of the normalized trial wave function 4. 
We now can determine approximate energy states by using a restricted 
variation in which J ,  is a properly antisymmetrized product of orbitals (a 
Slater determinant) and considering only variations with respect to a 
choice of these orbitals. When the details of this variation are carried out 
one obtains the Hartree-Fock equations for each orbital. These are Schro- 
dinger equations with two types of potentials: (1) a term representing the 
electrostatic potential of the nucleus and of the averaged charge density of 
all other electrons and (2) a term having no classical analogue, called the 
exchange potential. This exchange term has its origin in the Pauli principle 
and may be regarded as an expression of an effective repulsion of electrons 
with the same spin (see Problem 9.1). 

There is no real “potential” in the N-electron problem corresponding to 
this exchange repulsion, only the antisymmetry of the wave functions, 
which prevents two electrons with the same spin from occupying the same 
volume element. It is only when one formulates the N-electron problem in 
terms of single-particle states that the repulsion manifests itself by means 
of an effective potential in the equations. The essentially nonclassical 
nature of the exchange potential is clear, since it takes a “nonlocal” form, 
which cannot easily be interpreted classically. 

If the Hartree-Fock potentials are averaged over all angles, one obtains 
a central potential, which is used to compute the orbitals. It is found that 
these orbitals give a fair description of the gross structure of atomic 
systems, including the main features of the periodic table. 

The configuration of an atomic system is defined by specifying the nl 
values of all the electron orbitals: nl” means x electrons in the orbital 
defined by n and 1. There are 2(21+ 1) electron states available to each I 
value because m has 21+ 1 values for each I and there are two possible 
spins. A fairly complete table of ground-level configurations is given in 
Table 9.1. We see here the regular filling of shells up to the case of 
A r ( Z =  18). Then there is a nonuniformity in that K ( Z =  19) fills the 4s 
orbital rather than the 3d orbital. This is because the effective potential 



Table 9.1 
Neutral doma 

- 
K 

Atom K L hf N 0 Ground --- 
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He 2 2 ___ 'So 
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B e 4  2 2  ' S o  
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N 7 2 2 3  'SP, 
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F 9 2 2 6  T I  
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zs,---- 
Mg 12 2 'So 
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S 16 Necore 2 4 3pz 
C1 17 2 5  'Pp, 

2 6  IS0 
2 s ,  ~- 

A L L  _ _ ~ _ . _ _ _ _ _ ~  

Ce 20 2 'So 
Sc 21 1 2  =Dll 
Ti 22 2 2  3F2 
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Cr 24 5 1  7s3 

Mn 25 A c o r e  5 2 %i 

Fe 20 6 2  'D4 

Co 27 7 2  'Far 
8 2  3F, Ni 28 

C u 2 9  2 2 6  2 6 1 0  1 'SI 
Zn 30 2 'So 
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due to the electron cloud gives more binding to electrons that penetrate 
closer to the nucleus and thus feel the higher Coulomb field; such electrons 
are just the low-l electrons. 

Closed shells generally are not much influenced by changes in the outer, 
partially filled shells, so that often one will only specify the configuration 
of the outer shell, such as: Al-3s23p.  Radiative transitions, at least at 
optical frequencies, usually affect only outer electrons. 

By using the Pauli principle in this way, one can understand qualita- 
tively the building up of the periodic table of elements. 

The Electrostatic Interaction; LS Coupling and Terms 

The specification of the electron configuration, the n, l values of all 
electrons, leaves a great deal of unspecified information, since we are not 
gven the values of m, and m,. Note that in the central field approximation 
all of these states are degenerate, since the central field Hamiltonian is 
spherically symmetric and does not depend on spin. To proceed further we 
write the exact Hamiltonian as 

(9.20) 
P2 1 

2m ri 
H =  x 1- - Z Z  - + x V i ( r i ) + H , = H o + H , .  

We have added and subtracted the central field potentials due to the 
smeared-out electrons. We regard this as a perturbation problem in which 
Ho is the zeroth-order potential, whose states are just the configurations we 
have been discussing. The perturbation part H ,  is 

1 

i > j  ' i j  i 
(9.21) H , =  2 --z ~ ( r i ) + H , 0 3 H , , + H , , + . . . ,  

where Hso is the spin-orbit interaction to be discussed later, and where 
there are additional terms that are to be regarded as negligible. The first 
two terms represent the residual electrostatic interaction between the 
electrons after the averaged central field has been subtracted. This is what 
we simply call the electrostatic interaction, Hes. 

For the present we are concerned with the splitting of the configurations 
by the electrostatic interaction. We note first of all that the individual 
orbital angular momenta will not remain constant under this interaction, 
although their total L = z i l i  will be constant. Also the sum of the spin 
angular momenta, S = Bi, will be constant. 

According to degenerate perturbation theory the first-order energy cor- 
rections must be found by evaluating the diagonal matrix elements be- 
tween the particular linear combinations of the unperturbed states that 
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diagonalize the perturbation. Another way of characterizing these linear 
combinations is that they are eigenstates of operators that commute with 
the perturbation. We note that two such operators are L and S so that the 
whole perturbation problem is simplified (and in many cases completely 
solved) by forming those linear combinations of unperturbed states that 
represent states of total spin and total orbital angular momenta. 

In this way we find the configurations split into terms with particular 
values of L and S (the magnetic numbers m, and m, do not enter by 
rotational symmetry arguments). These terms then split further by the 
action of the spin-orbit interaction. The fact that the electrostatic interac- 
tion is the dominant splitting interaction of a configuration for many 
atoms (especially of low 2)  and that the remaining spin-orbit splitting is 
much smaller makes this perturbation scheme and its attendant characteri- 
zation and labeling of states a very useful one. It is called LS coupling or 
Russell-Saunders coupling. 

Let us discuss the origin of this electrostatic splitting from a physical 
point of view. The electrons repel each other, and therefore their mutual 
electrostatic energy is positive. The farther away the electrons get, the 
lower will be the contribution of the electrostatic energy to the total 
energy. This leads to an important set of rules governing the splitting of the 
configuration energies as a function of spin and orbital angular momen- 
tum. First we note that a large spin implies that the individual spins are 
aligned in the same direction. By the nature of the Pauli principle, we have 
that the electrons will be further apart on the average. Thus the rule: terms 
with larger spin tend to lie lower in energy. There is a similar effect 
regarding the orbital angular momentum L. A large L implies that the 
individual li are aligned so that the sense of orbiting around the atom is the 
same for most electrons. Such a pattern lends itself to the electrons keeping 
farther apart on the average than when they orbit in opposite directions. 
This effect is usually smaller than the preceding, thus the rule: of those 
terms of a given configuration with a given spin those with largest L tend to 
lie lower in energy. These two rules are known as Hund’s rules and apply 
strictly only to the ground configuration. 

9.4 
DIAGRAMS 

PERTURBATIONS, LEVEL SPLITTINGS, AND TERM 

Equivalent and Nonequivalent Electrons and Their Spectroscopic Terms 

A problem of great importance is the evaluation of the possible spectro- 
scopic terms that can arise from a given configuration of single particle 
states. This is a matter of listing the possible values of m, and m, for the 
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electrons outside of the closed shells and then determining what values of 
S and L can be constructed from them, subject to limitations imposed by 
indistinguishability and the Pauli exclusion principle. The reason that only 
the electrons in the closed shells need be considered is the following: 
Closed shells are spherically symmetric ( L  =0) and have very little interac- 
tion with external electrons. This fact results from a property of the 
spherical harmonics: for given n and I, if all possible electron states are 
filled, the: total electron density distribution is precisely spherically sym- 
metric. Flor example, for I =  1, 

3 3 .  3 3 
477 877 877 477 * 

1 y,,,l2 + I Y, - + I y,,I2 = -cos2e + -sin28 + -sin2@= - 

It is useful to distinguish the cases of nonequivalent electrons and 
equiualenr electrons. Nonequivalent electrons are those differing in either n 
or 1 values, whereas equivalent electrons have the same n and 1 values. For 
two equivalent s electrons, for example, we write s2; if they are nonequiv- 
alent, we write s-s or 3s'. 

The terms of nonequivalent electrons are fairly simple to find. For 
sample, the configuration ls2s can only have L=O, since both electrons 
have l=O. The spin can be S =0,1, corresponding to the two ways of 
orienting the spins. Thus we have the two possible terms 'S  and 3S, where 
the letter refers to the total L value and the superscript refers to the 
number of m, values, namely, (2S+ 1). The S=O and S =  1 total spin states 
are called singlet and triplet states, respectively, in accordance with the 
number of m, values. If the electrons are equivalent, say 1s2, then the 
triplet term cannot occur, since this would imply both spins are the same, 
and all sets of quantum numbers would be identical. Thus the only term 
for the equivalent electrons is IS. 

The distinction between the spectroscopic combination of equivalent 
and nonequivalent electrons can be seen in the following illustration. 
Consider the combination of two p electrons. If  they have different values 
of n, so that they are nonequivalent, the possible L-S combinations are 
S=O,  1, I .  =0,1,2, leading to the spectroscopic terms IS, 'P, 'D, 3S, 3P, 3D 
and 1 + 3 + 5 + 3 + 9 + 15 = 36 distinguishable states, corresponding to the 
6 x 6 product of the one-electron states. Now, suppose the two p electrons 
have the same n values and are thus equivalent. Then all the 36 states are 
not available: some are ruled out by the Pauli exclusion principle, and 
some are ruled out because they are not distinguishable from others. To 
count the distinguishable permitted states, we construct Table 9.2, giving 
possible combinations of m,,, m,*, m,y,, mJ2, marking OUT for Pauli excluded 
states and labeling only distinguishable states. We find there are 15 
distinguishable states allowed. 



250 AtomkStmture 

Table 9.2 

+1 

+1 

+I 

0 

0 

Label 

OUT 
1 
1 

OUT 
2 
3 
4 
5 

(i 

7 
8 
9 

2 
4 
3 
5 

OUT 
10 
10 

OUT 

~ 

- 

mrl 

0 

- 1  

- I  

- 1  

mrl 

-1 

+1 

0 

-1 

mrl 

- , +  
I -  - 

I 
I 

Label 

11 
12 
13 
14 

6 
8 
7 
9 

11 
13 
12 
14 

OUT 
15 
15 

OUT 

Which spectroscopic terms do these combinations correspond to? We 
simply use the fact that 

(9.22a) 

(9.22b) 

Since the combination mL = ? 2, m, = ? 1 does not occur, the 'D state can 
be ruled out. On the other hand, state 2 requires a 3P configuration. State 1 
requires a 'Dz configuration. These two configurations take up 3 x 3 + 1 x 5 
= 14 of the 15 distinguishable states. The only remaining configuration can 
be 'S, with one associated state. Thus the allowed terms for two equivalent 
p electrons are 

When more than two equivalent electrons are involved, the counting is 
straightforward, but more tedious. 
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Tabk 9.3 

TERMS OF NON-EQUIVALENT ELECTRONS 

Electron 
Configuration 

P d f  

Similar arguments can be used to obtain the terms for other configura- 
tions, although the details become quite tedious for complicated cases. In 
these cases tables such as Table 9.3 may be consulted. 

A useful rule concerning the terms of equivalent electrons is that the 
terms for a shell more than half filled are the same as for the complemen- 
tary number of electrons needed to fill the shell. Since 6 electrons are 
required to fill the p shell, the terms corresponding to p and p' are the 
same; also p z  and p4. This rule is simply proved by noting that the total 
spin and orbital angular momentum of a closed shell are both zero, as 
mentioned previously. In enumerating the various values of m, and ms it 
makes no difference if we use mi and m, of the missing electrons, since 
only the magnitudes of the sums Emi, and Em, are relevant. This is 
sometimes stated as the equivalence of electrons and holes in a shell. 

Parity 

Besides the quantum numbers L and S there is another important quan- 
tum number called the parity of the configuration. This is simply ? 1 or 
(even, odd) according to the even or oddness of the sum Cf, extended over 
all the electrons of the configuration. Since the sum of the f,. for a closed 
shell is even, we may restrict the sum to incomplete shells. Physically the 
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parity corresponds to the symmetry or antisymmetry of the wave function 
when all spatial coordinates are reflected: x+ - x ,  y+ - y ,  z+ - z. For 
even parity +++, and for odd parity $-.-#. Since this property of the 
wave function is maintained under the usual interactions with which we 
deal, if a wave function has a certain parity at one time, it will keep that 
parity for all times. It should be noted that although the individual orbital 
angular momenta li do not in general have meaning, the evenness or 
oddness of their sum does. Note also that the sum 21, does not, in general, 
equal the total L of the configuration. 

The panty of a configuration is usually given as a superscript “0” on 
the terms arising from this configuration when the panty is odd; when the 
parity is even no superscript appears. Thus a s-p configuration leads to 
terms ‘ P o  and 3P0,  whereas s-d leads to terms ‘D and 3D. (Sometimes the 
parity is not indicated at all, so that the absence of a superscript does not 
always mean even parity). 

Spin-Orbit Coupling 

The next step in the resolution of the degenerate levels of a configuration is 
through the spin-orbit coupling. In L-S coupling ths is assumed to be 
much smaller than the electrostatic interaction. The effect is to split each 
term into a set of levels, each of which is labeled by the one remaining 
quantum number, the total angular momentum J .  The magnetic quantum 
number M,, or simply M, does not participate in the splitting, unless there 
are external fields to break the rotational symmetry of the internal interac- 
tions. 

The basic spin-orbit interaction may be illustrated by an individual 
electron moving in a central electrostatic force field. In the rest frame of 
the electron this electric field will be perceived as having a magnetic field 
component 

B = - - v x E = - - .  1 I dU 
mecr dr C 

(9.23) 

Here v is the electron’s velocity, I = mv x r is its orbital angular momentum, 
and U(r)  is the equivalent electrostatic potential. This magnetic field 
interacts with the electron’s magnetic moment, which is 

e 
mc 

p =  - -s. (9.24) 

This is twice the value one obtains by considering the electron to be a 
classical charge and mass distribution of the same shape, and it requires 
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the Dirac equation of relativistic quantum mechanics for its derivation. 
(See, e.g., Bjorken and Drell, 1964.) 

From the above, we might expect the interaction energy to be Uint= - 
p*B. However, an exact derivation from the Dirac equation yields a value 
of one-half this. The discrepancy can be traced to the use of the instanta- 
neous rest frame of the electron, which is constantly changing as the 
electron orbits. The effect of this acceleration can be described by Thomas 
precession (see Leighton, 1959), which is one-half the naively expected rate, 
but in the opposite direction, leading to the final result 

This is often written, for the sum of the interactions of all electrons, 

where 

(9.25) 

(9.26a) 

(9.26b) 

When we find matrix elements of this H,, between states of S and L, the 
individual spin and orbital angular momenta become averaged over in 
such a way that an equivalent interaction for our purposes is simply 

H,, = [S *L, (9.27a) 

where 

S = &  L = x i i  (9.27b) 

and 6 is an appropriate average of the &. (For details see Bethe and Jackiw, 
1968.) 

With this simplified spin-orbit term we are in a position to find the 
splittings of a given term as a function of the total angular momentum 
quantum number J .  To do this we note that 

J2 = (L+ S)-(L+ S )  = Lz + S2 + 2L- S, (9.28) 

so that 
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Note also that J2, L2 and S2 are mutually commuting operators, since L 
commutes with L2 and S commutcs with S2. Therefore, when we take 
diagonal elements of this quantity between states of given L, S, and J we 
obtain 

( H s o )  = f C[ J(J+ 1) - L(L + 1) - S ( S +  I)] ,  (9.30) 

where C is a constant related to the average of [ ( r )  over the spatial part of 
the wave function. 

For fixed L and S, that is, for a given term, the energy shift is 
proportional to J ( J +  I), so that the consecutive splittings are given by 

EJ + - EJ = f C [  ( J  + 1 )( J + 2) - J (  J + 1) ] 
= C(J + 1). (9.3 1) 

Therefore, we have the Lande interval rule: the spacing between two 
consecutive levels of a term is proportional to the larger of the two J values 
involved. This rule is very useful in determining the J values of levels 
empirically. 

The J value of a level is given as a subscript on the term symbol: 'Pz, 
2Si. Often the allowed values of J are given on the term symbol, separated 
by commas, for example, 2 P , / 2 , 3 / 2 ;  3D,,2,3.  The number of J values in any 
term is equal to the smaller of (2L + 1) and (2S+ 1). 

The ordering of the energies within the levels of a term are with 
increasing J if the shell is less than half-full, that is, the constant C above is 
positive. Such a term is called normal. On the other hand for shells more 
than half full the ordering is with decreasing J .  Such terms are called 
inverted. An illustration of this is the two cases of the ground levels of 
carbon and oxygen. Each has the same terms, as the configurations p 2  and 
p4, respectively. The ground term is a ' P  in both cases, but the ground level 
is 'Po for C, and a 'P2 for 0. 

The progressive splitting of a configuration into terms and levels is 
illustrated by Fig. 9.2. 

The degeneracy of each of the levels is (2J+ I), corresponding to the 
values of the magnetic quantum numbers MJ = - J , .  . . - 1,0,1,. . .J .  These 
levels remain degenerate, unless external fields are applied, for example, a 
magnetic field (Zeeman effect) or an electric field (Stark effect). I t  is easily 
verified from Fig. 9.2a that for the case of the 4p4d configuration the total 
number of states represented by the final fine structure levels is 60. Th~s is 
the same as the number of states represented by the configuration: 
2.(21+ 1).2(2/'+ l)=60, where I=  I ,  1'=2. 
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The usual mode of presentation of this information is in a term diagram, 
which separates the terms of different S values, and withm each group 
separates according to L values. The energies are represented by lines 
drawn on the proper vertical scale. 

Zeeman Effect 

As is shown in Chapter 3, electrical particles of charge e,  mass m, 
oscillating at frequency wo radiate dipole radiation of frequency wo. As is 
easily shown (Leighton, 1959), a classical analysis indicates that in the 
presence of a magnetic field of strength B, the radiation is split into three 
separate frequencies, w +  =ao+ eB/2mc,  wo, and w -  -ao- eB/2mc.  This 
splitting, due to the Lorentz force on the electron, also has well-defined 
polarization properties: If the radiation is viewed at right angles to B, all 
three components are visible, with the component w, plane polarized and 
w ,  circularly polarized. If the radiation is viewed along the magnetic field, 
the undeviated component wo is no longer visible. These classical line 
patterns are termed normal Zeeman lines. 

Unfortunately, the observed Zeeman splittings are generally anomalous; 
that is, they disagree with the classical prediction because of quantum 
mechanical effects. As in the spin-orbit coupling discussed previously, the 
interaction energy between the electrons of total magnetic moment p and 
the external magnetic field is 

U, = - p*B. (9.32) 

The total magnetic moment is the sum over all electrons of the orbital and 
spin magnetic moments of the individual electrons 

(9.33) 

The different proportionality factors multiplying li and si result from the 
quantum mechanical nature of intrinsic spin, [cf. Eq. (9.24)]. Now, since 
the energy of Zeeman splitting is generally much smaller than that of the 
fine-structure levels, we may treat the former as a perturbation, with L and 
S remaining good quantum numbers. Thus Eq. (9.33) becomes, using Eqs. 
(9.27b) and (9.28) 

e 
p= - ;( - ) (L+2S) mc 

= - i ( - ) ( J + S ) .  e 
mc 

(9.34) 
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The torque of the external magnetic field causes the magnetic moment p 
to precess around B. However, this precession frequency is much smaller 
than the precession frequency of S around J (because of the much more 
energetic L-S coupling). Thus the component of p along J can be consid- 
ered fixed, with the component along S precessing around. The time- 
averaged component of p along B (assumed to lie along the t axis) can be 
approximated by the component along J multiplied by the component of J 
along B: 

(9.35a) 

where 

MJ = J ,  

and 

Here we have used Eq. (9.28) to evaluate Eq. (9.35). The quantity g is 
called the Lande g factor; if the proportionality factors multiplying li and 
si in Eq. (9.33) were equal, g would be independent of J, L and S. 

The frequency of a transition from level 1 to level 2 is 

(9.36) 

If AM, =0, & 1 (see Chapter 10) and if g, =gz, the splittings would agree 
with the classical theory. However, in general J, L and S change in the 
transition in such a way that g also changes, leading to a variety of 
different split tings. 

Role of the Nucleus; Hyperfine Structure 

Up to this point we have made several simplifying assumptions concerning 
the nucleus: (1) infinite mass; (2) point particle; (3) interaction with 
electrons only through the Coulomb field of its total charge Ze. The 
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violations of these assumptions produce small effects on the atomic elec- 
tron states called hyperfine structure. The small effects on the states are not 
so important in themselves as are the splittings of the states into several 
substates, since this is much easier to observe. The splittings may be 
divided into two groups which have rather different origins: 

I-Isotope Effect: An atomic nucleus of charge Ze can have a number 
of different masses, depending on the total number of neutrons it 
possesses. The various species of nuclei with the same atomic number Z 
are called isotopes. Each isotope will have a slightly different set of atomic 
energy levels, because of finite (noninfinite) mass and finite (nonzero) size 
effects, which differ for each isotope. In any naturally occurring material 
there will be a distribution over the various isotopes in proportions that 
depend on the origin, age, and history of the material. The spectra 
produced by such an isotopic mixture show splittings of lines, each 
component of which comes from a different isotope. 

One may regard isotope splittings as due purely to the production of 
spectra by differing atomic species, where the differences are extremely 
small. The splittings as such do not occur in a single atom, and it would be 
meaningless to speak of an atomic transition between the split states, as 
this would require a nuclear transformation. 

11-Nuclear Spin: Like electrons, other subatomic particles possess 
spin and associated magnetic moments. The nucleus therefore also has a 
total spin angular momentum I, with eigenvalues I ( I +  1) for its square and 
M, for its z component. We may express the magnetic moment pN by 
means of a nuclear g factor: 

e 
2Mc 

p”g-1. (9.37) 

For the proton, for example, where M-I840 me, we have g=5.5855. 
(Recall that for the electron g=2.00232.)  Since g factors are normally of 
order unity we see that nuclear magnetic moments are about 103-4 
smaller than that of the electron. 

The nuclear magnetic moment interacts with the magnetic moments of 
the atomic electrons, and each previously described atomic state is further 
split by this interaction. In analogy with the L-S coupling scheme we now 
introduce the total angular momentum vector F= J + I and label the 
hyperfine states by the quantum number F. For example, when I = 2  for a 
’D3 state, we have five splittings, corresponding to F= 1 to 5. 

In contrast to the isotope effect, the nuclear spin effects produce 
splittings within a single atom, and the states so produced may be reached 
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by an appropriate atomic electron transition, such that the orientation of 
J = L + S changes relative to I. 

An example of extreme importance in astrophysics is the ground level of 
neutral atomic hydrogen, which is a *Sf level. The proton spin is so that 
two hyperfine states occur, the ground state with F=O and an excited state 
with F- 1. The energy difference between these states corresponds to a 
frequency of 1420 MHz, or a wavelength of 21 cm. Radiative transitions 
from F =  1 to F=O are extremely rare for a given atom, that is, about once 
every lo7 years, but with the enormous abundance of neutral hydrogen this 
nonetheless gives rise to an observable 21-cm line. 

9.5 
1ONIZATION 

THERMAL, DISTRIBUTION OF ENERGY LEVELS AND 

Thermal Equilibrium: Boltzmann Population of Levels 

The relative populations of the various atomic levels is a difficult question 
in general, since it depends on the detailed processes by which any level 
becomes populated or depopulated. An exception is the case of thermal 
equilibrium, where the populations are completely determined by the 
temperature T. Then in any collection of atoms of a specific type the 
number in any given level is proportional to ge-pE,  where /3= l / k T ,  
k = Boltzmann's constant, and g = statistical weight (degeneracy) of the 
level. In L-S coupling the g factors are simply g = ( 2 J +  1). It is customary 
to measure energies using the ground level as a zero point; let us call these 
energies Ei for the ith level. If N, is the population (number per unit 
volume) of the ith level and N is the total population of the atom we have 
the Boltzmann law: 

(9.38) 

Here U is the constant of proportionality; it is called the partition function. 
We may find U by demanding that 

N =  Ni ,  

where the sum is over all levels. This yields 

(9.39) 



At sufficiently low temperatures only the first term in the sum is signifi- 
cant, and we obtain 

where go is the degeneracy of the ground level. 
At finite temperatures we run into a mathematical difficulty: the sum 
gie - p 4  diverges. This occurs because g = 25 + 1 approaches infinity 

while e-Be approaches a constant as the ionization continuum is ap- 
proached. Physically this is resolved by recognizing that in an actual gas 
the atoms are not at infinite distances, so that the idealized model of an 
atom extending to infinity is not valid. The high principal quantum 
number n values that cause the divergence are just those states that are 
affected by the presence of the neighboring atoms. These high-n electrons 
can be easily ripped off by perturbations from the neighbors, so that an 
atom reaches its effective ionization potential at some large but finite value 
of the principal quantum number, nmW This lowering of the ionization 
potential can be taken into account approximately by cutting off the 
summation over levels at the value n=n,,,. One limit on nmax may be 
deduced from the condition that the Bohr orbit corresponding to n = n- 
be of order of the interatomic distances 

For hydrogen at N =  lo'* ~ m - ~ ,  for example, we would have n m a x - l d .  
Actually, there are other effects operating here as well (e.g., Debye shield- 
ing) which depend on temperature as well, so that the computation of nmax 
is quite involved. A really basic understanding of the cutoff has probably 
not yet been achieved. Fortunately, for many cases of interest the precise 
value of the cutoff is not too critical. In the range of temperatures up to 
l@K, U is in most cases equal to go, the exceptions being low-ionization 
potential elements like the alkali metals. 

The Saha Equation 

So far we have considered the distribution among the levels of a single 
atom in thermal equilibrium. Now we want to determine the distribution 
of an atomic species among its various stages of ionization. The resulting 
equation is called the Saha equation. We now derive this equation for the 
case of a neutral atom and its first stage of ionization. 



We start with the generalization of the Boltzmann law: 

d N C ( 0 )  - g [ ( X r + f m e u 2 )  

kT --exp - 
NO g o  

(9.41) 

where x, is the ionization potential. Here dN,,+(u) is the differential 
number of ions in the ground level with the free electron in velocity range 
(u,u+du),  and No is the number of atoms in the ground level. The 
statistical weight of the atom in its ground state is g,. The statistical weight 
g is the product of the statistical weight of the ion in its ground state g: 
and the differential electron statistical weight g,: 

The statistical weight g, is gven by 

(9.43) 

where the factor 2 comes about from the two spin states. The volume 
element satisfies dx,dx2dx3 = 1 / N e ,  where N, = electron density, since we 
are applying Boltzmann's law to a region containing one electron. Since 
the electrons have an isotropic velocity distribution, we have 

dp ,dp2c4v3 = 4nm2v2dv. 

Thus Eq. (9.41) becomes 

dN$(v)  - 8mm2 

No h3 
-- 

To find the total N:, irrespective of the electron's velocity, we integrate 
over all t i :  

where the substitution x ~ ( m e / 2 k T ) ' / 2 v  has been made. The integral has 
the value ~ ' / ~ / 4 .  Thus  we obtain 

(9.45) 



To find the number of atoms or ions in any state, not just the ground state, 
we use the Boltzmann laws [cf. Eqs. (9.38)], 

We then obtain Saha's equation: 

(9.46) 

(9.47) 

Here N and N + are the total number densities of neutral atoms and first 
ionized atoms, respectively, and U and U + are the corresponding partition 
functions. 

A similar derivation shows that there is a Saha equation connecting any 
two successive stages of ionization: 

where the subscripts here refer to stages of ionization. These equations are 
often stated in terms of pressures rather than number densities. The ideal 
gas law is 

P = NkT, 

so that 

To calculate the ionizational equilibrium of a mixture of various ele- 
ments, some further equations must be used. First there must be an 
equation giving the conservation of nuclei 

N,(" = N ( ' )  (9.50a) 

where N ( ' )  IS the number density of species i in thejth stage of ionization, 
and N ( ' j  is the total number density over all stages of ionization (the 
number density of nuclei of that species). Also, there is an equation for 
conservation of charge (number of electrons): 

N , =  2 q N J ' ) .  (9.50b) 
1 J  

Here 3. is the charge (in units of e )  of thejth stage of ionization. 



The actual solution to these equations must proceed numerically, in 
most cases by an iterative procedure. For many cases of physical interest, 
most of a given species is found in a few (one to three) ionization stages for 
any one set of conditions (see Problem 9.4). This reduces the numerical 
problems considerably, so that a solution can usually be obtained after a 
few iterations. 

The ionization equilibrium of pure hydrogen can be worked out analyti- 
cally (neglecting the H- ion as unimportant) (see Problem 9.5), but this is 
an exception. Also, one must be quite careful in such situations to take into 
consideration species that have a low ionization potential, even if such 
species are not abundant. This is because the electron density may be 
completely determined by ionization of these trace constituents. Because of 
this, a “pure” hydrogen case rarely occurs in nature. 

It is common in astrophysics to denote neutral and ionized hydrogen by 
HI and HII, respectively. In general, an element Q which is in its nth 
ionization state is denoted by Q followed by the Roman numeral for n + 1. 

PROBLEMS 

9.1-Consider two electronic orbitals ua and u, occupied by two electrons, 
1 and 2. Neglect the electrostatic repulsion of the two electrons. 

a. Show that the mean square distance, ( R  ’), between the two electrons 
is 

where 

(The integration here also imply a summation over spins.) 

b. For states a and b defined by n, i,m,m, show that ra =rb =0, so that 

(R 2> = (2)a  + ( T z ) b  + 21rab12. 
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c. For electrons having different spins show that 

rob = 0 

so that for such electrons 

which is the same as for the classical uncorrelated motion of two 
particles. 

d. Thus show that electrons having the same spins are on the average 
further apart than electrons having different spins. This is an example 
of an electron correlation effect. 

9.2-Give the spectroscopic terms arising from the following configura- 
tions, using L-S coupling. Include parity and J values. Give your argu- 
ments in detail for deriving these results. 

a. 2s’ 

b. 2p3s 

c. 3p4p 

Find the terms corresponding to the following configuration. 

d. 2p43p 

93-For each of the configurations in the problem above evaluate its 
degeneracy from the 1 values involved [you may omit (d) here]. Next 
evaluate the degeneracy of each of the terms from the L and S values. 
Finally, evaluate the degeneracy of each of the levels from the J values. 
Show that these degeneracies are consistent, in that the degeneracy of any 
configuration is equal to the sum of the degeneracies of the terms it 
generates, and that the degeneracy of any term is equal to the sum of the 
degeneracies of the levels it generates. 

9.4-The thermal de Broglie wavelength of electrons at temperature T is 
defined by A =  h/(2nrnkT)’/’. The degree of degeneracy of the electrons 
can be measured by the number of electrons in a cube A on a side: 

t= NeA3 = 4. I x I 0- I6Ne T -3’2. 

For many cases of physical interest the electrons are very nondegenerate, 



the quantity y ~ l n t - '  being of order 10 to 30. We want to investigate the 
consequences for the Boltzmann and Saha equations of y being large and 
only weakly dependent on temperature. For the present purposes assume 
that the partition functions are independent of temperature and of order 
unity. 

a. Show that the value of temperature at which the stage of ionization 
passes from j to j + 1 is given approximately by 

X k T - -  
Y 

where x is the ionization potential between stages j and j + 1. There- 
fore, this temperature is much smaller than the ionization potential 
expressed in temperature units. 

b. The rapidity with which the ionization stage changes is measured by 
the temperature range AT over which the ratio of populations ?./?.+, 
changes substantially. Show that 

Therefore, AT is much smaller than T itself, and the change occurs 
rapidly. 

c. Using the Boltzmann equation and result (a) above, show that when y 
is large, an atom or ion stays mostly in its ground state before being 
ionized. 

9.5-A cold neutral hydrogen gas of density p resides inside a metal 
container. The container walls are then heated to temperature T.  Find the 
equilibrium value of the ratio 6 of ionized to neutral hydrogen as a 
function of p and T. 

a. Find a single, dimensionless parameter A(p ,T)  that determines 6 (cf. 
9.4 above). 

b. Derive an explicit algebraic expression for 6(A). You may assume that 
the partition function is constant and equal to the ground state 
statis tical weight. 
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10 
RADIATIVE TRANSITIONS 

10.1 SEMI-CLASSICAL THEORY OF RADIATIVE 
TRANSITIONS 

So far we have looked only at those properties of atomic systems-such as 
ionization potentials and statistical mechanics-that depend solely on the 
energies of the various states. Now we want to investigate the nature of the 
light produced in transitions between these states. There are two major 
objectives here: first, to give so-called se[ection rules for radiative transi- 
tions and second, to determine the strengths of the radiation. The first of 
these is in some sense a special case of the second, but we shall regard it 
separately. The rules we give will be mostly applicable to L-S coupling 
and, additionally, to electric dipole transitions, although we do discuss 
some generalizations. 

We use the so-called semi-classical theory of radiation, in which the 
atom is treated quantum mechanically, but the radiation field is treated 
classically. It is found that this theory correctly predicts the induced 
radiation processes, that is, those processes described by Einstein B coef- 
ficients, but that it fails to predict the spontaneous process, described by 
the Einstein A coefficient. This is not a great difficulty, because the 
Einstein coefficients are related, and any one can be used to derive the 
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other two. The physical argument used to justify the semi-classical ap- 
proach is the following: the classical limit of radiation is the one in which 
the number of photons per photon state is large. Thus the induced 
processes, which are proportional to the number of photons, dominate the 
spontaneous process, which is independent of the number of photons. 
Because of the linearity of the induced processes in the number of photons, 
these processes may be extrapolated to small photon numbers, i.e. the 
quantum regime. The spontaneous rate can then be found by the Einstein 
relations . 

The Electromagnetic Hamiltonian 

The relativistic generalization of the Hamiltonian for a particle in an 
external electromagnetic field is 

H = [ (cp - eA)’+ m2c4] ”’+ e+. (10.1) 

If we expand this in the nonrelativistic limit, ignoring the (constant) rest 
mass, we obtain 

H=’(p-$) 2 +e# 

2m 

+ e+. 
=-- p2 -A.p+- e e2A 

2m mc 2mc2 
(10.2) 

In Eq. (10-2) we have used the “Coulomb gauge,” (see $2.5 for a discussion 
of Gauge transformations), 

V *A = # =0, (10.3) 

so that the momentum operator p commutes with A in their scalar product: 

Q-A- A-p. 

We may estimate the ratio of the two terms in A: 

where LY is the fine-structure constant 

(10.4) 
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Since U/C-(Y [cf. Eqs. (9.6) and (9.7)] for atoms and A - U ,  where E is 
the electric field and X is the wavelength, we have 

4hw 

217cia~XE~ . T2- 

Since X--ao/a and nph-E2/hw is the photon density, we have 

(10.5) 

as the condition that the linear term in A dominates the quadratic one. In 
other words, the number of photons inside the atom at one time is small. 
In fact, the term quadratic in A contributes to two-photon processes, which 
we ignore here under the assumption that the number of photons is 
sufficiently small. Note that the photon density at which this assumption 
fails is nph-ld5 ~ m - ~ ,  whereas at the sun's surface we have only nph-1012 
cmP3. Ordinarily, the neglect of the A' term is justified. 

We now want to apply this to an atomic system of electrons. To do this 
we regard the sum of terms of the sort ( -  e/mc)p*A as a perturbation to 
the atomic Hamiltonian, and we use time-dependent perturbation theory 
to calculate the transition probabilities between the atomic states. (We 
continue to work in the Coulomb gauge, so that $J = 0 and V -A = 0.) 

The Transition Probability 

First, we split the Hamiltonian of Eq. (10.2) into a time-independent and a 
time-dependent piece: 

H =  H O + H 1 .  ( 10.6) 

Here H o  is the atomic Hamiltonian, assumed independent of time, and H '  
is the perturbation due to the external electromagnetic field. The atomic 
eigenvalues Ek and eigenfunctions C$k of H o  are given by 

Ii0C$k = Ek@kk. (10.7) 

Therefore, the zeroth-order time dependent wave functions are 
~$~eexp( - iEkt/h). We may expand the actual wave function in this com- 
plete set 

It is now straightforward to show from the Schrodinger equation (e.g., 
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Merzbacher, 1961) that the probability per unit time for a transition from 
state i to statef, wfi, is given by 

(10.9) 

where 

( 10.1 Oa) 

H i (  t) E I$? H d3x, (10.1Ob) 

(10.1oc) 

Here the perturbation is assumed to be active only during the time interval 
0 to T. 

For a number of atomic electrons we have the perturbation from an 
external field 

(10.11) 

since p,+ - ihV,. We assume that A(r, t )  has the form 

A(r, t )  =A( t )eik’r ,  

where A(t) vanishes outside the interval 0 <t < T. T is assumed to be large 
enough that a well-defined frequency of the wave exists. Then we obtain 

(10.12) 

where 

which does not depend on time. Here d3x denotes integration over the 
coordinates of all particles. A(w) is defined in the same mariner as Hifa), 
[cf. Eq. (lO.lOa)]. The transition rate is then 

(10.13) 



where I is a unit vector specifying the polarization of the wave: A = A I .  We 
want to express A(wfi) in terms of the intensity of the electromagnetic wave 
traveling in direction n. This intensity is [cf. 02.31 

Also, for the monochromatic intensity we have [cf. Eq. (2.34)] 

But since E= - c - ’ a A / a t  we have E(w)= - iwc-’A(w) so that 

Thus we obtain 

( 10.16a) 

This formula applies equally to absorption or to induced emission. The two 
processes can be simply related. The probability rate for the inverse 
process is the same, except w4 is replaced by wlj, and the integral is 
replaced by (ile’krl.cV,lf). I f  we interchange labels f and i integrate by 
parts, noting 1. k = 0 for a plane wave, we have 

which is the same as (10.16a). Thus we have 

w)l = W1p 

the “principle of detailed balance.” 

10.2 THE DIPOLE APPROXIMATION 

The transition probabilities contain terms of the form 

( 10.17) 
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We now wish to justify an expansion of the exponential 

ik.r - - 1 + ik-r+ f(ik-r)’+. . 

This is appropriate, since 

at least for moderate Z .  The lowest order of this approximation, in which 
en.r is set equal to unity, gives rise to the dipole approximation. When the 
results of this approximation yield a zero result for certain transition rates, 
however, one needs to go to the higher terms in the expansion to derive the 
actual rates. These higher order terms give rise to electric quadrupole, 
octupole, and so on and magnetic dipole, quadrupole, and so on. Since the 
quantity Za! is also the order of magnitude estimate for u/c of the 
electrons in an atom [cf. Eq. (9.15b)], therefore, an equivalent condition for 
the applicability of the dipole approximation is 

V 

C 
-<<1. 

The expansion in k . r  may be regarded as an expansion in v / c .  Note that 
as higher order terms in u/c are retained, one must also add correction 
terms of these orders to the nonrelativistic form of the Schrodinger 
equation, Eq. (10.2). The reason that electric quadrupole and magnetic 
dipole radiation have roughly the same order of magnitude is that the 
magnetic force is already down by a factor u/c from the electric force. 

By setting e ik.r = 1, the integral (10.18) becomes 

( 10.19) 

where ( )$ denotes the matrix elements between states f and i. A useful 
alternative expression may be found by using the commutation relations 

rj pj - pfr J J  . = 2 iApj. 

It follows that rj commutes with the Hamiltonian 

1 
2m 

H ’ = -  Cp:+ V(r, ,r2 ,..., rN) (10.20) 
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in the following way: 

h-'(r,H,- H#,)= ih-'pj. 

Using this to replace ih-lp, in the matrix element yields 

where we have used the fact that H ,  acting on its eigenfunctions yields the 
corresponding eigenvaiues. Thus the transition rate is 

where 

d - e x r j  
i 

(10.22) 

(1 0.23) 

is the electric dipole operator. 
Often we are only concerned with unpolarized radiation from atoms 

with random orientations. We then average the above formula over all 
angles, which gives 

since 

1 
3 .  

(cos28 ) = - 

Here we interpret the quantity Ic$12 to mean the combination 

Thus the average transition rate is 

( 1  0.25) 
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10.3 EINSTEIN COEFFICIENTS AND OSCILLATOR 
STRENGTHS 

We can relate this to our previous discussion in terms of the Einstein B 
coefficients ($1.6). Letting u and I refer to the upper and lower-states, 
respectively, we have 

Note that Jvu, = ( 4 ~ ) -  ’ $ ( vu,), since the intensity considered here is undirec- 
tional. Also, we have the relation that &(v,,)=277$(wu,) so that 

Comparing this with the above expression gives 

(10.27) 

From the Einstein relations (Eqs. 1.72) we have for nondegenerate levels 

(10.28a) 

If the levels are degenerate, the transition rate is found by averaging over 
the initial states and summing over the final states. Thus the Einstein A 
coefficient is given by 

(10.28b) 

where the sum is over all substates of the upper and lower levels. In this 
case the Einstein relations have their usual statistical weight factors. 

It is convenient to define the absorption oscillator strength fi, by the 
relationship 

( 10.29a) 

(10.29b) 
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The reason for naming it such is that the B coefficient associated with a 
classical oscillator can be defined in terms of the total energy extracted 
from a beam of radiation [cf. Eqs. (3.65), (1.66), and (1.74)] 

so that 

classical - 4r2e2 
4 4  hu,mc * 

(1 0.30) 

(10.31) 

The oscillator strength (or f value) is just that factor which corrects this 
classical result. One can in this way picture the quantum mechanical 
process a s  being due to a number (usually fractional) f l ,  of equivalent 
classical electron oscillators of the same frequency v. Normally fi, is of 
order unity, so that it is a particularly useful quantity to characterize the 
strengths of transitions. 

It is also convenient to define an emission oscillator strength by the 
formula 

47r2e2 
fur. But= - 

hu, me 

Since g, B,,, = g,, B,,, and v,,, = - v,, we have the general relation 

(10.32) 

(10.33) 

Thus emission oscillator strengths are negutiue. We may write the A 
coefficient in terms of the emission and absorption oscillator strengths: 

(10.34) 

One modification of the oscillator strength concept is necessary when 
the upper state happens to lie in a continuum. In this case it is meaningless 
to talk about the probability of a transition to a single state, but rather we 
need to define the probability per unit energy (or frequency) range. With this 
in mind we define the derivatives off such that (df/dc)dc is the strength 
for a transition from state i to a set of continuum states in an energy range 
dc. The frequency of the emitted photon is given by hv = E +x where x is 
the ionization potential from the state i .  This is illustrated in Fig. 10.1. 
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Figure 10.1 
the ionization potential 

Tmmition between lewl i and the c o n h m  (slraded). Here x is 

The continuum oscillator strength f, is the total oscillator strength to all 
continuum states: 

fc=I z d c = I  df * -dv df 
dv 0 "0 

(10.35) 

where hvo=x.  
The oscillator strengths must be found by direct calculation or by 

experiment. The theoretical determination of f values (or A values) is 
difficult, but with the advent of large computers, much can now be done to 
obtain accurate, reliable results. The basic difficulty is that most approxi- 
mate wave functions for complex atoms, such as Hartree-Fock, tend to be 
most accurate at small radii where the associated contribution to the total 
energy is most important. However, the transition probabilities depend 
more critically on the wave functions at large radii. We can see this simply 
by noting that the energies depend on averages of inwrse distances, 

while the dipole operator depends on averages of distance, 

$* r 4 d 'r. 

For this reason one needs better wave functions than those ordinarily 
available. 

There are a number of general result relating oscillator strengths, known 
as sum rules. They are of great value in determining approximate values or 
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bounds for f values that cannot easily be measured or calculated, and also 
in obtaining absolute f values from relativef values. The simplest and most 
general sum rule is the Thomas-Reiche-Kuhn sum rule: 

(10.36) 

where N is the total number of electrons in the atom, and the summation is 
over all states of the atom. For each initial state this rule gives a relation 
involving transitions to all other states. Equation (10.36) follows from the 
expressions for A, Eqs. (10.23) and (10.29b), and the easily proved identity 

In many cases, such as when there is a closed shell and a smaller number q 
of electrons outside the closed shells that are involved in a more limited set 
of transitions, we also have 

(10.37) 

where the sum is now only over those states which involve transitions of 
these outer electrons. 

The sum can be split into two sums, depending on whether n’ is a state 
above or below n :  

The first sum gives the contribution due to absorption from the state n, 
and the second sum gives the contribution due to emission from state n to 
all lower states. Since in the second sum these emission oscillator strengths 
are negative, we have 

Z f n n ,  249 (10.39) 
n‘ 

En. > En 

the equality holding only for the ground state or for an excited state that 
cannot radiate by a dipole transition (metastable state). 

Other types of sum rules also exist under more restrictive assumptions 
about the nature of the atomic states (e.g., single configuration, L-S 
coupling, j - j  coupling, single electron). 
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10.4 SELECTION RULES 

In general, there will always be some probability for radiative transition 
between two states, but in some cases this probability can be exceedingly 
small. This occurs when the states involved fall approximately into a 
classification scheme (hke L- S coupling) for which the transition probabil- 
ity would be strictly zero if that scheme held rigorously. For example, a 
transition probability may be strictly zero in the dipole approximation but 
nonzero for higher order multipole radiation or two-photon emission. 

The precise statements of when a transition probability vanishes under 
some specified set of assumptions are called selection rules. We are prim- 
arily concerned with dipole selection rules, so that the crucial question 
involves when the dipole matrix element dfi vanishes. The most general 
result is Laporte’s rule: there are no transitions between states of the same 
parity. This is easily proved by recalling the definition 

If we reflect all coordinates we note 2r,+ - Zr, while @?+, is unchanged if 
f and i have the same parity. Thus the integral is equal to its negative, and 
vanishes. 

For states with a specific configuration assignment the parity is (- 
where the I, are the angular momentum quantum numbers of the individ- 
ual orbitals. Thus we deduce that the configuration must change by at least 
one orbital, from Laporte’s rule. There are no dipole transitions between 
states of the same configuration. 

A sharpened selection rule applies to the transitions between configura- 
tions: The configuration must change by precisely one orbital. This is 
proved by noting that a given configuration may be expressed as a 
superposition of determinental wave functions, which in turn are super- 
positions of products of one-particle orbitals. The dipole operator is a sum 
of the r, over all electrons, so that ultimately one can write the matrix 
element d,, as a sum of matrix elements of a single r, between product 
wave functions corresponding to the two configurations: 

Juylu;. . . u;(r,)u,,ub’. . . u,,d3x. 

The particular one-particle wave functions having the coordinates r, will 
integrate out to some result (in general nonzero), but all the other integrals 
will be simply the orthonormality integrals of the functions u; therefore, in 
order not to give a zero result, all the corresponding functions must be the 
same, except for the one involving r,. The only way to ensure that all the 
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terms in the grand summation will not vanish is to make all orbitals 
the same except for one. This selection rule is known as the one-electron 

jump rule. It can be violated by states that are superpositions of several 
configurations (configuration interaction), but i t  will be obeyed for L-S 
coupling, which assumes no such configuration interaction. 

As indicated above, under the assumption of configuration assignments 
we may evaluate the dipole matrix element by evaluating a simplified 
matrix element that connects states of the jumping electron orbitals only. 
Recall these orbitals have a very simple representation (Eq. 9.9) times a 
spin function. Since r and s commute, we see that the spin cannot change, 
so that ni, = m,,; thus we may deal with the space parts alone. The dipole 
matrix element between two such orbitals will involve the integral 

which is called the radial integral. It will also involve an integral over 
spherical harmonics. An examination of this latter integral, using the fact 
that the dipole operator is a vector, leads to the selection rules (see 
Problem 10.6) 

A I =  2 1, ( 10.40a) 

Am=O, 2 1. (10.40b) 

In a multielectron atom these rules apply to the jumping electron. These 
rules completely determine the spectra of one-electron atoms, such as HI 
and HeII, and also the alkali metals. 

There are also selection rules for many electron atoms that involve the 
total quantities L, S ,  and J .  One general result (which applies even to 
higher multipole radiation) is that the transition J = 0 to J = 0 is forbidden, 
because the photon carries off one unit of angular momentum. In L-S 
coupling we find that we must have 

AS=O (10.41a) 

AL =0, t 1, (10.41b) 

AJ=O,  t 1. (except J=O to J=O)  (10.41~) 

The rule A S = O  follows from the fact that the dipole operator does not 
involve spin. We note that AL=O is allowed here but that A1=0 is not. 
This is because there is no direct relation of L to the parity; for example, 
for two equivalent p electrons we have the state 3P which has odd L but 
even parity, and ' S  which has even L and even parity. 

For higher multipole radiation the selection rules for J remain un- 
changed (AJ=O,  -e 1, except J =O to J =O), but the panty rule becomes: for 
magnetic dipole and electric quadrupole radiation, parity is unchanged. 



For magnetic dipole transitions the configuration does not change. This 
allows for many of the forbidden lines in the ground configurations of C,  
N ,  0, for example, and for the important 21-cm lines. 

10.5 TRANSITION RATES 

One case in which a fairly complete discussion of transition rates can be 
given purely theoretically is the pure Coulomb case of hydrogen (and for 
other hydrogen-like ions, such as He11 and LiIII). The frequency of a 
photon absorbed or emitted in a transition between two discrete levels with 
principal quantum numbers n' and n' is given by 

~ J J  = Ry (n - * - n'- 2), (10.42a) 

where 

e2 

2% 
Ry- - = 13.6 eV. (10.42b) 

When the upper level is in the continuum, so that there is a free electron 
with energy c = mv2, we have 

hv= R y / n 2 +  z. (10.43) 

To liberate a free electron one needs a photon of at least the threshold 
energy, hv, =& =ionization potential from the initial state n.  

Bound-bound Transitions for Hydrogen 

To calculate the dipole oscillator strength we must evaluate the dipole 
operator matrix element. This will involve integrals over the radial wave 
functions R,,(r) of the form 

(10.44) 

By the selection rule (10.40a) we know that AI= 1. Since these radial 
functions are analytically known [Laguerre polynomials; see Eq. (9. lsa)], 
the integrals of Eq. (10.4) can be performed, but are complicated 
(Gordon, 1929.) When the integral is performed, it can then be summed 
over all I appropriate to a given n and n'. The Lyman-a transition ( n  = 1 
n'=2) in hydrogen is treated explicitly in Problem 10.3 and yields the f 
value 

(10.45) 
2 '4  gf= - =0.8324. 
39 



Transitibn Rates 281 

For other members of the Lyman series (n’= I), the result is (Menzel and 
Pekeris, 1935) 

(10.46) 

In general, the expression for f can be reduced to a closed form. Note that 
for high values of n the oscillator strengths decrease rapidly 

29 e - 2  1 

3n3 e2 n3 
- -3.1 - . -- (1 0.47) 

Further values of oscillator strengths for the bound-bound transitions can 
be obtained from Table 10.1. 

Table 10.1 

n 1 2 3 n 1 2 3 

n‘ n‘ 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 

4.162X 10-I 
7 . 9 1 0 ~  lo-’ 6 .408~  lo - ’  
2.899X 1.193X lo-’ 8.420X 10-1 
1 . 3 9 4 ~  lo-’ 4 . 4 6 7 ~  1 . 5 0 6 ~  10-I 
7.800X10-3 2.209X lo-’ 5.585X 
4.814X 1.271 X 2.768X lo-’ 
3.184X10-3 8.037X 1.604X 
2.216X 5.429X ID-’ 1.023X lo-’  
1.605X 3.851 x 6.981 X 

9.215X J0-4 2.150X lo-’ 3.711 X 

7.226 x 1.672 x 2.839 X lo-’  

1.201~10-3 2.836~10-3 4.996~10-3 

5 . 7 7 4 ~ 1 0 - ~  1 . 3 2 6 ~  2 . 2 2 3 ~  1 0 - ~  
4 . 6 8 7 ~  10-4 1.070~ 1 0 - 3  1 . 7 7 6 ~  10-3 
3 . 8 5 5 ~  1 0 - ~  8 .770~  1 0 - ~  1 . 4 4 3 ~  
3.21 1 X 7.273X 1.189X lop3 
2.703X 6 . 0 9 8 ~  9.914X 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 

2.295X 5.167X 8 . 3 6 4 ~  
1.966X 4.418X 7 . 1 1 7 ~  
1.698 X 3.803 X 6.1 1 I x 
1 . 4 7 6 ~  3 . 3 0 2 ~  5 . 2 8 6 ~  
1.276X 2.885X 4 . 6 0 8 ~  
1 . 1 3 7 ~  10-4 2 .534~  10-4 4 . 0 4 0 ~  10-4 
1 . 0 0 5 ~  10-4 2 .240~  10-4 3 . 5 5 8 ~  10-4 
8.931 x lo-’ 1.987~ w4 3 .155~  
7.963X 1.772X 2 . 8 0 9 ~  
7.138X 1.587X lop4 2.513X 
6.431 X 1.427X 2.243X 
5.809X 1.288X loW4 2.034X 
5.260X 1.167X10-4 1.84OX 
4 . 7 8 4 ~  1 . 0 6 0 ~  1 0 - ~  1 .670~  I O - ~  

4 . 3 5 9 ~  1 0 - ~  9 . 6 5 4 ~  1 0 - ~  1.521 x 1 0 - ~  
3.982X 8.829X 1.389X 
3.656X 8.084X 1.272X 



Bound-free Transitions (Continuous Absorption) for Hydrogen 

When the upper state lies in the continuum, there can be absorption in a 
continuous range of frequencies. Since the absorption results in an electron 
being liberated from the atom, this process is also called photoionization. 
We express our results in terms of the cross section for the transition. The 
differential transition rate, dw, for a transition from bound state i to a 
continuum state f, with electron in momentum range dp and solid angle 
range dQ,  is 

dn 
& = - -  4n2e2 ’ ( w )  l(fleik’l*V[i)/2[ m d p d Q ] .  (10.48) 

m2c w2 

Here the term in brackets is the number of free electron states available, 
that is, the “density of states” dn/dpdSt multiplied by the differential 
range dpdfi ,  and the remaining factor is identical to our expression for the 
transition rate for bound-bound transitions, Eq. (10.16). By energy con- 
servation, we have that the frequency interval dw of incident photons is 
related to the momentum interval dp of nonrelativistic electrons by 

PdP Ad@=---. m (10.49) 

We also have, by definition, that the number of photons per unit area per 
unit time per unit frequency in the incident beam satisfies 

(10.50) 

If the final electron is localized to a volume V, then the density of states 
for a given final spin state is [cf. Eq. (9.43)] 

(10.51) 

Combining Eqs. (10.48) to ( l O S I ) ,  we obtain for the differential bound- 
free cross section, 

(10.52) 

where o = p / m  is the final electron velocity. 
For the simple case of a bound-free transition from the ground state of 

hydrogen, ionized by a photon of frequency w, t h s  differential cross 
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section is evaluated explicitly for Ao>>Ry in Problem 10.4. The total cross 
section, ubf=j(du/di2)dQ,  is 

(10.53) 

For the more general case of a bound-free transition from state n and I ,  a 
detailed calculation (Karzas and Latter, 1961) gives 

512.rr7meloZ4 g(w, n, I ,  Z )  
3 V 5  ch6n5 w 3  

'bf = , (10.54) 

where g is the bound-free Gaunt factor. If M is the ionization potential for 
the initial level, Ubf is zero for w < on where 

(10.55) 

rises abruptly to Eq. (10.54) at threshold w =on and then decreases roughly 
as oP3. Near threshold, the Gaunt factor g is unity, to within 20%. 

log a 

I I 1  + log v 
v i  v2 v3 

Figure 10.2 Schematic illustmtion of the frequency depndence of the absotp- 
tion coefficient. The sharp rises, absorption edges, occur at the fmquency of 
ionization of a particular lewL 
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For convenience, Eq. (10.54) can also be written in the form 

(10.56) 

We can also write our results in terms of the absorption coefficient, 
4 = Nno, where N,, is the atomic density at the absorbing level. The total 
absorption coefficient equals the sum of terms of this form and is 
illustrated schematically in Fig. 10.2. The absorption edges correspond to 
the onset of absorption from different levels. The relative strength of these 
edges depends on the number of atoms in each level. For example, if the 
material is in thermodynamic equilibrium, these numbers are given by the 
Boltzmann law. 

Radiative Recombination; Milne Relations 

The process inverse to photoionization is radiative recombination, in which 
an electron is captured by an ion into a bound state n with emission of a 
photon. There are connections between rates for photoionization and 
recombination, analogous to the Einstein relations. These are called the 
Milne relations and are examples of general detailed balancing relations. If 
we want to apply these directly to a single capture event we first have to 
consider the distribution function for the electrons, that is, how many 
electrons are moving in each speed range. However, it is also quite useful, 
and usually sufficient, to deal with a thermal distribution of electrons. The 
detailed balance relations can then be obtained by the simple requirement 
that the radiation field in equilibrium is the Planck function B,(T). Since 
the coefficients refer to atomic properties, they then can be used for any 
distributions of electrons and radiation. 

Let U @ ( U )  be the cross section for recombination for electrons of velocity 
v .  Then the number of recombinations per unit time per unit volume due 
to thermal electrons in speed range du is 

N+N,u,J( t . )udu,  (10.57) 

where N, is the electron density, N ,  is the ion density, and f(u) is the 
Maxwellian velocity distribution. The number of photoionizations per time 
per volume for a blackbody radiation field (Z,,= B,) in frequency range d v  
is, (cf. Problem 1.2), with N ,  the neutral atom density, 

477 
N, a,,( 1 - e - h ” / k T )  B, dv, (10.58) 
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where the factor (1 - , - “ ” I k T )  now gives the net photoionization rate when 
“stimulated recombinations” are subtracted out. Then equating (10.57) and 
(10.58) and using the Planck function and Eq. (10.49), we obtain 

But, we also know 

and from Saha’s equation [cf. Eq. (9.47)] 

Using the result 

we obtain the Milne relation: 

(10.59) 

( 10.60) 

(10.61) 

(10.62) 

Since we have already found abf, we can compute a@. 
In this way recombination coefficients can be computed for given 

velocity distribution, say Maxwellian. We have the following results for the 
thermal recombination coefficient onto the nth level of hydrogen: (Gaunt 
factor = 1) 

where f(u) is the speed distribution of the thermal electrons, Eq. (10.60). 
Substitution of Eqs. (10.56), (10.61), and (10.62) into (10.63) then yields 
(Cillie 1932) 

(ua,) =3.262x 10-6M(n, T ) ,  ( 10.64a) 
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where 

(10.64b) 

and where 

--I 

( 10.64~) 

In evaluating Eqs. (10.64) we have used ge=2, g + =  1, gn=2n2 as the 
values for the statistical weight factors. 

Also of interest is the recombination coefficient summed over all bound 
states n. A convenient approximation is (Seaton, 1959) 

2 (uu,) =5.197x 10-'4h'/2(0.4288+ ~lnX+0.469X-i/3) 
n 

(10.65a) 

where 

A- 1.579 x lo5/ T. (10.65b) 

Recombination can proceed in other ways besides radiative recombina- 
tion. Three-body recombination is usually quite slow at astrophysical densi- 
ties, since it requires a close encounter of three bodies simultaneously. 
However, dielectronic recombination (see, e.g., Massey and Gilbody 1974) 
can be very important for some ions. 

The Role of Coupling Schemes in the Determination off Values 

When particular coupling schemes are appropriate, it is possible to relate 
the f values for different transitions by means of formulas (or tables). For 
L-S coupling (Russell-Saunders coupling) we can interrelate the f values 
of all lines between two given terms; this set of lines is called a multiplet. 
The relative strengths of the lines within a multiplet depend only on the 
term types of the two terms involved. For example, if we have an upper 'P  
term and a lower 'S term, the transition 2S,/2 - 'P,,, is twice as strong as 
the transition 2Sl ,2 -2P , /2 .  The factor of 2 is due to there being two times 
the number of states in J = 3 / 2  as in J = 1/2. This is the situation with the 
Lyman - a  (Lya)  transition in HI. If we know the total strength of the 
multiplet, we can then find the strengths of the individual line components. 
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Thus since the total gf is 0.8324 [cf (10.45)], we have (gf) 1/2-3/2= 
0.5549, (gf) 1/2 - 1/2 = 0.2775. Tables to deduce the relative strength of 
lines within a multiplet can be found in Allen (1974) and Aller (1963). 

Another use of the L-S coupling scheme is to deduce the relative 
strengths of rnultipkts between two configurations. This kind of calculation 
is affected more by deviations from L-S coupling than the preceding, so 
that it is not as reliable. The set of multiplets arising out of transitions 
between two configurations is called a transition array, and the relative 
strengths of multiplets within a transition array is discussed in the above 
references. 

Other coupling schemes give their own rules for relatingf values, but we 
do not discuss these here. In cases where a particular coupling scheme is 
not applicable, or its applicability is dubious, we must obtain f values for 
the desired transitions either directly by experiment or by a more sophisti- 
cated theoretical calculation. 

10.6 LINE BROADENING MECHANISMS 

Atomic levels are not infinitely sharp, nor are the lines connecting them. 
This was already recognized in our discussion of the Einstein coefficients, 
where we introduced the line profile function +(u)  to account for the 
nonzero width of the line. Many physical effects determine the line shape, 
and we can only deal with a few here (see, e.g., Griem 1974; Mihalas 
1978). 

Doppler Broadening 

Perhaps the simplest mechanism for line broadening is the Doppler effect. 
An atom is in thermal motion, so that the frequency of emission or 
absorption in its own frame corresponds to a different frequency for an 
observer. Each atom has its own Doppler shift, so that the net effect is to 
spread the line out, but not to change its total strength. 

The change in frequency associated with an atom with velocity compo- 
nent u, along the line of sight (say, z axis) is, to lowest order in v / c ,  given 
by Eq. (4.12) 

YOV, v - v 0 = -  
C 

(10.66) 

Here yo is the rest-frame frequency. The number of atoms having velocities 
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in the range v, to u, + dv, is proportional to the Maxwellian distribution 

where ma is the mass of an atom. From the above we have the relations 

c du 

VO 
doz = - . 

(10.67a) 

(10.67b) 

Therefore, the strength of the emission in the frequency range v to v + dv is 
proportional to 

and the profile function is 

- ( v -  4 2 / ( A v D ) 2 ,  d v )  = 
A v D G  

Here the Doppler width A v D  is defined by 

(10.68) 

(10.69) 

The constant ( A v D G ) - '  in the formula for +(v) is determined by the 
normalization condition /c#J(v) dv = 1 under the (reasonable) assumption 
that AvD<<vo. The line-center cross section for each atom, neglecting 
stimulated emission, is therefore 

r e  1 

mc A v D G  
= --fiz--- (10.70) 



for the case of Doppler broadening. Numerically this is 

avo= 1.16X 1 0 - ' 4 h , ~ f 1 2  cm2, (10.71) 

where A, is in k, T in K ,  and A is the atomic weight for the atom. 
In addition to thermal motions there can also be turbulent velocities 

associated with macroscopic velocity fields. When the scale of the turbu- 
lence is small in comparison with a mean free path (called microturbulence) 
these motions are often accounted for by an effective Doppler width 

(10.72) 

where 6 is a root mean-square measure of the turbulent velocities. This 
assumes that the turbulent velocities also have a Gaussian distribution. 

Natural Broadening 

A certain width to the atomic level is implied by the uncertainty principle, 
namely, that the spread in energy AE and the duration A t  in the state must 
satisfy A13At-h. We note that the spontaneous decay of an atomic state n 
proceeds at a rate 

where the sum is over all states n' of lower energy. If radiation is present, 
we should add the induced rates to this. The coefficient of the wave 
function of state n,  therefore, is of the form e-"'I2 and leads to a decay of 
the electric field by the same factor. (The energy then decays proportional 
to eTYt, )  Therefore, we have an emitted spectrum determined by the 
decaying sinusoid type of electric field, as given in $2.3 and Fig. 2.3. Thus 
the profile is of the form 

= Y/4T2 (10.73) 
( v  - %I2 + (Y/4TI2 . 

This is called a Lorentz (or natural) profile. 
Actually, the above result applies to cases in which only the upper state 

is broadened (e.g., transitions to the ground state). If both the upper and 



lower state are broadened, then the appropriate definition for y is 

Y = Y u  + Yl? (10.74) 

where y, and y, are the widths of the upper and lower states involved in the 
transition. Thus, for example, we can have a weak but broad line if the 
lower state is broadened substantially. 

Collisional Broadening 

The Lorentz profile applies even more generally to certain types of 
collisional broadening mechanisms. For example, if the atom suffers colli- 
sions with other particles while it is emitting, the phase of the emitted 
radiation can be altered suddenly (see Fig. 10.3). If the phase changes 
completely randomly at the collision times, then information about the 
emitting frequencies is lost. If the collisions occur with frequency vcol, that 
is, each atom experiences vcol collisions per unit time on the average, then 
the profile is (see Problem 10.7). 

(10.75a) 

where 

r = +2v,01. (10.75b) 

I I 

4 t 2  

Figure 10.3 Time-dependence of the electric feld of emitted radiation which is 
(a) pum& sinusoidal and (6) subject to random phase intemrptions by atomic 
collisions. 



Combined Doppler and Lorentz Profiles 

Quite often an atom shows both a Lorentz profile plus the Doppler effect. 
In these cases we can write the profile as an average of the Lorentz profile 
over the various velocity states of the atom: 

We can write this more compactly using the definition of the Voigt function 

(10.77) 

Then Eq.. (10.76) can be written as 

where 

r a= - 
47rAuD ’ ( 10.79a) 

( I0.79b) 

For small values of a, the center of the line is dominated by the Doppler 
profile, whereas the “wings” are dominated by the Lorentz profile. (See 
problem 10.5). 

PROBLEMS 

10.1 -What radiative transitions are allowed between the fine structure 
levels of a 3P term and those of a 3S term? Draw a diagram showing the 
levels with spacings determined by the Lande interval rule. How many 
spectral lines will be produced, and how will they be spaced relative to one 
another? Consider the different possibilities of 3P being normal or inverted 
and being the upper or lower term. 
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10.2-Which of the following transitions are allowed under L-S cou- 
pling selection rules for electric dipole radiation and which are not? 
Explain which rules, if any, are violated. 

a. 3s 2 ~ , / 2 + + 4 s  2 ~ 1 / 2  

b. 2p 2P, / ,++3d 'D , / ,  

c.  3s3p 3P,+-+3p2 ID, 

d. 2p3p 3 D , t , 3 p 4 d  3F2 

e. 2p2 3 ~ o w 2 p 3 s  3 ~ 0  

f. 3s2p ' P l t t 2 p 3 p  IP, 

g. 2s3p 'P0-3p4d ' P I  

h. 1s' 'So*2s2p ' P I  

i. 2p3p 3 S , t t 2 p 4 d  3D2 

j. 2p3 2 D 3 / 2 t ) 2 p 3  ' D , / ,  

103-Derive Eq. (10.45) for the Lyman-a oscillator strength. 

10.4-Derive Eq. (10.53) for the bound-free cross section, using the 
nonrelativistic Born approximation. 

10.5-Line radiation is emitted from an optically thn, thermal source. 
Assuming that the only broadening mechanisms are Doppler and natural 
broadening, show that the observed half-width of the line is independent of 
the temperature T for T<<T, and increases as the square root of T for 
T>T, ,  where T, is some critical temperature. For the Lyman-a line of 
hydrogen estimate T, in terms of fundamental constants, and give its 
numerical value. 

10.6-Derive the simple dipole selection rule, Eq. (10.40). 

10.7-Derive the profile function, Eq. (10.75), when phase-destroying 
collisions occur with frequency Y , ~ .  
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MOLECULAR STRUCTURE 

When two or more atoms join together into a molecule there is consider- 
able complexity, as compared to a single atom. Many of the simple 
symmetries of the atom, such as complete rotational symmetry about the 
nucleus, are lost, and this means fewer quantum numbers are available to 
help sort out the molecular states. On the other hand, there are a few 
consolations: 

1. For diatomic molecules (to which we restrict ourselves exclusively) 
there is still rotational symmetry about a line. 

2. Some of the most important transitions in molecules involve rotation 
and/or oibrution of the nuclei with respect to each other; these 
transitions do not occur in atoms and are actually quite a bit simpler 
than any atomic transitions. The primary difficulties in understanding 
molecules are electronic states. 

11.1 THE BORN-OPPENHEIMER APPROXIMATION: AN 
ORDER OF MAGNITUDE ESTIMATE OF ENERGY LEVELS 

A great simplification in the understanding of molecules was made when it 
was realized that the motions of the electrons and nuclei could be treated 
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The Born-Oppenheimer Approxht im 295 

separately. This comes about because of the great disparity between the 
masses of the electron and a typical nucleus, which have ratios m / M  in 
the range: -lop4- From the uncertainty relations we see that this 
implies that the electrons are much faster than the nuclei and characteristi- 
cally have much higher energies. Let a be a typical molecular size. Then 
the momentum of an electron is of order tr/u and will have energy states 
with typical spacings 

(11.1) 

For typical molecular sizes (-lo-* cm) this amounts to about a few eV. 
The slowly moving nuclei only sense the electrons as a kind of 

smoothed-out cloud. Therefore, as the nuclei move the electrons have 
sufficient time to adjust adiabatically to the new nuclear positions. The 
nuclei then feel only an equivalent potential that depends on the inter- 
nuclear distance and on the particular electronic state. This separation 
of nuclear and electronic motions is called the Born-Oppenheimer ap- 
prox imation. 

For stable molecules the internuclear potential has a minimum at some 
point (see Fig. 1 I .  1). Vibrations about the minimum can occur and can be 
estimated roughly by comparing to a harmonic oscillator. We can ap- 
proximate the potential as ;Ma2.$*, where .$ is the displacement of the 

K 

Figure 11.1 Potential between two atoms in a molecule as u fiurct;on of their 
separation R. 



nucleus from its equilibrium position and w is the frequency of vibration. 
When 5 is of order a the electronic energies must change to something of 
order h2/2ma2,  so we set 

so that 

( 1  1.2) 

These energies are typically tenths or hundredths of an eV, lying in the 
infrared. 

The nuclei can also rotate about each other. Let us estimate the energes 
involved in such motions. If the angular momentum of this motion is Ih 
(I = 0, 1,2,. . .), then the energy of rotation is 

(11.3) 

where I is the moment of inertia of the molecule: I--Mu2. Thus for small 
values of I (low-lying rotational states) 

(11.4) 

These energies are of order iOP3 eV, lying in the far infrared or radio. 
The various energies of the molecule are approximately addtive 

E =  Eelect + EVlb + Erot ,  (11.5) 

and the contributions are in the approximate ratios 

Eelect : Evlb : Ero, = I : ( $)‘I2 . -!!? 
’ M ’  

11.2 ELECTRONIC BINDING OF NUCLEI 

(11.6) 

We give below a couple of simple examples in which approximate solu- 
tions are found for the molecular potential as a function of separation 
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distance of the nuclei. These solutions provide qualitative understanding of 
the natuire of the potential minimum. 

The HZ Ion 

The simplest molecule is H:, formed when two protons are held together 
by one electron. The Hamiltonian for the ion is, in the same units as Eq. 
(9.81, 

(see Fig. 11.2). We have neglected the kinetic energy of the nuclei and have 
assumed that their positions are fixed. This problem can be treated 
approximately by a variational method. We assume that the electron is in a 
state that is a superposition of two hydrogen atomic states, each centered 
on a different nucleus: 

where, for +A and +B both ground states [cf. Eq. f9.16)] 

The potential is symmetric about the midpoint of the molecule (RA+ 
R,)/2, so we can classify the states by their parities: thus either a =/3 or 

f -  

Figurn 11.2 Schematic dlustmtion of the location of particks in an H2+ ion. 
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(Y = - p, and we can write 

The normalization constant C, must be found by integrating l+,(r)I2 over 
all space: 

Thus we obtain for C, - 

JC, )-’=2 +-2S( R ) ,  

where S ( R )  is the overlap integral 

(11.11) 

S(R)=ReJ$;(r)+B(r)d3r 

=( 1 + R + fR2)e-R, (11.12) 

and where 

R =IRA -RBI. ( 1  1.13) 

Equation (1  1.12) is derived in problem 11.2. A quite similar evaluation 
applies to the other integrals below (see Baym, 1969). Choosing C, - to be 
real, we obtain 

c, = [ 2 + 2 S ( R ) ]  -1’2. 

The expectation value of H is 

( 1 1.14) 

where 

= ( B I H I B ) = - Z + ( l + R - ’ ) e - 2 K .  1 ( I  1.16) 
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Note the 1 / R term, arising from the repulsive force of the nuclei at  small 
distances and causing large positive energies at  small R. The term -; is 
the energy of the 1s state of atomic hydrogen (in atomic units). Also, we 
have the result 

=( -++ R- ' )S(R)-Re $zlr-RBIp1+bBd3r. (11.17) J 
The integ,ral here is the exchange integrul 

/$>Ir-RBl-I$Bd3r=(l +R)eCR.  (11.18) 

Plotting the sum of all these terms we have two curves of E , ( R ) ,  one for 
even, one for odd parity (see Fig. 11.3). We seek a minimum of these 
curves with respect to R. The odd parity state has no minimum, and 
therefore, there is no bound molecular state with odd parity. However, an 
even parity state does exist at  internuclear separation 1.3 A and at a 
relative binding of - 1.76 eV. Experimentally, it is found that R,= 1.03 A 
and AE:= -2.8 eV, which is some indication of the crudeness of our 
approximations. 

Figure 11.3 
and e- denote the ecen and odd parity solutiom. 

Energv of an H2+ ion as a function of the proton separation R. E + 



A single electron wave function is called a molecular orbital. In particu- 
lar, a molecular orbital such as +b%, chosen to be a linear combination of 
atomic orbitals, is called LCAO. Orbitals such as ++ are called bonding 
orbitals, and orbitals such as +- are called antibonding orbitals. 

In this case we can understand the reason why ++ is a bonding orbital 
and +- is not. Since 4- has odd parity, it vanishes at the midpoint of the 
molecule; but even stronger, it vanishes everywhere on the midplane 
because of rotational symmetry around the internuclear line. Thus the 
electron has a low probability of being between the two nuclei where it can 
perform a bonding function. On the other hand, ++ is larger along the 
midplane, which leads to a higher concentration of the electron there, and 
this in turn produces the bonding. 

When R is large, we simply have a wave function that is a superposition 
of two separated hydrogen atoms in 1s states. Since the wave functions do 
not overlap, this is equivalent to saying that the electron can be bound to 
either proton with equal probability. The energy of this state is correctly 
given by the above wave functions, since we have constructed it out of 
exact 1s functions, having the exponential form e-lr-RI. 

In the opposite limit, when R-0, the two protons come together, and we 
have a He+ atom. The electronic energy of this case is not well approxi- 
mated by our wave function, because the exponential for He+ should be 

. For t h s  reason the binding of the electrons to the protons is 
underestimated by our wave functions near R=O. This explains why we 
obtained a binding energy significantly less than the experimental value. 
Some account of this can be made by taking modified atomic orbitals that 
have an arbitrary scaling factor T ,  +bA(r)-++bA(qr) and by using 77 as a 
variational parameter. In our case this makes the wave functions correct at 
R = 0 and improves the binding energy estimate. 

- 2lr- RI 

The H, Molecule 

The next simplest molecule is the neutral hydrogen molecule H,. Because 
of the two electrons, we must take account of the Pauli principle. As a first 
approximation let us take two molecular orbitals for the HT molecule and 
form a wave function from these. Since we are concerned with finding the 
ground state, we expect that we want two binding orbitals of the type ++. 
The space part of the wave function will then be symmetric; thus we must 
choose an antisymmetric spin part, that is, the singlet spin state. Thus 
choose 
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There is :i difficulty with this wave function that can be seen when we 
expand out the space parts: 

Let us examine the meaning of these terms as R-+co. The first set of terms 
correspond to a proton plus a H- ion, while the second set corresponds to 
two separated H atoms. We know that the binding of the H- ion is very 
weak, so that we expect that it is the second set of terms that will lead to 
strong binding in H2, and not the first set. Since we are doing a variational 
calculation of sorts, we are at liberty to use any information we have to 
bring to bear on the selection of trial functions. Thus we simply eliminate 
the first set of terms; this gives the valence bond or London-Heiter method 
(as opposed to the molecular orbital method): 

Note that the normalization is now dependent on the square of the overlap 
integral S .  Note also that this state has even parity. A similar result 

holds for the triplet states. This state has odd parity. 
With these trial functions the internuclear potentials can be computed as 

before. The details are complicated, however, and are omitted. The results 
are quite similar in form to Fig. 11.3. The curve E + ( R )  has a minimum at a 
value less than -27.2 eV, which is the value for two separated H atoms. 
Thus a H, molecule can exist in the singlet spin state. 

Similar problems to those in the H: molecule occur here when we go to 
the limit R-0. The electronic states should approach the ground state of 
the He atom, but because our wave functions have been defined in terms 
of H-llke functions, this limit is rather badly approximated. Similar rescal- 
ing can be used to improve the results. Extensive variational calculations 
have been done on H2, and the results compare extremely well- to experi- 
ment. 

One seeming contradiction implied by the above results is that for atoms 
we argued that electrons with aligned spins (large total spin) led to the 
lowest Coulomb energies and thus to the tightest binding. Now we find 
that it is the low spin (singlet) state that binds, while the triplet state does 
not. This paradox is explained by the fact that for molecules it is the 
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electron density between the nuclei that leads to binding and this effect 
outweighs the lower interelectron Coulomb energy in the high spin states. 

Another point of interest involves the large R behavior of the inter- 
nuclear potential. In a second-order perturbation expansion it is found that 
two H-atoms will attract each other with a R -6  Vun der Wuals potential. 
Thus the triplet curve eventually becomes attractive at large R. However, 
the depth of the resulting potential is insufficient to lead to binding in H,, 
although it can lead to binding in other molecules. 

11.3 PURE ROTATION SPECTRA 

Energy Levels 

In the ground state a diatomic molecule is very near to the bottom of the 
potential between two nuclei. (Because of zero point motions we cannot 
say that they are precisely at the bottom.) In this state the easiest way to 
excite it into higher energy states is to cause the molecule to rotate. This 
follows from the discussion of $ 1 1 . 1 ,  where it was shown that the energy 
required to excite a vibrational mode or an electronic state was much 
greater than typical rotation energies. Therefore, it is possible to have 
transitions solely among the rotational states when the molecule is in its 
lowest vibrational and electronic states. Such transitions give rise to a pure 
rotational spectmm, which typically lies in the radio or far-IR regimes. 

Since the moment of inertia of a diatomic molecule around the line 
connecting the nuclei is negligible, the appropriate axis of rotation to 
consider is perpendicular to this line, through the center of mass of the two 
nuclei. The moment of inertia about this axis is 

= pro, 2 (1 1.21) 

where ro is the equilibrium internuclear distance, and p is the reduced 
mass, defined below. If we denote by K the angular momentum operator 
for rotation, then the Hamiltonian is H=(1/21)K2, which leads to the 
energy eigenvalues 

h2 
21 

E K =  - K ( K +  1). ( 1  1.22) 

Corrections to this essentially classical formula can be found by consid- 
ering the radial wave equation for the nuclei of a diatomic molecule, 

+-0, (11.23) 
hZK(K+ 1) 

2cv2 
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where p is the reduced mass of the diatomic molecule 

(1 1.24) 

Here M ,  and M ,  are the masses of the two nuclei and r is their separation; 
V,(r) is the potential of the nuclei, in electronic state n ;  and K is the 
angular momentum quantum number of the molecule. 

Vibrational and rotational energy levels of the molecule may be ap- 
proximately calculated by expanding the “effective potential” 

FZ,K( K + 1) - un-vn+ =vn+ v, 
2 t v 2  

( 1  1.25) 

about its minimum in a Taylor series. Letting r, and r, be the equilibrium 
radii of V,, and U,, respectively, that is, aV/arlr,=0 and au,,/arlrK=O and 
letting the “ spring constant” k,,,, A,, and V,,, be defined by 

~ ~ r ~ - ~ , , , + ~ ~ , , , ~ r - r , ~ ~ + ~ , ~ r - r ~ ~ ~ +  . - . ,  (11.26) 

one obtains for r, 

An approximate expression for U,,(r) is then 

(1 1.27) 

Note that Eq. (1 1.22), derived classically, has the same form as the first 
two terms of U,,(r), which define rotational energy levels Enk satisfying [cf. 
Eq. (1 1.28)J 

PK( K + 1) 
Erik = vno + 

2v: 

= vno+ (1 1.29) 



The second term in brackets [cf. Eqs. (1  1.28) and (1 1.29)) corresponds to a 
stretching of the molecule in response to centrifugal forces, whch increases 
the moment of inertia and therefore decreases the lunetic energy of 
rotation for fixed angular momentum. 

Selection Rules and Emission Frequencies 

Whether a transition between two K values can be accompanied by the 
emission or absorption of radiation is governed by selection rules. For 
dipole radiation there are two such rules: 

1. d#O 

2. AK= - I (emission) or 
AK= + 1 (absorption). 

(1 1.30a) 

(1 1.30b) 

Here d is thepermanent dipole moment of the molecule: 

d -Z,er, + Z,er,+ d,, (11.31) 

where d, is the electronic contribution. 
These selection rules can be understood physically. A rotating system 

will radiate classically only if its dipole moment changes. Clearly, if d-0,  
it cannot radiate classically, which explains the first rule. The second 

I I I I - wKf i r i  .~ 

1 2 3 4 * h  

Figure 11.4 
tmsitions. 

Term dkzgmm for energy leoels and frequencies in pure rotational 
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follows from angular momentum considerations, essentially identical to 
those leading to the selection rule of Eq. (10.40). See also Problem 10.6. 

An immediate consequence of rule 1 is that a homonuclear diatomic 
molecule cannot show pure rotation spectrum in the dipole approximation [cf. 
Eq. (11.31)) This rules out molecules such as H,, 0,, C;, although weak 
pure rotation spectra due to higher order radiation have been observed. 

Rule 2 allows us to immediately write down the emission frequencies for 
rotational transitions [cf. Eqs. (1 1.29)]: 

. (1 1.32) 1 - E n ~ + l - E n ~  - h(K+l)  4A2(K+1), 

h Po2 [ I -  k n  

- O K  = 

This can also be depicted in a term diagram in Fig. 11.4. The frequencies 
are almost equidistant, but get slightly closer together with high K. 

11.4 ROTATION-VIBRATION SPECTRA 

Energy Levels and the Morse Potential 

Because the energies required to excite vibrational modes are much larger 
than those required to excite rotation, it is unldcely to have a pure 
vibrational spectrum in analogy to the pure rotational spectrum. There is, 
instead, what is called a rotation-vibration spectrum, in which both the 
vibrational state and the rotational state can change together. We can, 
however, consider cases in which the electronic state remains the same. 

The third term in U,,(r) of Eq. (1 1.28) is the potential of a harmonic 
oscillator, leading to vibrational energy levels 

En, = Awn,( V + ;) 

Here u is the harmonic oscillator quantum number, u = 0, 1,2, . . . 
The above vibrational energy levels are those of a harmonic oscillator 

and result from the approximate expansion of the potential up to quadratic 
displacements from equilibrium. A more exact treatment clearly must 
include cubic, quartic, and higher order terms in the potential. Alterna- 
tively, the potential U,,(r) may be approximated by a closed analytic 
expression which is both accurate and simple. An expression of this form 



has been proposed by Morse (1929): 

~ n ( r )  = Uno + Bn { 1 -exp [ - Pn(r - ' 0 )  1 12, (11.34) 

where B,,, j?,,, and ro are three parameters that must be properly chosen to 
fit the observed potential curve. The energy eigenvalues (relative to the 
potential minimum Uno) corresponding to this potential may be solved for 
exactly and are 

where 

(1 1.35a) 

(1 1.35b) 

Note that the first term in En, corresponds to a simple harmonic oscillator, 
coming from the first nonconstant term in an expansion of the Morse 
potential about its minimum. The vibrational quantum number u is an 
integer lying in the range 

(11.36) 

The upper limit corresponds to the condition d E / h  =O. Two properties of 
vibrational levels correctly predicted by Eqs. (1 1.35) and (1 1.36) of the 
Morse potential are that there are a finite number of discrete vibrational 
levels below Bn and that the energy levels are more closely spaced with 
increasing v .  

Selection Rules and Emission Frequencies 

The selection rules for vibration-rotation transitions are: 

1. dfO (1  1.37a) 

2. y\ r - r o  #O 

3. u =  - 1 (emission) or 
u = + 1 (absorption) 

4. K =  z t  1 for A==O 
K =  -+ 1,0 for AZO. 

(1 1.37b) 

(11.37~) 

(1 1.37d) 
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Here A is the component of electronic orbital angular momentum along 
the internuclear axis (figure axis). The electronic states A = 0,1,2,3,. . . are 
denoted b y  2, II, A, @, ..., respectively, in analogy with atomic spectro- 
scopic notation. 

The second of these rules requires that d change during a change in 
vibrational state. The third is the familiar rule from quantum theory for 
harmonic (oscillators. The fourth rule is more complicated. Changes in the 
vibrational state of the molecule do not affect its panty, which must 
change in a dipole transition (810.4). For A=O, the panty is determined 
completely by the rotational quantum number K ,  and we obtain the same 
selection rule as in the pure rotational transitions, Eq. (1 1.30b). For A#O, 

P Branch R Branch K '  
c 

t4 
3 

2 

1 

0 

K" 

4 

* 3 

- 2  

1 

0 
, 
I 

P(3)  P(1) , R ( 0 )  R ( 2 )  

P(4) P(2) w e  R ( 1 )  K ( 3 )  
1 1 1 1 ! 1 1 1 1  f w  

Figure 11.5 
Here v and K a~ vibrational 4 mtatiod quantum nwnbers 

Term akgmm for P and R branches in vibmtional tmnsitions. 



however, each rotational level splits into two almost degenerate levels, 
corresponding to the two possible signs of A. This is called A doubling. 
These two levels have opposite parity, thus allowing an overall change of 
parity even when AK = 0. 

Note that in either emission or absorption, both AK= + 1 and AK= - 1 
are allowed, because the majority of the total energy change is in the 
vibrational transition. This allows a classification of the rotational “fine- 
structure” according to the change in K as follows 

A K =  - 1  : R  branch 

A K =  + I : P branch 

A K = 0 : Q branch (when allowed). 

(1 1.38a) 

( 1  I .38b) 

( 1  1.38~) 

Here A K =  K ” -  K’ ,  where K ‘  refers to the upper state, and K “  to the 
lower state. The P and R branches are illustrated in Fig. 11.5. 

1 1.5 ELECTRONIC-ROTATIONAL-VIBRATIONAL SPECTRA 

Energy Levels 

An approximate expression for the energy levels of electronic states is 

End= Vn0+ ynh2A2+anhJ(J+ I)+(u+~)Tzw,, ,  (1 1.39) 

where A is the component of electron angular momentum L along the axis 
separating the two nuclei, J = K + L  is the total angular momentum, and 
Vno, y,, a,,, and a,, are all constant for a given electronic state of quantum 
number n .  The rotational and vibrational energies in Eq. (1 1.39) are similar 
to the forms discussed previously and are quite adequate approximations 
when electronic transitions occur (change in n). 

Selection Rules and Emission Frequencies 

The selection rules governing electronic dipole transitions in a diatomic 
molecule are: 

1. AA= - 1, 0, + I 

2. AJ = - 1, 0, + 1, but J =O+J = O  is not allowed 

3. ilv =any positive or negative integer. 

(1 1.40a) 

( I  1.40b) 

(1 1.40~) 

and AJ = 0 is not allowed if A = O+A = 0. 

Since the dipole transition is an electronic one, there is no restriction on D.  



Again, as in vibrational spectra, we can consider emission frequencies 
for transitions in which A J =  - I ,  the R branch, A J = O ,  the Q branch, and 
A J =  + 1, the P branch: 

-wnn. + uw, - u’w,. + H ( J ) ,  (1 1.41) 

(J+ 1)[Ja,-(J+2)an,], P ( 1 1.42a) 

(a, - a,,.)J(J + I), Q (1 1.42b) 

J [  (J + l)an - (J - i)a,,.], ( 1 I .42c) R .  

The dominant term in Eq. (11.41) is LO,,., a frequency corresponding to 
the difference in a potential energy of the minima of two curves of the 
form of Fig. 11.6. The vibrational and rotational terms are successively 
finer striictures on the electronic levels. For given n and n’ (and hence, 
given w,,,,,, w,, and on.) Eq. (11.41) indicates that the vibrational fine 
structure forms a progression of uniformly spaced frequencies. For a given 
n, n’, v ,  and u‘, the rotational fine structure is superimposed on the 
vibrational structure to form a band. 

Several interesting features are apparent from Eq. (1 1.42) and the 
selection rules on AJ. Selection rule 2. and the requirement that J be 
positive forbid J = O  in both the Q and R branches, respectively. Further- 
more, a,,/a,,. is typically not an integer, so that the bracketed expression in 

A t R  
/ (state 1 i 1  

I \ 

I * K  

Figurn 11.6 Potential energy as a fmt ion of nuclear separation of a mokcuk 
in its electronic ground state and in M excited electronic state. 



310 Mokcwkr Structure 

Figuw 11.7 Spctml lines observed in the mocecule A H ,  illustrating the P, R 
and Q b m h e s .  (Taken from Bingel, W. A.  lW9, Theoy of Molecular Spectra, 
Wiky, New York.) 

the P and R branch does not vanish for any value of J. Consequently, 
H(J)#O for all branches, and there is a missing line in the sequence at 
frequency w o z  a,,,,, + uw,, - u’w,. termed, alternatively, the zero gap, null 
line, or band origin, as in the rotational-vibrational spectra. This is shown 
as the dotted line in Fig. 11.5. Since the Q and R branches converge on the 
null line as J+O (the P branch converges on it as J is artificially 
extrapolated to - I), the null line may be used to identify the origin of J 
within a band. 

Another striking feature of Eq. (11.42) is that the line spacing is quite 
nonuniform in J .  in contrast to rotation-vibration levels. In the P and R 
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F i p v  11.8 Fortmt diagram for bands shown in Fig. 11.7. Hew Iml= J, the 
total angular momentum quantum number. (Tnken fmm Herzberg, C., i950, 
Spctm of Diatomic Mo&cules, Van Nostranrl, New York.) 
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branches. the line spacing may not be montonic with J and can reverse at 
a particular value of JfJhead, where H ( J )  is at an extremum. Near Jhead, 
the line spacing is relatively narrow; for J much bigger or smaller than 
Jhead, the spacing gets broader. The result is a sharp edge at the boundary 
of the band, called the band head. It is straightforward to determine the 
location of the band head, and this is developed in Problems 11.3 and 11.4. 
Figure 11.7 below gives an observed band at 4241 A in the spectrum of 
AlH. The lines are labeled according to R, Q and P, with subscripts 
indicating the J of the branch. Lines corresponding to R,,, R,5, and so on 
are not shown. 

A theoretical plot of the location of the lines in the J-w,,, plane is called 
a Fortrat diagram. Figure 11.8 gives a Fortrat diagram of the same band 
shown in Fig. 11.7, where Iml -J. Note that the R branch reverses at R,,, 
as is observed in the R band head of Fig. 11.7. Reversals do not occur in 
the Q and P branches for this spectrum, but the lowest frequency lines in 
the Q branch are similar in form to the band head in the R branch. 

PROBLEMS 

11.1-Consider an electrically neutral medium of diatomic molecules in 
thermal equilibrium at temperature T. Each molecule contains a nucleus of 
mass Mp and a nucleus of mass 2Mp at an equilibrium separation ro. 

a. Estimate ro in terms of fundamental constants. 

b. Estimate the cross section a, for collisions between molecules. 

c. It is experimentally observed that, as a function of mass density p of 
the medium, the line width of the rotational lines has the form shown 
in Fig. 11.9. If only Doppler and collisional broadening are present, 
estimate po and show that it may be written completely in terms of 
fundamental constants, independent of M,. 

11.2-Derive Eq. ( 1  1.12). 

113-Show that both the P and the R branches of the electronic-vibra- 
tional-rotational transitions, Eqs. (1 1.41), (1 1.42) may be combined into a 
single formula for the emission frequency of the form 

and = unn, + ow, - vfun. 

+J( a, + an.) +J2( a, - a,.), 

where j ranges over both positive and negative integer values. 



PO 

Figute ZZ.9 titre width 4s a fmction of density for emission fmm a medim of 
diatomic molecules. 

11.4-Derive an expression for the J value and frequency of the band 
head in electronic-vibrational-rotational transitions, give the criteria for 
whether the band head occurs in the R or P branch, and give the criteria 
for whether the frequency of the band head lies above or below the band 
origin. 

11.5-Show that the Q branch in electronic-vibrational-rotational transi- 
tions does not have a true band head but may have the observed ap- 
pearance of one under certain conditions. 

11.6-For the situation described in Probiem 11.1, estimate, in terms of 
fundamental constants, the range in T over which purely rotational emis- 
sion lines will be observed from a substantial fraction of the molecules. 
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